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7. September 13. Distinct elements (chapter 7).
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26. December 1. Randomly testing boolean functions (chapter 24).
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27. December 6. Online algorithms (chapter 25).

28. December 8. Sparsification (chapter 26).

(⋆) Final on Thursday, December 15 at 8AM in Lawson, B151.
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Chapter 1

Randomized searching and sorting

1.1 First randomized algorithms

We introduce randomized algorithms by studying the following basic problems: 3-SAT,
sorting, and selection. For each we present randomized algorithms that are essentially
optimal (if one does not mind that they are randomized). They are also all very simple
to describe and code. They might seem tricky to analyze, as the analysis involves
probabilities and sorting through nondeterministic outcomes. But we will see that by
focusing on average performance metrics, they can be analyzed quite cleanly as well.

Let us briefly introduce the algorithms first as their striking simplicity may help
motivate us to learn the mathematical tools we need to analyze them.

1.1.1 3-SAT.

We start with 3-SAT. The input to 3-SAT consists of a Boolean formula in conjunctive
normal form (CNF) with 3 (distinct) variables per clause. For example,

f(x1, x2, x3) = (x1 ∨ x2 ∨ x3) ∧ (x̄1 ∨ x̄2 ∨ x̄3) ∧ (x1 ∨ x̄2 ∨ x3) ∧ (x̄1 ∨ x2 ∨ x3)

is a 3-SAT formula with m = 4 clauses and n = 3 variables. It is satisfied by the
assignment (x1, x2, x3) = (t, f, t).1 In the 3-SAT problem, we are given a 3-SAT
formula f(x1, . . . , xn) with m clauses and n variables and want to find a satisfying
assignment.

3-SAT is the quintessential NP-Complete search problem, and there is no polyno-
mial time algorithm to solve it unless P = NP [Coo71; Lev73]. However this does
not prevent us from trying to approximate the problem. The goal is now to find an
assignment that satisfies as many clauses as possible. Of course an exact algorithm
for this maximization version implies a polynomial time algorithm for the decision

1Here t denotes “true” and f denotes “false”.

11



1. Randomized searching and sorting
1.1. First randomized algorithms

Kent Quanrud
Fall 2022

random-SAT(f(x1, . . . , xn))
1. For each i ∈ [n], draw xi ∈ {t, f} independently and uniformly at random.
2. Return x1, . . . , xn.

Figure 1.1: A randomized approximation algorithm for SAT.

version. Instead we will design algorithms that do not guarantee the maximum, but
are competitive up to a multiplicative factor when compared to the optimum solution.

Given a SAT formula f , let OPT denote the maximum number of clauses that are
satisfiable. For α ∈ [0, 1], an α-approximation algorithm for SAT is an algorithm that
produces an assignment that satisfies at least α OPT clauses. While obtaining an
exact algorithm is NP-Hard, for fixed α < 1, it is not necessarily NP-Hard to obtain
an α-approximation algorithm for SAT.

We will analyze the following exceedingly simple randomized algorithm: given a
formula f(x1, . . . , xn), for each variable xi, flip a fair coin and assign xi = t or xi = f
accordingly. (See fig. 1.1 for pseudocode.) We will show that, on average, this random
assignment satisfies at least (7/8)m clauses out of m total. Moreover, we will be
able to derandomize the above algorithm and obtain a deterministic algorithm that
(always) satisfies at least (7/8)m clauses.

Surely, an algorithm as simple as the randomized algorithm above could not be
very good. In fact it is the best possible polynomial time algorithm unless P = NP .
The PCP theorem states that for all constants ϵ > 0, getting better than a (7/8 + ϵ)-
approximation to 3SAT is NP-Hard. “PCP” standards for probabilistically checkable
proofs. The PCP theorem gives similar hardness of approximation results for many
other problems besides SAT. The PCP theorem (as the name suggests) has strong
connections to randomized algorithms. We will discuss related randomized topics,
and maybe parts of the proof of the PCP theorem, later in the course.

Thus in this lecture we will show the first part of the following theorem. Topics in
later chapters will hopefully shed some light on the second half of the theorem.

Theorem 1.1. There is a polynomial time algorithm that given any 3-SAT formula
computes an assignment that satisfies at least 7

8 th of the clauses. Moreover, for all
ϵ > 0, a polynomial time approximation algorithm with approximation ratio

(
7
8 + ϵ

)
implies that P = NP .
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quick-sort(A[1..n])
/* For simplicity we assume all the elements are distinct. Otherwise, break ties consistently. */

1. If n ≤ 1 then return A.
2. Select i ∈ [n] uniformly at random.
3. B[1..k]← recursively sort the set of elements less than A[i].
4. C[1..ℓ]← recursively sort the set of elements greater than A[i].
5. Return the concatenation of B, A[i], and C.

Figure 1.2: A randomized sorting algorithm.

1.1.2 Sorting.

The next problem we discuss is sorting. The goal is to take an unordered list of
n comparable elements (e.g., numbers) and return them in a list in sorted order.
The reader like knows that the merge-sort algorithm runs in O(n log n), and that
there is a Ω(n log n)-time lower bound for any sorting algorithm in the comparison
model. Here we will study a randomized algorithm that is remarkably simple, called
quick-sort, that is often the preferred one in practice. The idea is very simple: select
an element uniformly at random out of the list to serve as a pivot. Divide the elements
into those smaller and larger than the pivot, and recurse on both halves. See fig. 1.2
for pseudocode.

What is the worst-case running time of quick-sort? It is important to clarify
what we mean by “worst-case”. Observe that the running time of quick-sort is
proportional to the total number of comparisons made by the algorithm. It is certainly
possible that the algorithm makes Ω(n2) comparisons. (How?) So in a limited sense
that algorithm has a worst-case O(n2) time. However, the algorithm is randomized,
and a more useful measure is the average number of comparisons. We will show that
quick-sort takes O(n log n) time on average against any input. This is still a worst-
case analysis in the sense that it holds for all inputs. (This is not to be confused with
the performance of an algorithm against a randomized input from a fixed distribution
– that is called average case analysis.) Beyond a O(n log n) average running time, we
will also show that the algorithm takes O(n log n) time with extremely high probability.
In summary we will prove the following theorem in this chapter.

Theorem 1.2. Given a list of n comparable elements, quick-sort returns the elements
in a sorted list in O(n log n) expected time and with high probability.
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quick-select(A[1..n],k)

/* The goal is to find the rank k element in A[1..n]. We assume for simplicity that all the
elements are distinct. */

1. Randomly select i ∈ [n] uniformly at random.
2. Compute the rank ℓ of A[i]. // O(n)
3. If ℓ = k, then return A[i].
4. If ℓ > k, then recursively search for the rank k element among the set of ℓ− 1 elements less

than A[ℓ], and return it.
5. If ℓ < k, then recursively search for the rank k − ℓ element among the set of n− ℓ elements

greater than A[ℓ], and return it.
Figure 1.3: A randomized algorithm for selection.

1.1.3 Selection.

The last problem we mention is selection. The input, similar to sorting, includes an
unordered list of n comparable elements. Given an index k ∈ [n], the goal is to find
the kth smallest element in the list.

The obvious solution is to sort the list, which takes O(n log n) time. But in fact
one can do better: the “median-of-medians” divide-and-conquer algorithm of Blum,
Floyd, Pratt, Rivest, and Tarjan [BFPRT72] runs in O(n) time. This algorithm is a
bit tricky, both to describe and to analyze. Here then is a simpler alternative, which
is similar to quick-sort: pick a pivot uniformly at random, and compute its rank ℓ.
Depending on whether k = ℓ, k < ℓ, or k > ℓ, either return the pivot, recurse on the
subset of elements less than the pivot, or recurse on the subset greater than the pivot.
See fig. 1.3 for the pseudocode.

We will prove the following theorem which states that quick-select takes O(n)
time in expectation. Or rather, you will prove it, in exercise 1.12, employing the new
tools gained from analyzing randomized SAT and sorting.

Theorem 1.3. quick-select(A[1..n],k) returns the rank k element in O(n) time
in expectation and with high probability.

1.2 Basic probability

To analyze these algorithms we need to know some basic probability. Let us start
with a familiar example.
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Suppose we flip a coin, and then press pause as it is flipping in mid-air. Will it
land heads or tails? Obviously, we don’t know yet. Yet we can state without ambiguity
that half the time it will land heads, and half the time it will land tails. What do
we mean when we say that half the time it will land heads? There is of course only
one coin, and we can’t split the coin in half. We are imagining that, if we repeat the
experiment many times, we would expect half the coin tosses to come up heads.

This simple example, which we all understand thoroughly, points to a deeper
feature of probability: probability allows us to interpret fractional values as discrete
ones. Here, “half heads” does not mean that “half the coin will come up heads”, which
is total nonsense; rather it means that half the time the coin will come up heads.

The formal rules of probability are simple and intuitive. (The tricky part is
adhering to them.) Likely the reader has had some acquaintance with random events
and variables before, but we will still review the basics. Probability theory assumes an
uncertain world where events occur with fixed (but not necessarily known) numerical
probabilities. Each event A has a probability between 0 and 1, denoted

P[A] ∈ [0, 1].

For every event A, there is the complementary event, Ā, of A not occurring. We
always have

P[A] + P
[
Ā
]

= 1. (1.1)

Joint events. For any two events A and B, one can define the conjunctive event
that both A and B occurs: denoted

“A ∧B” or “A ∩B” or “A and B”.

It is common to write P[A, B] as a shorting for P[A ∧B].
In general, given A and B, there are four disjoint events induced by their combi-

nation:

1. A ∧B: The event that both A and B occur.

2. A ∧ B̄: The event that A occurs and B does not.

3. Ā ∧B: The event that A does not occur and B does.

4. Ā ∧ B̄: The event that neither A nor B occcurs.
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The four joint events listed are mutually exclusive – at most one of them can be
realized – and exhaustive – at least one of them will be realized. So we have the
following identity:

P[A ∧B] + P
[
A ∧ B̄

]
+ P

[
Ā ∧B

]
+ P

[
Ā ∧ B̄

]
= 1

Suppose event A occurs with positive probability. Whenever A occurs, then of
course exactly one of B occurs or B̄ occurs. So we have

P[A] = P[A, B] + P
[
A, B̄

]
.

If we divide both sides by P[A], we have

1 = P[A, B]
P[A] +

P
[
A, B̄

]
P[A] .

This equation looks probabilistic – we have two nonnegative terms summing to 1. The
first term on the right-hand side, P[A, B]/ P[A], can be interpreted as follows:

of the times that event A occurs, B also occurs P[A, B]/ P[A] fraction of
the time.

We call this the conditional probability of event B conditional on event A, denoted
P[B |A] and defined as the ratio

P[B |A] = P[B, A]
P[A] .

Likewise we have the conditional probabilities P
[
B̄
∣∣∣A], P

[
B
∣∣∣ Ā], P

[
B̄
∣∣∣ Ā], and so

forth.
We always have

P[A ∧B] ≤ min{P[A], P[B]}

(see exercise 1.1). It is generally not true that

P[A |B] = P[A] (1.2)

for two events A and B. The equation above is equivalent to the one with A and B
flipped, as well as

P[A ∧B] = P[A] P[B] (1.3)

Events A and B are said to be independent events in the special case where eqs. (1.2)
and (1.3) holds.
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Unions of events. We also have the disjunctive event that either A or B occurs,
denoted

“A ∨B” or “A ∪B” or “A or B”.

If A ∨B occurs, then exactly one of the following events occurs:

A ∧B, A ∧ B̄, Ā ∧B.

Consequently we have

P[A ∨B] = P[A ∧B] + P
[
A ∧ B̄

]
+ P

[
Ā ∧B

]
.

Recall that P[A] = P[A ∧B] + P
[
A ∧ B̄

]
, and similarly for P[B]. Adding P[A ∧B]

to both sides of the identity above gives

P[A ∨B] + P[A ∧B] = P[A] + P[B].

This identity reflects a venn-diagram, so to speak, where the two regions A and B
“sum” to their union A ∨B and their intersection A ∧B.

Dropping the nonnegative term P[A ∧B] from the identity above gives rise to the
following extremely useful union bound.

Lemma 1.4 (Union bound). For any two events A and B,

P[A ∨B] ≤ P[A] + P[B],

with equality iff P[A ∧B] = 0.

Random variables. A finite random variable models an unrealized and uncertain
object X that takes one of a finite set of values, {x1, . . . , xk}.2 For each outcome
xi, “X equals xi” is an event, with a fixed probability, denoted P[X = xi]. These
probabilities sum to 1:

k∑
i=1

P[X = xi] = 1.

For example, we can describe a coin toss as a random variable X ∈ {heads, tails}.
If the coin comes up heads, then X = heads. If the coin comes up tails, then
X = tails. For a fair coin we have

P[X = heads] = P[X = tails] = 1
2 .

2One can also define continuous variable (e.g., that take values continuously between 0 and 1),
where sums are replaced by variables.
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Note that these two probabilities sum to 1.
If we have two random variables X ∈ {x1, . . . , xk} and Y ∈ {y1, . . . , yℓ}, then their

product (X, Y ) forms a random variable in the set {(xi, yj) : i = 1, . . . , k, j = 1, . . . , ℓ}.
We have probabilities of the form

P[X = xi, Y = Yj].

It is not generally true

P[X = xi, Y = yk] = P[X = xi] P[Y = yk]

In the special case where the above holds for all xi and yj, then X and Y are said to
be independent. This is equivalent to saying that for all xi and yj, the events X = xi

and Y = yj are independent.
For example, suppose X, Y ∈ {heads, tails} both describe coin tosses. If they

described different coin tosses, then they would be independent random variables, and
each combination of heads and tails would occur with probability .25. That is,

P[X = heads, Y = heads] = P[X = heads, Y = tails]

= P[X = tails, Y = heads] = P[X = tails, Y = tails] = 1
4 ,

Thus X and Y are independent random variables. If they described the same coin,
then we would have

P[X = heads, Y = heads] = P[X = tails, Y = tails] = 1
2 ,

while

P[X = heads, Y = tails] = P[X = tails, Y = heads] = 0.

Here, X and Y are not independent.
Averages. When a random variable X takes on real values, we can have a well-
defined and quantitative notion of an “average”, more formally called the expected
value.

Definition 1.5. Let X ∈ R be a real-valued random variable that has a finite set of
possible values. Then the expected value of X, denoted E[X], is the weighted sum

E[X] def=
∑

x

P[X = x] · x;

where the sum is over all values of x where P[X = x] > 0.
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For continuous random variables, the sum would be replaced by an integral.
The average quantity of a random variable is very intuitive; the reader is likely

used to discussing averages in the sense defined above. (e.g., the average midterm
score.) The following identity, called linearity of expectation, is perhaps less intuitive;
however it follows rather plainly from the definition of expectation.

Theorem 1.6. (Linearity of expectation.) Let X, Y ∈ R be two random variables.
Then

E[X + Y ] = E[X] + E[Y ].

The proof of linearity of expectation is given as exercise 1.5. The reader may want
to first consider the simple case where X ∈ {x1, x2} takes on exactly two values, and
Y ∈ {y1, y2} takes on exactly two values. One can generalize to finite sets from there.

Observe that linearity of expectation does not make any assumptions about how
X and Y are structured or related. This makes linearity of expectation extremely
useful and often leads to surprising observations.

A simple example of linearity of expectation is as follows. Consider a population of
people with various heights. Let X and Y be two quantities obtained by the following
experiment. Draw one person uniformly at random. Let X be the length from the
waist of this person to the top of their head. Let Y be the length from the waist of
this person to the ground. X + Y gives to the total height of the person. Note that
X and Y are highly dependent, since they both measure the same (randomly drawn)
person. Linearity of expectation says:

(average height)︸ ︷︷ ︸
E[X + Y ]

=
( average length

from waist up

)
︸ ︷︷ ︸

E[X]

+
(

average length
from waist down

)
︸ ︷︷ ︸

E[Y ]

.

Of course, this makes total sense.
Conditional expected values. We also have conditional expected value analogous
to how we have conditional probabilities. For a random variable X and an event A,
E[X |A] denotes the expected value of X conditional on A occurring. Formally we
have

E[X |A] =
∑

x

x P[X = x |A].

The reader should verify that

E[X] = E[X |A] P[A] + E
[
X
∣∣∣ Ā]P

[
Ā
]
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for all events A.
Now, suppose we have two random variables X and Y , and a real-valued function

f(X, Y ) of these variables. Then by definition we have

E
X,Y

[f(X, Y )] =
∑
(x,y)

f(x, y) P[X = x, Y = y]. (1.4)

Here we have annotated X, Y under the E[· · ·] to emphasize that the randomization
is over X and Y jointly. On the other hand consider the following nested expected
value,

E
X

[
E
Y

[f(X, Y ) |X]
]
.

This version describes the average of an experiment where we first observe X, and
then conditional on X, we observe Y and evaluate f(X, Y ). Formally the expression
expands out to

E
X

[
E
Y

[f(X, Y ) |X]
]

=
∑

x

E
Y

[f(X, Y ) |X = x] P[X = x]

=
∑

x

∑
y

f(x, y) P[Y = y |X = x] P[X = x]. (1.5)

Since P[X = x, Y = y] = P[Y = y |X = x] P[X = x], the RHSs of eqs. (1.4) and (1.5)
are equal, hence

E
X,Y

[f(X, Y )] = E
X

[
E
Y

[f(X, Y ) |X]
]
.

(See also exercise 1.6.)
A very nice trick, called the law of iterated expectations, is useful in the following

situation. Suppose we had a random variable X for which we want to evaluate E[X].
Suppose it is hard to analyze E[X] directly, but for some contextual reason there is a
second random variable Y for which the conditional expectation E[X |Y ] is better
understood. Then E[X] might be computed indirectly via

E
X

[X] = E
X,Y

[X] = E
Y

[
E
X

[X |Y ]
]
.

For a simple example (found on the internet), suppose we wanted to estimate the
probability that it rains tomorrow. Thus let X = 1 if it rains tomorrow and 0 if not;
E[X] is the probability that it rains. Suppose we also know the probability that it
will rain today, as well as:
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1. the probability of it raining tomorrow if it rains today, and

2. the probability of it raining tomorrow if it does not rain today.

Let Y = 1 if it rains today and 0 if not; in terms of X and Y , we are assuming that
know E[Y ] = P[Y = 1], E[X |Y = 1], and E[X |Y = 0]. Then we can obtain the
probability of it raining tomorrow, E[X], via the law of iteration expectations, as

E[X] = E
Y

[
E
X

[X |Y ]
]

= P[Y = 1] E[X |Y = 1] + P[Y = 0] E[X |Y = 0].

Another nice example appears soon in section 1.4.

1.3 Randomized approximations for SAT

Let us test our new tools on the randomized algorithm for 3-SAT. Recall the very
simple algorithm (fig. 1.1) we want to analyze: given a 3-SAT formula f(x1, . . . , xn),
independently flip a fair coin for each xi and assign xi ∈ {t, f} accordingly. We claim
that this algorithm gives a (7/8)th approximation (in expectation).

Consider a single clause; e.g., (x1 ∨ x̄2 ∨ x3). Of all 8 ways to assign the three
variables (x1, x2, x3 in the example) values in {t, f}, there is only one way that does
not satisfy the clause. That is,

each clause is satisfied with probability 7/8.

Simple enough. However we are interested not in the outcome of a single clause,
but the total number of clauses that are satisfied. That is to say we are analyzing
many clauses and not just one. As a warm up, suppose we had two clauses, say C1
and C2. Let E1 (resp. E2) denote the event that C1 (resp. C2) is satisfied. Here the
analysis varies depending on whether C1 and C2 share variables.

In the simplest case, suppose C1 and C2 have no variables in common. Then
C1 and C2 depend on completely different coin tosses, so the events E1 and E2 are
independent. Thus, for the probability that they are both satisfied, we have

P[E1, E2] = P[E1] P[E2] =
(7

8

)2
.

Likewise one can obtain probabilities that exactly one clause, or neither clause, is
satisfied, arriving at the following table of joint probabilities.

P[·, ·] E2 Ē2
E1 49/64 7/64
Ē1 7/64 1/64
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By direct calculation3 one will find that 7/4 clauses are satisfied (out of a maximum
of 2) on average.

The calculations above were clean insofar as C1 and C2 are disjoint. What if they
shared variables? Suppose for example they both had a variable x3 in common; say,

C1 = (x1 ∨ x̄2 ∨ x3) and C2 = (x3 ∨ x4 ∨ x̄5).

Now x3 has additional importance: if x3 = t, then both C1 and C2 are immediately
satisfied; if tails, then both C1 and C2, independently, need one of two coins to come
up in their favor to be satisfied.

It is helpful in this example to map out the scenarios depending on the outcome
of x3, via conditional expectations. (We can imagine x3 is flipped first, even if it is
actually not.) For example, for E1 ∧ E2, we have

P[E1, E2] = P[E1, E2 |x3 = t] P[x3 = t] + P[E1, E2 |x3 = f] P[x3 = f].

Now, we have P[x3 = t] = P[x3 = f] = 1/2. If x3 = t, then E1 ∧ E2 always occurs.
Now consider the case where x3 = f. Since C1 and C2 have no overlap besides x3, the
events E1 and E2, conditional on x3 = f, are now independent. Thus

P[E1, E2 |x3 = f] = P[E1 |x3 = f] P[E2 |x3 = f] =
(3

4

)2
.

Altogether we obtain

P[E1, E2] = 1 · 12 +
(3

4

)2
· 1

2 = 25/36.

Likewise, one can compute P
[
E1 ∧ Ē2

]
, P

[
Ē1 ∧ Ē2

]
, and P

[
Ē1 ∧ Ē2

]
. Then by direct

calculation one obtains the expected number of clauses that are satisfied in this
scenario. If the reader works out the calculations they will find that the expected
number is (again) 7/4.

Besides the scenarios above, we can also have the cases where C1 and C2 overlap
at 2 variables, or all 3. We also need to consider scenarios where a variable x appears
in C1 while its negation x̄ appears in C2. Each of these situations require another
series of calculations. The point is that its getting messier, even with just two clauses.

Now imagine trying to analyze three clauses C1, C2, C3 – the number of ways the
three clauses can relate grows combinatorially. Over m clauses C1, . . . , Cm, there are
just too many possible scenarios to calculate everything exactly. We have bumped

32 · (49/64) + 7/64 + 7/64 = 7/4.
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into the following more general question: how can we precisely analyze a randomized
mechanism that encompasses a combinatorial explosion of possibilities?

The key insight is that we are only interested in the average number of clauses
satisfied. Observe that the average, being a reductive aggregate statistic, does
not reveal much information about the fine-grained complexities about the clauses.
Perhaps, then, all these details are not necessary to assess the average either.

For each clause Ci, let Yi ∈ {0, 1} be the random variable indicating whether or
not Ci is satisfied:

Yi =

1 if Ci is satisfied,
0 otherwise.

Thus ∑m
i=1 Yi is the number of clauses satisfied, and we seek the quantity E[∑m

i=1 Yi].
As established above, it is easy to see that

E[Yi] = 7/8

for each i. The difficulty is in understanding how to analyze the sum of the Yi’s
jointly as they may be strongly connected with each other. Thank goodness, then, for
linearity of expecation: the expected sum equals the sum of expectations. By linearity
of expectation, we have

E
[

m∑
i=1

Yi

]
=

m∑
i=1

E[Yi] = 7
8m.

In the final analysis we pay no attention to the intricate relationships among the Ci’s.
Such is the power of linearity of expectations, to help us see in the aggregate what is
far too complicated to understand in detail.

It is easy to extend the above to k-SAT for any k ∈ N, where each clause has
exactly k variables, and obtain the following.

Theorem 1.7. For all k ∈ N, there is a randomized (1 − 1/2k)-approximation
algorithm for k-SAT.

Derandomization. Having now obtained a randomized approximation algorithm
for 3-SAT, we will use the randomized algorithm as an inspiration and guide for a
deterministic algorithm with the same approximation ratio.

As before, for each clause Ci, let Yi indicate whether or not a clause is satisfied.
Let Z = ∑m

i=1 Yi. When all the variables are assigned uniformly at random, E[Z] =
(7/8)m.
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Now, among many other decisions, a deterministic algorithm must decide whether
to set x1 = t or x1 = f. We now know that a uniformly random choice is pretty good
on average. Loosely and generally speaking, if an average of choices is good, then at
least one of those choices ought to be good as well. We just need a way to distinguish
the better choice.

Let us be more precise. Suppose all the xi’s are assigned values independently and
uniformly at random. By conditional expectations we have

E[Z] = 1
2 E[Z |x1 = t] + 1

2 E[Z |x1 = f].

Rearranging, we have

max{E[Z |x1 = t], E[Z |x1 = f]} ≥ 1
2(E[Z |x1 = t] + E[Z |x1 = f]) ≥ E[Z].

That is, fixing either x1 = t or x1 = f, and then randomly flipping the coins for the
remaining variables, will preserve the expected number of satisfied clauses.

To decide which choice is better, we need to be able to compute the conditional
expectations E[Z |x1 = t] and E[Z |x1 = f]. Fortunately this is easy to do. Consider
the case x1 = t. By linearity of expectation we have

E[Z |x1 = t] =
m∑

i=1
E[Yi |x1 = t].

For a particular Yi, we have

1. E[Yi |x1 = t] = 1 if xi appears (unnegated) in the ith clause, and

2. E[Yi |x1 = t] = 1−2−ki otherwise, where ki is the number of undecided variables
remaining.4

Thus we can calculate E[Z |x1 = t] and similarly E[Z |x1 = f] exactly, and identify
the choice of x1 maximizing the conditional expectation.

Fixing x1 to be this value from now on, we can now identify the best choice for x2 in
the same way, and continue in such a fashion to make deterministic choices for all xi’s.
To make this precise, suppose we have already identified values a1, . . . , ak ∈ {t, f} for
x1, . . . , xk, respectively, such that

E[Z |x1 = a1, . . . , xk = ak] ≥ (7/8)m.

4For 3-SAT, ki = 2 if x̄i ∈ Ci, and ki = 3 otherwise.
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Consider xk+1. We have

E[Z |x1 = a1, . . . , xk = ak] = 1
2 E[Z |x1 = a1, . . . , xk = ak, xk+1 = t]

+ 1
2 E[Z |x1 = a1, . . . , xk = ak, xk+1 = f],

hence setting either xk+1 = t or xk+1 = f preserves the expected value of Z. We
can compute both conditional expectations explicitly, and identify the better choice,
setting this value to ak+1 accordingly. Continuing in this fashion, we will eventually
identify n values a1, . . . , an such that

f(a1, . . . , an) = E[Z |x1 = a1, . . . , xn = an] ≥ (7/8)m,

as desired.
The algorithm we have described is entirely deterministic. It uses the estimates of

imagined randomized experiments to make its deterministic choices, and the estimates
can calculated deterministically thanks in part to linearity of expectation.

1.4 Randomized sorting

We now move on to sorting. Recall the simple quick-sort algorithm from the
introduction, and given in fig. 1.2. To recap, quick-sort is a recursive algorithm
where, for each subproblem, we select one of the elements uniformly at random as a
pivot. We divide the remaining elements into those that are smaller and greater than
the pivot, and recursively sort both groups.

Intuitively, we are hoping that each pivot roughly divides the input in half. If
that were always the case, then we would have a O(n log n) running time by the usual
divide-and-conquer analysis. However the random pivot may be bad and break the
input into extremely uneven parts, in which case we have made little progress from a
divide-and-conquer point of view.

It appears difficult to analyze the running time when progress varies wildly on
random choices. It gets more convoluted when one thinks about how a good or bad
pivot early effects all the running times thereafter. More generally, one difficulty in
analyzing a randomized algorithm is that sequences of random decisions generate
overwhelmingly many “butterfly effects” to consider.

Fortunately we are not trying to map out all the probabilistic outcomes with
complete precision. We are only interested in analyzing the running time on average.
We will leverage linearity of expectation to greatly simplify the analysis for the
following theorem.
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Theorem 1.8. Given a list of n comparable elements, quick-sort returns elements
in a sorted list in O(n log n) expected time.

Proof. For each i, j ∈ [n] with i < j, let Xij be equal to 1 if the rank i element
(i.e., the ith smallest element) is compared to the rank j element, and 0 otherwise.∑

i<j Xij represents the total number of comparisons made by the algorithm, hence
the running time up to a constant factor. We want to upper-bound E

[∑
i<j Xij

]
.

Consider Xij for fixed i < j. Observe that the rank i and rank j numbers are
compared to each other iff either is selected as the pivot before any element of rank
between i and j. Since the pivots are selected uniformly at random, this occurs with
probability 2/(j − i + 1). That is,

E[Xij] = P[Xij = 1] = 2
j − i + 1 .

Consider now the sum ∑
i<j Xij. While each Xij was simple to analyze alone, the

different Xij’s are not at all independent. Fortunately we do not need to map out
their myriad interactions; we are only interested in the Xij’s in the aggregate and on
average. Enter linearity of expectation. We have

E

 n∑
i=1

n∑
j=i+1

Xij

 (a)=
n∑

i=1

n∑
j=i+1

E[Xij] (b)=
n∑

i=1

n∑
j=i+1

2
j − i + 1 =

n∑
i=1

n−i∑
k=1

2
k
≤ O(n log n),

as desired. Here (a) applies linearity of expectation: the average sum is equal to the
sum of averages. (b) is from our analysis for a single Xij above.

Bounding the running time with high probability. We’ve now shown that
quick-sort terminates in O(n log n) time on average. Next we will show that the
running time is at most O(n log n) with high probability. Here, “high probability”
means that the probability of error is at most 1/nc for some fixed constant c > 0; that
is, polynomially small in the input size. (Below we will prove a probability of error
of 1/n2, but the exponent could have been made arbitrarily large by increasing the
hidden constant in the O(n log n) running time.)

Our proof will require the following lemma.

Lemma 1.9 (Markov’s inequality). Let X ≥ 0 be a nonnegative random variable,
and α ≥ 0. Then

P[X ≥ α] ≤ α/ E[X].
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Proof. Since X is nonnegative we have

E[X] = E[X |X ≥ α] P[X ≥ α] + E[X |X < α] P[X < α] ≥ α P[X ≥ α]

for all α ≥ 0.

Note that Markov’s inequality is quite intuitive. Consider for example α = 2 E[X].
Then Markov’s inequality states that for nonnegative X, the probability that X is
at least twice its average is at most 50%. This should be as obvious as the fact that
no more than half the population can be twice as wealthy as the average individual.
Or that no more than half the class can get at least twice the average score on the
midterm, no matter how low the average. Etc.

We now present the high probability bound for quick-sort.

Theorem 1.10. quick-sort runs in O(n log n) time with high probability.

Proof. Fix an element e. This element e will appear in a series of recursive subproblems
until e is selected as a pivot. Let the depth of e, denoted De, be the number of recursive
subproblems containing e before reaching the base case. Observe that the sum of
depths over all the elements, ∑e De, bounds the number of comparisons made by the
algorithm.

Fix e. We will show that with high probability, De is at most O(log n). More
precisely, we will prove that

P[De ≥ 32 ln n] ≤ 1/n3. (1.6)

Assuming (1.6) holds for any e, we then have

P
[
max

e
De ≥ 32 ln n

]
(a)
≤
∑

e

P[De ≥ 32 ln n] ≤ n · 1
n3 = 1

n2

by (a) the union bound. This establishes that with high probability, all elements have
depth O(log n). In this event the running time is O(∑e De) = O(n log n), as desired.

It remains to prove (1.6) for a fixed element e. For i = 0, 1, 2, . . . , let Xi be the
number of elements in the subproblem containing e after i recursive calls. Here X0 = n
since initially there are n elements. For depths i after e is selected as a pivot we set
Xi = 0. Thus De ≥ i only if Xi ≥ 1.

We want to upper bound E[Xi] for each i (and eventually show that E[Xi] =
1/ poly(n) for i = O(log n)). As mentioned above, X0 = n. Consider X1. An exact
estimate for E[X1] is somewhat involved as it depends on the rank of e. A lazier
upper bound can be obtained as follows.
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For a given subproblem of k elements, call a pivot “good” if it is one of the middle
k/2 elements, and otherwise “bad”. A pivot is good with probability 1/2, and separates
e from at least k/4 elements. Applying this logic to the first pivot, where k = X0 = n,
we have

E[X1] = 1
2 E[X1 | first pivot is good] + 1

2 E[X1 | first pivot is bad]

≤ 1
2 ·

3
4n + 1

2n ≤ 7
8n.

More generally, for each index i, conditional on Xi−1, we have

E[Xi |Xi−1] ≤
1
2 ·

3
4Xi−1 + 1

2Xi−1 = 7
8Xi−1.

We now claim, by induction on i, that E[Xi] ≤ (7/8)in. The base case i = 0 is
immediate. For i > 0, we have

E
Xi

[Xi] (b)= E
Xi−1

[
E
Xi

[Xi |Xi−1]
]

= E
Xi−1

[7
8Xi−1

]
(c)=
(7

8

)i

n.

Here, in (b), we applied the law of iterated expectations. (c) is by our induction
hypothesis.

Now, let k = 32 ln n. We have

E[Xk] ≤
(

1− 1
8

)k

n
(d)
≤ e−k/8n = e−4 ln nn = 1

n3 .

Here, in (d), we applied the inequality 1 + x ≤ ex which holds for all x. Finally, by
Markov’s inequality, we have

P[De ≥ k] ≤ P[Xk ≥ 1] ≤ E[Xk] ≤ 1/n3,

as claimed in eq. (1.6). This completes the proof.

1.5 Additional notes and materials

Quicksort is also covered in [MR95, Chapter 1]. This particular proof of the high
probability bound for quick-sort is from [Har19]. It is implicitly similar to a more
standard proof using concentration inequalities, which will be introduced later.
Lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
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Spring 2022 (undergraduate algorithms) lecture materials. We covered
the randomized algorithm for 3-SAT (and not derandomization) and quick-select
(expected running time only), as well as a randomized algorithm for minimum cut
which will be discussed later. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

1.6 Exercises

Additional exercises may be found it [MR95, Chapter 1].

Exercise 1.1. Prove or disprove: For any two events A, B,

P[A ∧B] ≤ min{P[A], P[B]}.

Exercise 1.2. Prove or disprove: For any two events A and B, if P[A] + P[B] > 1,
then P[A ∧B] > 0.

Exercise 1.3. Let A and B be two events. Prove that the following three identities
are all equivalent:

P[A |B] = P[A], P[B |A] = P[B], P[A, B] = P[A] P[B].

(That is, if A and B satisfies any one of the identities above, then it automatically
satisfies the other two.)

Exercise 1.4. Let A and B two events. Prove or disprove that A and B are
independent iff Ā and B̄ are independent.

Exercise 1.5. Prove linearity of expectation (theorem 1.6).

Exercise 1.6. Prove or disprove: for any two random variables X, Y , and real-valued
function f(X, Y ), we have

E
X

[
E
Y

[f(X, Y ) |X]
]

= E
Y

[
E
X

[f(X, Y ) |Y ]
]
.
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Exercise 1.7. Let A and B be two events with P[A] + P[B] = 1. Prove or disprove:
P[A ∨B] = 1 iff P[A ∧B] = 0.

Exercise 1.8. Suppose you only have access to a coin that flips heads with a known
probability p, and tails with (remaining) probability 1− p. Describe and analyze a
protocol that uses a limited number of tosses of this biased coin in expectation (the
smaller the better) to simulate 1 coin toss of a fair coin. (The expected number of
biased coin tosses you make may depend on p.)

Exercise 1.9. This exercise is about how for many intents and purposes, we approxi-
mately have the extremely convenient identity, “1 + x ≈ ex”.

1. Prove that for all x ∈ R, 1 + x ≤ ex.
Hint: At x = 0, both sides are equal. What are their respective rates of change
moving away from 0?

2. Prove that for all x ≤ 1, ex ≤ 1 + x + x2.

Exercise 1.10. Recall that when we roll six-sided dice, the dice samples an integer
between 1 and 6 uniformly at random. Let us call an unordered pair of dice “lucky”
if one of them is a 1 and the other is a 6.

If we roll 6 independent six-sided dice, how many lucky pairs do we expect? Note
that a single dice may appear in more than one lucky pair. For example, the following
roll of six dice has 2 lucky pairs amongst them.

Exercise 1.11. For k ∈ N, suppose you repeatedly flip a coin that is heads with fixed
probability p ∈ (0, 1).

1. What is the expected number of coin flips until you obtain one heads?5 Prove
your answer.

5If the first toss is heads, that counts as one coin flip. If the first toss is tails and the second toss
is heads, that counts as two coin tosses. Etc. It may be helpful to first think about a fair coin, where
p = 1/2.
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2. What is the expected number of coin flips until you obtain two heads? Prove
your answer.

3. For general k ∈ N, what is the expected number of coin tosses until you obtain
k heads? Prove your answer.

Exercise 1.12. Recall the quick-select algorithm introduced in section 1.1.3. The
first goal of this exercise is to prove that quick-select takes O(n) time in expectation.
We ask you to prove this in two different ways which offer two different perspectives.
Both analyses should use linearity of expectation and we ask you to point this out for
both.

1. Approach 1. Analyze quick-select similarly to quick-sort, based on the sum
of indicators Xij.
One approach is to reduce to a separate analysis for each of the following 4
classes of pairs:

(a) Xij where i < j < k,
(b) Xij where i < k < j,
(c) Xij where k < i < j, and
(d) Xij where either i = k or j = k.

For each case, show that the expected sum is O(n). Use this to obtain a O(n)
expected running time, overall.

2. Approach 2. The following approach can be interpreted as a randomized divide
and conquer argument. We are arguing that with constant probability, we
decrease the input by a constant factor, from which the fast (expected) running
time follows.

(a) Consider again quick-select. Consider a single iteration where we pick a
pivot uniformly at random and throw out some elements. Prove that with
some constant probability p, we either sample the kth element or throw
out at least 1/4 of the remaining elements.

(b) For each integer i, prove that the expected number of iterations (i.e.,
rounds of choosing a pivot) of quick-select, where the number of elements
remaining is in the range [(4/3)i, (4/3)i+1), is O(1).6

6Hint: Exercise 1.11.
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(c) Fix an integer i, and consider the amount of time spent by quick-select
while the number of elements remaining is greater than (4/3)i−1 and at
most (4/3)i. Show that that the expected amount of time is ≤ O((4/3)i)

(d) Finally, use the preceding part to show that the expected running time of
quick-select is O(n).

Exercise 1.13. This exercise is about a simple randomized algorithm for verifying
matrix multiplication. Suppose we have three n× n matrices A, B, C. We want to
verify if AB = C. Of course one could compute the product AB and compare it
entrywise to C. But multiplying matrices is slow: the straightforward approach takes
O(n3) time and there are (more theoretical) algorithms with running time roughly
O(n2.37...). We want to test if AB = C in closer to n2 time.

The algorithm we analyze is very simple. Select a point x ∈ {0, 1}n uniformly
at random. (That is, each xi ∈ {0, 1} is an independently sampled bit.) Compute
A(Bx) and Cx, and compare their entries. (Note that it is much faster to compute
A(Bx) then AB.) If they are unequal, then certainly AB ̸= C and we output false.
Otherwise we output true. Note that the algorithm is always correct if AB = C, but
could be wrong when AB ̸= C. We will show that if AB ̸= C, the algorithm is correct
with probability at last 1/2.

1. Let y ∈ Rn be a fixed nonzero vector, and let x ∈ {0, 1}n be drawn uniformly at
random. Show that ⟨x, y⟩ def= ∑n

i=1 xiyi ̸= 0 with probability at least 1/2. 7

2. Use the preceding result to show that if AB ̸= C, then with probability at least
1/2, ABx ̸= Cx.8

3. Suppose we want to decrease our probability of error to (say) 2−n. Based on
the algorithm above, design and analyze fast randomized algorithm with the
following guarantees.

• If AB = C, then it always reports that AB = C.
• If AB ̸= C, then with probability at least 1− 2−n, it reports that AB ̸= C.

7Hint: Suppose for simplicity that the last coordinate of y is nonzero. It might help to imagine
sampling the first n − 1 bits and computing the partial sum Sn−1 =

∑n−1
i=1 xi−1yi−1 first, before

sampling xn and adding xnyn. Formally your analysis may involve some conditional probabilities.
(And what about the case where yn = 0?)

8Even if you haven’t solved part 1 you may assume it to be true.
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(Your analysis should include the running time as well.)9

Exercise 1.14. You have a sequence of n switches S1, . . . , Sn that jointly control m
light bulbs L1, . . . , Lm. Each switch can be “up” or “down”, and this controls whether
the light bulbs are on or off.

Each light bulb Li, is associated with two sets of switches Ai, Bi ⊆ [n]. The
switches in Ai turn on the light bulb when they are “up” and the switches in Bi turn
on the light bulb then they are “down”.

More precisely, for each j ∈ Ai, having switch Sj “up” automatically turns on the
light bulb. (It only takes one of these switches to be “up” to turn on the light bulb.)
For each j ∈ Bj, turning the switch “down” automatically turns on the light bulb.
(Again, it only takes one of these switches to be “down” to turn on the light bulb.)

Thus, for a light bulb Li, the light bulb Li lights up if and only if either (a)
some switch in Ai is flipped up or (b) some switch in Bi is flipped down. Ai and
Bi are generic subsets of switches, not necessarily disjoint, and their union does not
necessarily include all the switches. We do assume, however, that |Ai|+ |Bi| ≥ 2 for
all i. We assume that the sets Ai and Bi are given explicitly for each i (for simplicity;
otherwise they can be obtained by inspection).

Your algorithm can flip switches “up” and “down”. For the sake of running times,
assume that flipping a single switch takes O(1) time, and inspecting whether a single
light bulb is on or off takes O(1) time. The light bulbs turn on and off instantly when
you flip a switch.

For each of the following decision problems, either (a) design and analyze a
polynomial time algorithm (the faster the better), or (b) prove that a polynomial
time algorithm would imply a polynomial time algorithm for SAT.

1. Decide if there exists a way to flip the switches to turn on all the light bulbs.

2. Decide if there exists a way to flip the switches to turn on at least three-fourths
of the light bulbs.

9Note: I should have written “...probability of error to (say) 1/n2”, instead of 2−n, because the
running time for 1/n2 error probability is more interesting. But I will leave it as it is since we are
close to the deadline.
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Chapter 2

Hashing and heavy hitters

2.1 Introduction

Google has an interesting web page called “Google trends”, which tracks surging
search queries around the world in real time. In Spring 2021, there was even a subpage
of search trends specifically related to the Covid-19.

Google tracks the trending search queries not just for the sake of curiosity. Its
goal is not only to serve queries, but to serve queries fast. The best way to serve
something quickly is to have it ready before it is even asked for. By keeping track of
the ‘heavy hitter” search terms - a few search terms that make up a disproportionate
amount of the search traffic - Google can cache the answers to most search requests
before they are even made.

Google currently serves billions1 of queries a day. Given the sheer magnitude of
Google’s search traffic, and the diversity of search queries, it is not obvious how to

1Maybe 7 billion? See https://www.internetlivestats.com/google-search-statistics/
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identify the most popular search queries. Certainly one cannot simply have a tally for
each search term, since there are too many search terms out there to be stored. More
generally, it is prohibitively expensive to maintain any data structure proportional to
the input size. Somehow we need an approach that takes sublinear space.
Streaming models. We study the heavy hitter problem in the streaming model of
computation. In the streaming model, the input is a sequence of items presented to
the algorithm one at a time. We assume the algorithm has memory much less than
the size of the input. In particular, it cannot simply write down everything and solve
the problem offline. For example, suppose the stream had m items in the stream, and
the algorithm was allowed only O(

√
m) space. When the space is so much smaller

than the input size, each time an item from the stream is given to the algorithm, the
algorithm needs to fairly selective about what parts of the item (if any) it wants to
remember.
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how many distinct elements are in

the stream

The heavy hitters problem. We formalize the heavy hitters problem as follows.
We have m elements in a stream e1, . . . , em, where each element is from some large
universe [n] = {1, . . . , n}. Elements can repeat. The absolute frequency of an element
e, denoted fe, is the number of times the element appears in the stream. The relative
frequency, denoted pe, is the fraction of the stream that the element appears in. In
a stream of m elements, the relative frequency of an element is the total frequency
divided by m.

Ideally we could keep track of the exact frequencies of all the elements. This is
impossible with less than min{n, m} bits2. Here, and unlike standard algorithmic
settings, O(m) or O(n) bits is not good enough. We have entered an algorithmic
regime where simple and exact computations cannot be taken for granted. Our first
step, then, is to identify some new problems that are both tractable and useful. We
may have to relinquish exactness and consider approximations, where we allow for
some error that we can analyze and control. And, last but not least, we will give
up on deterministic computation, and design randomized algorithms that have some
small – analyzed and controlled – probability of failure.

2One can formalize this impossibility as follows. There are
(

m+n−1
n−1

)
ways to make a frequency
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ϵ-heavy hitters. Given a fixed parameter ϵ ∈ (0, 1), an ϵ-heavy hitter is an element
with relative frequency ≥ ϵ. The heavy hitters problem is to identify all of the
ϵ-heavy hitters for an input parameter ϵ > 0. Note that there can only be (1/ϵ)-many
ϵ-heavy hitters, which preserves some hope that we can identify all of them with space
proportional to 1/ϵ, rather than m.

We also consider a closely related problem of (approximate) frequency estimation.
Given a fixed error parameter ϵ > 0, the goal is to estimate every element’s relative
frequency up to an additive error of ϵ. Equivalently, we want to estimate the absolute
frequency of each element up to an ϵm-additive factor. At first it might seem impossible
to estimate n-many counts with o(n) space. We have already argued that m exact
counters is impossible. Allowing for ϵ-relative error, however, means that 0 is a
satisfactory estimate for all but at most ⌊1/ϵ⌋ elements.

If we can estimate the absolute frequency of each element up to additive error
ϵ, then one can find all (3ϵ)-heavy hitters by considering all of the elements with
estimated value at least 2ϵ. Such a list might also include 1/ϵ extra elements who have
relative frequency < 3ϵ, but still have frequency > 1/ϵ. Frequency estimation gives
more information than just who are the heavy hitters. By knowing their frequencies
up to some small error, one can also rank them (approximately) from most to least
frequent, such as in Google trends.

Conversely, if we knew a priori which of the elements are the ϵ-heavy hitters, then
ϵ-frequency estimation is trivial. Namely, we would maintain a counter for each of the
⌊1/ϵ⌋-many ϵ-heavy hitters. All other elements are ignored and assigned frequency
0. Of course this approach is not possible since we do not know the heavy hitters.
Surprisingly we will pursue a strategy that is actually quite similar. We will allocate
w = O(1/ϵ) counters, hoping to use one counter for each heavy hitter (plus a few

vector of n items where the total sum is m. (Why?) Suppose we claim that we can describe any
combination of counts with k bits. Each k-bit string can describe by only one of these

(
m+n−1

n−1
)

outcomes, so we must have 2k ≥
(

m+n−1
n−1

)
, hence k ≥ log

((
m+n−1

n−1
))

. Here log denotes log2. We also
have(

n + m− 1
n− 1

)
=
(

n + m− 1
n− 1

)n−1
and also

(
n + m− 1

n− 1

)
=
(

n + m− 1
m

)
≥
(

n + m− 1
m

)m

Thus

k ≥ (n− 1) log
(

1 + m

n− 1

)
and k ≥ m log

(
1 + n− 1

m

)
.

Slightly better low bounds can be obtained via Stirling’s approximation, which is also related to
entropy.
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extra for safe measure). Although we do not know the heavy hitters, we will use
randomized hash functions to obtain a similar effect.

2.2 Hashing

Likely the reader has used hash tables before, and may be aware that they use hash
functions to randomly map keys to slots in an array. We will discuss hash tables in
detail in the following chapter. Let us now define hash functions mathematically.

Loosely speaking, a hash function is a randomly constructed function h : [n]→ [k]
where the values h(i) are (in a qualified sense) randomly distributed through [k]. A
collision is a pair of distinct indices i1 ̸= i2 ∈ [n] such that h(i1) = h(i2). In most
applications, n is much (much, much) larger than k. In this case, there are necessarily
many “collisions” (see exercise 3.1). A goal of hash functions is to distribute these
collisions “fairly”.
Ideal hash functions. One way to construct a hash function, for example, is to
sample, for each i ∈ [n], a value h(i) ∈ [k] independently and uniformly at random.
This produces an “ideal hash function”, defined as follows.

Definition 2.1. An ideal hash function h : [n]→ [k] is a uniformly random function
h : [n] → [k]. That is, each h(i) is drawn from [k] independently and uniformly at
random.

An ideal hash function h is particularly easy to reason about. For example, for
every input i and possible output j ∈ [k], we have

P[h(i) = j] = 1
k

.

More generally, for any ℓ distinct inputs i1, . . . , iℓ ∈ [n] and ℓ possible outputs
j1, . . . , jℓ ∈ [ℓ], we have

P[h(i1) = j1, h(i2) = j2, . . . , h(iℓ) = jℓ]
= P[h(i1) = j1] P[h(i2) = j2] · · ·P[h(iℓ) = jℓ]

= 1
kℓ

.

Ideal hash functions are a good model to keep in mind when designing randomized
algorithms. Assuming the hash values are completely independent simplifies calcula-
tions. In reality, however, ideal hash functions are very expensive to make and store.
Indeed, one has to have n log k bits to be able to describe all of the possible functions
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from [n] to [k] (as there are kn such functions, and we must pay the logarithm of
this quantity). This is particularly ill-suited to our streaming setting where n is
astronomical and the goal is to use space sublinear to the input size.
Universal hash functions. Fortunately, in most applications, only a limited amount
of randomization is actually required. For the current discussion, we only require
“universal” hash functions that have “ideal pairwise collision probabilities”, in the
following sense.

Definition 2.2. A random hash function h : [n]→ [k] is universal if for any distinct
indices i1 ̸= i2 ∈ [n], we have

P[h(i1) = h(i2)] ≤
1
k

.

In contrast to ideal hash functions, universals hash functions can be constructed
compactly, as described in the following theorem.

Theorem 2.3. Consider the randomly constructed function h : [n]→ [k]

h(x) = (ax + b mod p) mod k,

where p is a prime number larger than n, a ∈ {1, . . . , p− 1} is drawn uniformly at
random, and b ∈ {0, . . . , p} is drawn uniformly at random. Then h is a universal hash
function.

The proof of theorem 2.3 is given as exercise 2.2. Here we will assume theorem 2.3
and focus on its application to the heavy hitters problem.

2.3 Using hashing to approximate frequencies

Let us now return to the frequency estimation problem. We have elements from the
set [n] coming in a stream of elements. We assume we know n a priori but not the
length of the stream, which one can think of as being of infinite length. In the analysis,
we imagine pausing the stream at a fixed point in time after m elements have arrived,
and analyze the algorithm at that point in time.

The goal is to estimate the absolute frequency of each element up to an (ϵm)-
additive factor. The crux of the problem is that total space usage should be (more or
less) independent of the length of the stream, m, or the number of elements, n. We
mentioned briefly above that if we knew the heavy hitters, then we could just maintain
a counter for each one. Since there are at most 1/ϵ heavy hitters, this approach would
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hashed-counters(ϵ > 0)
1. Allocate an array of size A[1..w] for w = ⌈2/ϵ⌉
2. Sample a universal hash function h : {1, . . . , n} → {1, . . . , w}
3. For each item e in the stream

A. A[h(e)]← A[h(e)] + 1

Figure 2.1: Hashing into a O(1/ϵ) counters.

satisfy our space constraints. Of course we do not know the heavy hitters. In the
following, we will use hash functions to, in effect, guess the heavy hitters.

We first create an array of counters A[1..w] with w = ⌈2/ϵ⌉ entries. Note that 2/ϵ
is extremely small compared to the total length of the stream, or the distinct number
of keys. We also sample a universal hash function h : {1, . . . , n} → {1, . . . , w}. For
each element e presented by the stream, we increase A[h(e)] by 1. In turn, for each
element e, we treat A[h(e)] as an estimate for fe. See fig. 2.1 for pseudocode.

A[h(e)] never underestimates fe, and the hope is that it does not overestimate
fe by too much. The risk of error comes from other elements’ frequencies posssibly
adding more than ϵm to A[h(e)]. Here the intuition is that the “noise” coming from
other frequencies is spread out by the hash function over ϵ/2 entries, so we would only
expect ϵm/2 error for each element e. To translate “expected error” to “probability
of error”, we use Markov’s inequality, as follows.
Lemma 2.4. For each element e, with probability ≥ 1/2, we have

fe ≤ A[h(e)] ≤ fe + ϵm.

Proof. We have A[h(e)] ≥ fe always because A[h(e)] is a sum of frequencies of
elements with hash code h(e), which of course includes e. The expected additive error
is bounded above by

E[A[h(e)]]− fe
(a)=
∑
d̸=e

fd P[h(d) = h(e)]
(b)
≤ m/w ≤ ϵ

2m. (2.1)

Here (a) is by linearity of expectation. (b) is because h is universal. Now we have

P[A[h(e)] ≥ fe + ϵm]
(c)
≤ P[A[h(e)]− fe ≥ 2 E[A[h(e)]− fe]]

(d)
≤ 1

2
Here (c) plugs in the inequality obtained in (2.1). (d) applies Markov’s inequality,
where we note that A[h(e)]− fe ≥ 0.
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count-min(ϵ > 0, δ > 0)
1. build d = ⌈log 1/δ⌉ instances (A1, h1), . . . , (Ad, hd) of hashed-counters(ϵ)

over the stream
2. to query an element e:

A. return mini=1,...,d Ai[hi(ei)]

Figure 2.2: The count-min data structure

Given that it is impossible to track frequencies exactly in sublinear space, it is
suprising that we can now count every element’s frequency with extremely small space,
sometimes and with small additive error. The algorithm, including the construction
of the universal hash function, is extremely simple.

2.4 Amplification

Section 2.3 shows how to estimate each element with fairly small error with constant
probability of error. Our goal now is to reduce the error probability enough to even
take the union bound over all of the elements, and thus estimate all frequencies up to
ϵm-additive error.

The idea is to use repetition, and one analogy is coin tossing. The goal is to flip
enough coin tosses to get at least one heads with very high probability. With one coin
toss, the probability that it is tails is 1/2 = .5. With two coin tosses, the probability
that both come up tails is still 1/4 = .25. But with 100 coin tosses, the probability that
all 100 coin tosses come up tails is 1/2100 ≈ .0000000000000000000000000000007886....

The point is that independent trials magnify the probability of at least one
success exponentially. For a specified probability of error δ ∈ (0, 1), the algorithm
count-min below makes ⌈log 1/δ⌉ independent instances of hashed-counters(ϵ). For
each element e, it uses the minimum estimate over all of the instances of hashed-
counters. The overall data structure fails for an element e only if every instance of
hashed-counters fails, which by the analogy with coins, is exceedingly unlikely.

We now have the following smaller error probability for each element e.

Lemma 2.5. For each element e, with probability ≥ 1− δ, we have

min
i=1,...,d

Ai[hi(e)] ≤ fe + ϵm.

40



2. Hashing and heavy hitters
2.5. Extensions

Kent Quanrud
Fall 2022

Proof. We have

P
[

min
i=1,...,d

Ai[hi(e)] > fe + ϵm
]

(a)=
d∏

i=1
P[Ai[hi(e)] > fe + ϵm]

(b)
≤ 1

2d
≤ δ.

Here (a) is by independence of each Ai[hi(e)]. (b) is by lemma 2.4.

For δ set to a polynomial of 1/n, the probability of error becomes low enough to
take a union bound over all elements in [n], as follows.

Theorem 2.6. Given a stream of elements from the range [n], count-min(ϵ,1/n2)
has the following guarantee at any fixed point in the stream.

Suppose m elements have been presented in the stream. With probability at least
1− 1/n, count-min(ϵ,1/n2) overestimates the total frequency of each element with
additive error at most ϵm and total space O(log(n)/ϵ).

Proof. By lemma 2.5, we have probability of error ≤ 1/n2 for each element e. Taking
the union bound over all n elements in the stream, we have probability of error
≤ 1/n.

Remark 2.7. More precisely, the space usage of count-min(ϵ,1/n2) is that of
O(log(n)/ϵ) counters. Here we assume each counter takes O(1) space for simplicity.

2.5 Extensions

2.5.1 Crossing streams

One can extend the streaming model to multiple streams in the following distributed
model of computation. Here we have several streams simultaneously, each served by
an algorithm using sublinear space. The goal is to solve the heavy hitters problem
over the combined streams.
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count-min has the convenient property of being a sketch. To handle multiple
streams, we have an instance of count-min for each stream arranged so that they are
all using the same hash functions. To combine their results, we simply sum up the
arrays Ai of hashed sums entry-wise. The result is an instance of count-min over the
combined streams.

2.5.2 Turnstile streams

Consider the more general model where each item in the stream consists of an element
e and a value ∆, signifying that we should increase the frequency count for e, fe by ∆.
∆ is allowed to be negative, with the restriction that the frequency fe of each element
(which is now the sum of ∆′s for that element) remains nonnegative. This model
is sometimes called a “turnstile stream”, in the sense that a turnstile counting the
number of people in an amusement park is always nonnegative because each decrease
corresponds to a person who entered the park earlier.

count-min adapts immediately to turnstile stream, by simply adding ∆ to Ai[hi(e)]
for each instance (Ai, hi) of hashed-counters. The additive error is now ϵ times the
sum of all ∆’s in the stream.

2.6 Takeaways

• There are many basic and useful problems – heavy hitters with sublinear
space being on of our first examples – that are too difficult or even impossible
to compute exactly and deterministically. Instead we consider randomized
approximation algorithms that are potentially more scalable. This requires
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quantitative analysis to address the approximation factor in addition to algorithm
design.

• count-min-sketch uses hashing to try to distribute the heavy hitters across an
array. It does not know which are the heavy hitters, but relies on randomization
to separate the heavy hitters (most of the time) in an oblivious fashion.

• Ideal hash functions, while easy to reason about, are prohibitively expense.
Luckily, weaker hash functions with limited randomness often suffice, and are
easily constructed. count-min-sketch requires only universal hash functions.
Universal hash functions can be implemented very easily.

• Linearity of expectation, combined with universal hash functions, implies that
the noise seen by a particular element is evenly spread out on average. Markov’s
inequality allowed us to argue that the noise encountered by an element is close
to the average, most of the time.

• count-min-sketch amplifies the probability of success by taking the minimum
over many independent trials. A particular element is miscounted if and only if
all independently trials miscount the element, which happens with vanishingly
small probability.

• The error probability drops so rapidly that we can apply the union bound over
all of the elements after just O(log n) trials.

• count-min-sketch does not give unbiased estimates of the counters. Instead,
count-min-sketch tries to be within a prescribed error with high probability. It
is consistent. It is more important to be consistent then unbiased, since we can
(psychologically) adjust for the bias. Many real-world apparatus are designed
on this principle.

2.7 Additional notes and references

The count-min data structure is from [CM05]. Additional notes can be found in
[Che14b; Nel20].
Spring 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
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Spring 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

2.8 Exercises

Exercise 2.1. Let h : [n]→ [k] be any fixed function.

1. Prove that the number of collisions is

≥ n(n− k)
2k

2. Show that the above inequality is tight when k divides n.

Exercise 2.2. Show that the construction given in section 2.2 is indeed a universal
hash function, using the steps listed below.

To recall the construction, we randomly construct a function h : [n] → [k] as
follows. First, let p be any prime number > n. Draw a ∈ {1, . . . , p− 1} uniformly at
random, and draw b ∈ {0, . . . , p− 1} uniformly at random. We define a function h(x)
by

h(x) = ((ax + b) mod p) mod k.

1. Let x1, x2 ∈ [n] with x1 ̸= x2, and let c1, c2 ∈ {0, . . . , p− 1} with c1 ̸= c2. Show
that the system of equations

ax1 + b = c1 mod p

ax2 + b = c2 mod p

uniquely determines a ∈ {1, . . . , p− 1} and b ∈ {0, . . . , p− 1}.3

• Step 1 implies that the map (a, b) 7→ (ax1 + b mod p, ax2 +
b mod p) is a bijection between {1, . . . , p− 1} × {0, . . . , p− 1} and
{(c1, c2) ∈ {0, . . . , p− 1} : c1 ̸= c2}.

3Here it is helpful to know that division is well-defined on the set of integers modullo p when p is
prime. More precisely, “a/b” is defined as the unique integer c such that bc = a.
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2. Let x1, x2 ∈ [n] with x1 ̸= x2, and let c1, c2 ∈ {0, . . . , p− 1} with c1 ̸= c2. Show
that

P[ax1 + b = c1, ax2 + b = c2] = 1
p(p− 1) .

(Here the randomness is over the uniformly random choices of a and b.)

3. Fix x1, x2 ∈ [n] with x1 ̸= x2, and c1 ∈ {0, . . . , p− 1}. Show that

∑
c2∈{1,...,p}

c2 ̸=c1
c1=c2 mod k

P[ax1 + b = c1, ax2 + b = c2] ≤
1
pk

.

• The LHS represents P[ax1 + b = c1 mod p and h(x2) = h(x1)].456

4. Finally, show that P[h(x1) = h(x2)] ≤ 1
k
.

Exercise 2.3. The count-min-sketch data structure allows us to estimate the
relative frequency of each element up to an ϵ-additive factor with probability of error
≤ 1/ poly(n) with O(log(n)/ϵ) space. 7 The original motivation, however, was to also
obtain a list of ϵ-heavy hitters. Design and analyze an algorithm that maintains a list
of elements, with at any particular point in time,8 with probability of error ≤ 1/n2:

1. Contains all of the ϵ-heavy hitters.

2. Only includes (ϵ/2)-heavy hitters.

Your space usage should be comparable to the space used by the count-min-sketch
data structure.9

4Here we note that for x1 ̸= x2, ax1 + b = ax2 + b2 mod p iff a = 0.
5There was a typo were previously the RHS said “1/n” instead of “1/pk”.
6Hint: You may want to show that the number of values c2 ∈ [p] such that c1 = c2 mod k is

≤ p−1
n .

7Here the elements are integers from [n] = {1, . . . , n}, where n is known, and ϵ ∈ (0, 1) is an input
parameter.

8To clarify, what we mean by “particular point in time” is as follows. You have a data structure
that is processing data over time. Suppose we suddenly paused the stream and asked you to report
your list of heavy hitters. Your algorithm should succeed then and there with probability of error
≤ 1/n2. For this criteria, you do not need to know the length of the stream.

9You may want to use the count-min(ϵ,δ) data structure as a black box, but you should be clear
about your choice of parameters ϵ and δ.
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Additional remark. The question asks for one data structure that satisfies both
the criteria simultaneously. That is, you should maintain a list S that (a) contains
all ϵ-heavy hitters, and (b) only includes (ϵ/2)-heavy hitters. The tricky part is that
count-min-sketch only approximates the frequencies. You may want to account for
the fact that an instance of count-min-sketch(ϵ,δ) may overestimate the relative
frequency of an element by as much as ϵ, which can make a very infrequent element
look like an ϵ-heavy hitter.

Exercise 2.4. In this exercise, we develop a refined analysis that can reduce the
additive error substantially in many real settings.

Let S denote the sum of frequency counts of all elements that are not ϵ-heavy
hitters:

S =
∑

e:pe<ϵ

fe.

Note that S ≤ m, and S might be much less than m when the stream is dominated
by heavy hitters.

Show that, by increasing w by a constant factor, and using k-wise independent
hash functions for k = O(1/ϵ) (see page 55 for the definition of k-wise independent
hash functions), one can estimate the frequency of every element with additive error
at most ϵS with high probability in O(log(n)/ϵ) space.101112

Exercise 2.5. Consider the streaming model where we have elements e1, e2, . . .
presented one at a time by a stream. A natural task is to sample a fixed number of
elements uniformly at random from the stream. Usually, sampling (say) 1 item from
a set of m elements is easy: randomly generate a number k between 1 and m, and
return the kth element form your set. Sampling in streaming is trickier because we
cannot hold the entire stream in memory, and don’t know the length of the stream.

1. Consider the following randomized streaming algorithm that selects one element
s from the stream:

10Hint: It might be helpful to think about the special case of S = 0.
11Hint: k was chosen to be greater than the maximum number of heavy hitters. Why?
12Actually, there’s a way to do this with only universal hash functions. But you’re welcome to use

k-wise independence if you find it convenient. You may first want to solve the problem assuming an
ideal hash function, and figure out how to incorporate limited independence afterwards.
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sample-one

/* m counts the number of elements in the stream so far, and s is
the “sample” of 1 element from the stream. */

1. m← 0, s← nil.
2. For each element e presented by the stream:

A. m← m + 1.
B. With probability 1/m:

1. s← e.
For i ∈ N, let ei denote the ith element in the stream. For m ∈ N let sm denote
the value of s after the mth iteration. Show that for all i and m,

P[sm = ei] =

0 if m < i

1/m if m ≥ i.

That is, for each m, sm is a uniformly random element out of {e1, . . . , em}.13

2. Now let k ∈ N be a fixed parameter. (e.g., k = 3.) Suppose you want to sample
a set of k elements from the stream without replacement. Design and analyze
an algorithm generalizing sample-one that maintains a sample S of k elements
drawn uniformly at random from the stream. That is, for m ≥ k, your algorithm
should have a set S of k elements, where any particular set of k elements is
equally likely (i.e., with probability 1/

(
m
k

)
). For k = 1, your algorithm should

coincide with sample-one above.14

13Fix i. For m < i the probability 0 since ei hasn’t event appeared in the stream. Now, what
about m = i? What about m = i + 1?

14One way to frame your analysis is as follows. For m ≥ k, let Sm denote the (randomized) sample
S after m iterations. Prove the following statement by induction on m− k:

For all m ≥ k, and all sets X ⊆ {e1, . . . , em} of k elements,

P[Sm = X] = 1(
m
k

) .

In our argument, you may have two cases depending on whether or not em ∈ X.
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Chapter 3

Hash tables and linear probing

3.1 Dictionaries

Nowadays it is difficult to imagine programming without dictionaries and maps. These
data structures are defined primarily by the following two operations.

1. set(k,v): Associate the value v with the key k.

2. get(k): Return the value associated with the key k (if any).

These two operations form a dead-simple way to store data that can be used in
almost any situation. Inevitably all large software systems, however well-planned and
structured and object-oriented initially, end up using and passing around dictionaries
to organize most of their data. The embrace of dictionaries is taken to another level
in Python and Javascript. These languages provide dictionaries as a primitive, and
supply a convenient syntax to make them very easy to use. In fact the class object
systems in both of these languages are really just dictionaries initialized by some
default keys and values and tagged with some metadata. Screenshots of the online
documentation for the Map interface in Java and for dict (short for dictionary) in
Python are given in fig. 3.1.

We first point out a special case of the dictionary problem that would be ideal.
Suppose that there are n keys, and that they are all integers between 1 and n. Then
one can simply allocate an array A[1..n] of size n, to hold the n values. Recall that an
array consists of n contiguous slots in memory, and the ith slot, A[i], can be retrieved
or rewritten in constant time. There is also a real benefit to the fact that the array
physically occupies contiguous spots on the hardware. This physical arrangement
implies an extremely compact data structure with fewer cache misses.1

While the array is ideal for its particular use case, it is not very flexible either.
Adding a new key k = n + 1, for example, would require rebuilding a new array of

1Sometimes, constant factors matter.
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Java Map Interface Python Dictionary

Figure 3.1: The Map interface in Java (left) and the built-in Dictionary data structure in
Python (right).

size n + 1 and copying everything over. Even more problematic is the case where the
keys are not neatly organized to be a contiguous sequence from 1 to n. Perhaps the
indices arise implicitly in the bit-string representation of some text, in which case
these indices will be spread out over a huge range of possible keys. One would not
want to allocate an array so big. One could alternatively reindex the n arbitrary keys
into the slots 1, ..., n. This works in static situations where the keys are presented
at the beginning and never change thereafter. But recall that the primary appeal of
dictionaries is their flexibility, and their ability to handle all sorts of different keys,
without foresight.

A deterministic way to implement dictionaries is via search trees. If the keys are
comparable (such as numbers, or strings in alphabetical order), then search trees can
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organize the data in sorted order in a tree-like data structure. With a well-designed
search tree, searching for a key has roughly the performance of a binary search over
a sorted array: O(log n) time per get and set. These data structures are often
ingenious. Red-black trees use one-bit markers at each node to detect if a subtree has
become too “tilted” in one way or another, and rebuilds the tilted portion whenever
this occurs. Lazy rebuilding explicitly counts the number of keys in each subtree,
and rebuilds an entire subtree when one child subtree becomes much larger than
the other. The celebrated splay tree data structure by Sleator and Tarjan [ST85b]
readjusts itself with every get and set operation and achieves O(log n) amortized
time (i.e., O(k log n) time for any sequence of k operations). Another deterministic
approach to dictionaries is tries, which requires the keys to be (fairly short) bit strings,
and uses each successive bit to dictate which direction to go down a binary tree.
By compressing long paths in these trees (such as in Patricia tries [Mor68]), these
algorithms can be compact and efficient. Now, as clever as these data structures are,
they suffer some drawbacks compared to arrays. The O(log n) query time for search
trees is a bit higher then the O(1) time of arrays2. They are more complicated to
implement, and require a lot of pointer chasing, which leads to many cache misses on
the CPU.3

We instead consider simpler randomized approaches to the dictionary problem;
namely, hash tables. Hash tables combine the dynamic flexibility of search trees with
the raw efficiency of arrays. The only drawback is that the performance guarantees
are randomized, which requires a little more sophistication in the analysis. But most
people consider the net tradeoff to easily be worth it. Hash tables are generally based
on the following framework. Suppose that there are n keys k1, . . . , kn from the set of
integers [U ] = {1, . . . , U}, where U is typically incredibly large. One allocates an array
A[1..m] of size m (typically m = O(n)), and randomly constructs a hash function
h : [U ]→ [m]. Ideally, each key-value pair (ki, vi) is stored in the slot A[h(ki)]. The
remaining question is what to do when keys collide, i.e., when h(k′) = h(k′′) for two
distinct keys k′ and k′′. There are various ways, sometimes simple and sometimes
clever, to account for collisions, such as the following.

1. Make ℓ so large that even a single collision is unlikely. Exercise 3.1 studies how
large m needs to be (relative to n) for this to occur.

2. For each slot j ∈ [ℓ] in the hash table, build a linked list of all keys that hash to
slot j. We study this first in section 3.2.

2Sometimes, log factors matter.
3This last point can be helped to some extent by cache-oblivious versions.

50



3. Hash tables and linear probing
3.1. Dictionaries

Kent Quanrud
Fall 2022

3. For each slot j ∈ [ℓ] in the hash table, build a second hash table (this time
following strategy 1) for all keys that hash to slot j. This is the topic of
exercise 3.3.

4. Suppose we want to insert a key k. Make two hash keys, h1(k) and h2(k), and
hope that one of these two hash keys is open. More radically, if h1(k) and h2(k)
are occupied by other keys, see if it is possible to move one of these other keys
to its own extra hash key, possibly bumping more keys recursively. This wild
approach is called cuckoo hashing.

5. Suppose we want to insert a key k and A[h(k)] is occupied. We start scanning
the array A[h(k) + 1], A[h(k) + 2], . . . until we find the first empty slot, and put
k there instead. This approach is called linear probing, and will be the topic of
the second half of our discussion.

These hash tables have the appeal of potentially running in constant time, like
an array. Given a key, the hash code h(k) gives a direct index into an array. If the
key is there, then we are done. While there may be collisions, we can see in each of
the strategies above that A[h(k)] still gets us very “close” to the final location of k.
Maybe we have to traverse a short list, hash into a secondary hash table, or continue
to scan A until we find our key. For each of these algorithms, some probabilistic
analysis is required to understand how much time the “collision-handling” stage will
take.

One final remark about the size of hash tables: above, we acted as if we knew a
priori the number of keys that will be put in the table, and used this to choose the
size of the array A. Sometimes, that is the case, but oftentimes it is not, and again
the point of dictionary data structures is to not have to plan for these things ahead of
time. The easy way to handle an unknown number of keys is by the doubling trick. We
start with 0 keys and a modestly sized array A; say, of size 64. Whenever the number
of keys approaches a constant fraction of the capacity (say, 16), we double the size of
the array (to 128). This means we allocate a new array A′ with double the capacity,
scan the previous array A, and rehash each of the items into A′. A simple amortized
analysis shows that the extra effort spent rebuilding is neglible. We note that there
are some distributed computational settings where one wants to maintain a distributed
dictionary, and where simply rehashing items becomes expensive and impractical. We
refer the reader to a technique called consistent hashing that addresses this challenge
[KLLPLL97]. Distributed dictionaries are particularly useful for caching on the web.

51



3. Hash tables and linear probing
3.2. Hash tables with chaining

Kent Quanrud
Fall 2022

Figure 3.2: Hash tables with universal hashing and chaining.

3.2 Hash tables with chaining

We first consider hash tables that use linked lists to handle collisions. These are
maybe the easiest to analyze, and also are most similar in spirit to the count-min
data structure from chapter 2.

We recall the basic framework. We have n distinct keys k1, . . . , kn, from a universe
of integers {1, . . . , U}. We allocate an array A[1..m] of size m. (Eventually we will
set m = O(n), but for the moment we leave it as a variable to explore the tradeoffs
between smaller and larger m.)

We randomly construct a hash function h : [U ]→ [m]. Here we analyze the setting
where h is a universal hash function, but later we will also explore stronger notions of
independence. Exercise 3.2 explores the setting where h is an ideal hash function.

We hash the n keys into A. At each slot A[i], we build a linked list over all the
keys kj such that h(kj) = i. To find a key k, we go to the linked list stored at A[h(k)],
and scan the linked list looking for key k. A high level diagram of the scheme is given
in fig. 3.2. Clearly, the running time of each get and set will be proportional to the
length of the list at the hashed array index. Thus most of our analysis will focus on
the lengths of these lists.

We first recall the definition of a universal hash function.
Definition 3.1. A randomly constructed function h : [n]→ [m] is universal if, for
any two indices i1 ̸= i2, we have

P[h(i1) = h(i2)] = 1
m

.

We also remind the reader that a universal hash function can be constructed as
a random function of the form h(x) = (ax + b mod p) mod m, where p is a prime
number larger than the maximum possible key.
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Now we present the expected running time of a hash table with chaining and
universal hash functions, as a function of m and n. We encourage the reader to
attempt the proof themselves.
Theorem 3.2. Consider chaining with n keys, an array A[1, ..., m], and a universal
hash function h : [U ] → [m]. Then each get and set takes O(1 + n/m) time in
expectation. In particular, for m = O(n), hash tables with chaining takes O(n) total
space and O(1) time per operation in expectation.
Proof. The time to insert a key k is proportional to the number of collisions with k
(plus O(1)). The expected number of collisions

E[|k′ : h(k′) = h(k)|] (a)=
∑
k′ ̸=k

P[h(k′) = h(k)] (b)=
∑
k′ ̸=k

1
m

(c)= n− 1
m

Here (a) is by linearity of expectation. (b) is by universality. (c) is because there are
n− 1 other keys.

3.3 Linear probing

In this section, we explore a different strategy for handling collisions that is arguably
more natural: if a key finds its hashed slot already occupied, find the next empty slot
in the array and put it there instead.

The hash table, like before, consists of an array A[1, . . . , m] and a hash function
h : {1, . . . , U} → {1, . . . , m}. To insert an item x, we first try to place x at A[h(x)].
If A[h(x)] is already occupied, then we instead find the next unoccupied index in the
array and place x there instead. (If we reach the end of the array A, then we wrap
around to A[1] and continue.)

x
<latexit sha1_base64="6wjan1T45mpXiU9JH+gKmbxfiH0="></latexit>

A
<latexit sha1_base64="DC/qdQlZgHusAbleDmSKJF3LdWA="></latexit>

Since an item x is not necessarily stored at its hashed cell A[h(x)], we carefully
use the following terminology. We say that an item hashes to a cell A[i] if h(x) = i.
We say that item x occupies a cell A[i] if A[i] = x. We stress that an item x hashing
into a cell A[i] does not imply that x occupies A[i], and that an item x occupying a
cell A[i] does not imply that x hashes to A[i].

Given two indices a, b ∈ [m], we define the interval from a to b, denoted [a, b], to be
the set of indices {a, a + 1, . . . , b mod m}. The “mod m” means that if b < a, then
we wrap around: [a, b] = {a, a + 1, . . . , m, 1, . . . , b}. One might imagine the array A
arranged in a circle rather than a line.
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Lemma 3.3. If an item x occupies cell ℓ ∈ [m], then all of the cells in the interval
[h(x), ℓ] are occupied.

Proof. The invariant holds initially with an empty array. We maintain the invariant
in the lemma with each insertion, as we insert x in the next unoccupied cell starting
from h(x).

Lemma 3.3 justifies the following lookup procedure. To look up an item x, we first
check entry A[h(x)]. If item x is not there and the slot is empty, then we conclude
the item is not in the array. If the slot A[h(x)] is occupied, but occupied by some
item other than x, then we start scanning the array cells to the right of A[h(x)] for
either item x or any empty cell. If we find an empty slot before finding x, then by
lemma 3.3, it must be that x is not in the hash table.

To delete an item x, we first find it by the same process as when looking up:
starting from A[h(x)], we start scanning the cells until we find x. When we find x at
some cell i, we delete x from the cell, but then to restore the invariant in lemma 3.3,
we look for another item to try to fill it. In particular, we start scanning the cells
for the first item x1 with h(x1) ≤ i, or else an empty cell. If we find such an item x1
in a cell i1, then we put it in the cell i where x was deleted from. We then continue
scanning for an item to replace i1, and so forth.

This hashing scheme is called linear probing, and has a special place in the history
of computer science. It was analyzed by Donald Knuth in 1964 [Knu63]. Knuth
has been called the “father of the analysis of algorithms”, and he is credited with
formalizing the subject and popularizing O-notation.4 As Knuth tells it5, this was the
first algorithm he ever formally analyzed, and therefore, arguably, the first algorithm
that anyone has ever (so) formally analyzed. He showed that for ideal hash functions,
the expected time of any operation is O((n/(m− n))2); in particular, a constant,
whenever m is bigger than n by a constant factor. This data structure also works very
well in practice, even if hash functions in practice are not truly independent. Part of
that is owed to the simplicity of the data structure. Scanning an array is extremely
fast on hardware, and much faster than chasing pointers along a linked list.

4He also invented TeX, solved many problems in compiler design, invented many other important
algorithms, wrote The Art of Computer Programming, and much more... see for example his wikipedia
page.

5See for example this interview: https://www.youtube.com/watch?v=Wp7GAKLSGnI.
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Post-Knuth, there remained a question of how much independence was required to
get constant running time in expectation. We say that a hash function h : [U ]→ [m]
is k-wise independent for k ∈ N if for any k distinct keys x1, . . . , xk ∈ [U ], and any k
values v1, . . . , vk ∈ [m], we have

P[h(x1) = v1 ∧ h(x2) = v2 ∧ · · · ∧ h(xk) = vk] = 1
mk

.

That is, the hash values of any fixed set of k (or fewer) keys behaves as if they were
produced by an ideal hash function. We note that the hash function

h(x) = a0 + a1x + a2x
2 + · · ·+ ak−1x

k−1 mod p,

where p is a prime number larger than U , and a0, . . . , ak−1 ∈ [p] are sampled indepen-
dently and uniformly at random, is a k-wise independent hash function.

For what values of k does linear probing, with k-wise independent hash function
and m = O(n), run in O(1) expected time? Around 1990, Schmidt and Siegel [SS89;
SS90] showed that O(log n)-wise independence sufficed6. Then, in 2007, Pagh, Pagh,
and Ruzic [PPR09] showed that (just!) 5-wise independence sufficed. This was
dramatic progress for arguably the oldest problem in algorithm design. Soon after,
[PT16] showed that 4-wise independence was not enough. So the answer is 5!

Here we give a simplified analysis of the result of [PPR09] based on ideas in [PT16].
We don’t put too much emphasis on the constants, preferring to keep the main ideas
as clear as possible. Much better constants can be found in [PPR09] and also the
reader is encouraged to refine the analysis themselves. Similar proofs of the constant
time bound can be found in [Nel16; Tho15b].

3.3.1 Technical preliminaries: 4-wise independence

Before proceeding, we state a probabilistic inequality that we require. Here we will
limit ourselves to a definition and the lemma statement; a more detailed discussion
and the proof is given in section 3.4.

Definition 3.4. A collection of n variables X1, . . . , Xn is k-wise independent if for
any k variables Xi1 , . . . , Xik

, and values y1, y2, . . . , yk, we have

P[Xi1 = y1, Xi2 = y2, · · · , Xik
= yk] = P[Xi1 = y1] P[Xi2 = y2] · · ·P[Xik

= yk].
6Alan Siegel taught me algorithms.
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Thus a k-wise independent hash family is one where the hash values are k-wise
independent.

In our applications, we will be interested in 5-wise independent hash functions. In
the analysis, we will encounter sums of 4-wise independent random variables. The
following lemma will be very important.

Lemma 3.5. Let X1, X2, . . . , Xn ∈ {0, 1} be 4-wise independent random variables
where P[Xi = 1] = p for each i. Let µ = pn be the expected sum, and suppose µ ≥ 1.
Then for all β > µ,

P
[

n∑
i=1

Xi ≥ µ + β

]
≤ 4µ2

β4 .

To develop some intuition, let us compare the lemma above to Markov’s inequality.
Let X1, . . . , Xn and µ be as in lemma 3.5. Markov’s inequality say that for all α > 0,

P[X1 + · · ·+ Xn ≥ (1 + α)µ] ≤ 1
1 + α

. (3.1)

Lemma 3.5 says that

P[X1 + · · ·+ Xn ≥ (1 + α)µ] ≤ 4
α4µ2 (3.2)

Compare the RHS of (3.1) with the RHS of (3.2). In (3.2), the upper bound is
decreasing in α at a 1/α4 rate, compared 1/α in (3.1). Moreover, (3.2) is decreasing in
the expected value µ at a rate of 1/µ2. That is, the greater the mean, the smaller the
probability of deviated from the mean. This is an example of a concentration inequality.
We will soon see why this helpful in the analysis of linear probing.

3.3.2 Analysis of linear probing with 5-wise independence.

Theorem 3.6. Let h be 5-wise independent. For m ≥ 8n, linear probing takes expected
constant time per operation.

Proof. Each operation on an item x takes time proportional to the number of consec-
utive occupied cells starting from A[h(x)]. To help analyze this length, we introduce
the notion of “runs”. Run

Z Z Z Z Z Z Z Z Z

run

run of length k
K items hashed into k slots
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A run is defined as a maximal interval of occupied slots. Every occupied cell is
contained in a unique run. If an item x is in the hash table, then A[h(x)] is occupied,
and x occupies a cell in the run containing A[h(x)]. Therefore each operation with an
item x takes time at most proportional to the length of the run containing x.

Let i = h(x), and let R be the run at index i. Note that R and its length |R| are
random. We have

E
[running time

(up to constants)

]
≤ E[|R|] =

n∑
ℓ=1

ℓ P[|R| = ℓ] ≤
⌈log n⌉∑

k=1
2k P

[
2k−1 < |R| ≤ 2k

]
. (3.3)

For each k ∈ N, let
Ik = [i− (2k − 1), i + 2k − 1]

be the interval of length 2k+1 − 1 centered at i.

A
<latexit sha1_base64="DC/qdQlZgHusAbleDmSKJF3LdWA="></latexit>

21 = 2
<latexit sha1_base64="ly8gNiDLD0VK0ipf0tpGLVZleZU="></latexit>

22 = 4
<latexit sha1_base64="2F4cQy3C0Cc6XihBk9CMLL8zPrA="></latexit>

23 = 8
<latexit sha1_base64="lphAQQY3Am+Yi6rlEdV2BGcuCb8="></latexit>

24 = 16
<latexit sha1_base64="Ivgn8D7yImmCYW4IbV3zGoWSprA="></latexit>

i
<latexit sha1_base64="pZ11xZQzr/2OULWRn0hd+lzz+MY="></latexit>

I1
<latexit sha1_base64="ryFZKhf8CgspLO6U1zYyD2SIJb8="></latexit>

I2
<latexit sha1_base64="tekcmZsZ84C2iPz0H6ztrBJWQkU="></latexit>

I3
<latexit sha1_base64="wArUR9zXMXhg76lzZKGETM0dzOA="></latexit>

I4
<latexit sha1_base64="Tu8yPoCrCrEGqTneITrH1PwL/+4="></latexit>

If R has length |R| < 2k, and contains i, then R must be contained in Ik. Moreover,
if R has length > 2k−1, then at least 2k−1 items other than x hash to R. Thus for
each k, we have

P
[
2k−1 < |R| ≤ 2k

]
≤ P

[
at least 2k−1 other
items hash into Ik

]
.

Since h is 5-wise independent, conditional on h(x) = i, the remaining hash values are
4-wise independent, and each lands in Ik with probability p = |Ik|/m. Let

µ = E
[ # other items
hashing into Ik

]
.

We have

µ = |Ik|n
m

(a)
≤ 2k−2,

where (a) is because m ≥ 8n. We have

P
[( # other items

hashing into Ik

)
> 2k−1

]
(b)
≤ 4 max{µ, µ2}

(2k−1 − µ)4

≤
4
(
2k−2

)2

(2k−2)4 ≤
1

22k−6 .
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Here (b) is by lemma 3.8. Plugging back into RHS(3.3) above, we have

E
[running time
(up to constants)

]
≤ RHS(3.3) ≤

⌈log n⌉∑
k=1

2k · 1
22k−6 = 26

⌈log n⌉∑
k=1

1
2k
≤ 26.

A constant!

3.4 4-wise independence

We close the chapter with some probabilistic analysis of k-wise independent random
variables. In particular we prove lemma 3.5, which played a key role in the analysis of
linear probing.

3.4.1 Expectations of products of k-wise independent families

Recall the definition of k-wise independent random variables. The following lemma
observes that the expected value of a product of (at most) k, k-wise independent
random variables is the product of the values.

Lemma 3.7. Let X1, . . . , Xk be k-wise independent random variables. Then

E[X1X2 · · ·Xk] = E[X1] E[X2] · · ·E[Xk].

Before proving lemma 3.7, let us give a simple example where k-wise independence
matters. Let X1, · · · , Xk ∈ {0, 1} where each Xi denotes the outcome of a fair coin
toss - 0 for tails, 1 for heads. Then X1 · · ·Xk = 1 if all of the coin tosses come up
heads, and 0 otherwise. Consider the following parallel universes.

1. Suppose each Xi was based on a different, independent coin toss. That is,
X1, . . . , Xk are mutually independent. The probability that k independent coin
tosses all comes up heads is 1/2k, so E[X1 · · ·Xk] = 1/2k.

2. Suppose each Xi was based on the same coin toss. That is, X1 = · · · =
Xk; they are certainly not k-wise independent. Then the probability that all
X1, . . . , Xk = 1 is the probability of a single coin coming up heads, 1/2, and so
E[X1 · · ·Xk] = 1/2.

Here there is an exponential gap between independent and non-independent coin
tosses.
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Proof of lemma 3.7. We have

E[X1X2 · · ·Xk]
(a)=

∑
y1,y2,...,yk

y1y2 · · · yk P[X1 = y1, X2 = y2, . . . , Xk = yk]

(b)=
∑

y1,y2,...,yk

y1y2 · · · yk P[X1 = y1] P[X2 = y2] · · ·P[Xk = yk]

=
(∑

y1

y1 P[X1 = y1]
)(∑

y2

y2 P[X2 = y2]
)
· · ·

(∑
yk

yk P[Xk = yk]
)

(c)= E[X1] E[X2] · · ·E[Xk].

Here (a) is by definition of expectation7. (b) is by k-wise independence. (c) is by
definition of expectation, for each Xi.

3.4.2 A concentration inequality for 4-wise independent sums.

Now we prove lemma 3.5. Below the claim is stated slightly more generally than in
lemma 3.5.

Lemma 3.8. Let X1, X2, . . . , Xn ∈ {0, 1} be 4-wise independent variables where for
each i, E[Xi] = p. Let µ = pn = E[∑n

i=1 Xi]. Then for any β > 0,

P
[

n∑
i=1

Xi ≥ µ + β

]
≤ µ + 3µ2

β4 .

Proof. We have

P
[

n∑
i=1

Xi ≥ µ + β

]
= P

[
n∑

i=1
Xi − µ ≥ β

]
(a)
≤ P

( n∑
i=1

Xi − µ

)4

≥ β4


(b)
≤

E
[
(∑n

i=1 Xi − µ)4
]

(β − µ)4 .

The key step is (a), where we raise both sides to the fourth power. (b) is by Markov’s
inequality. We claim that

E

( n∑
i=1

Xi − µ

)4
 ≤ µ + 3µ2,

7We are summing over all possible outcomes (y1, . . . , yk) of (X1, . . . , Xk), multiplying the value,
y1 · · · yk, with the probability of the outcome, P[X1 = y1, . . . , Xk = yk].
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which would complete the proof. We first have

E

( n∑
i=1

Xi − µ

)4
 = E

( n∑
i=1

(Xi − p)
)4


because µ = pn. Now, (∑n
i=1(Xi − p))4 expands out to the sum

n∑
i=1

(Xi − p)4 +
(

4
2

)∑
i<j

(Xi − p)2(Xj − p)2 +
(monomials w/ some
(Xi − p) w/ degree 1

)
. (3.4)

Some examples of the third category would be (X1 − p)3(X2 − p), (X1 − p)2(X2 −
p)(X3 − p), and (X1 − p)(X2 − p)(X3 − p)(X4 − p). Consider the expected value of
each of these categories of monomials.

1. For each i, we have

E
[
(Xi − p)4

]
= p(1− p)3 + (1− p)p3 ≤ p(1− p).

2. For each i ̸= j, we have

E
[
(Xi − p)2(Xj − p)2

]
(c)= E

[
(Xi − p)2

]
E
[
(Xj − p)2

] (d)
≤ p2(1− p)2.

Here (c) is because of pairwise independence. (d) is because

E
[
(Xi − p)2

]
= p(1− p)2 + (1− p)p2 ≤ p(1− p).

3. Each monomial in the third category has expected value 0. This is because we
can pull out the degree 1 term by independence, which has expected value 0.
For example,

E
[
(X1 − p1)3(X2 − p2)

]
(e)= E

[
(X1 − p1)3

]
E[X2 − p2] (f)= 0,

where (e) is by pairwise independence, and (f) is because E[X2 − p2] = 0.

Plugging back in above, we have

E

( n∑
i=1

Xi − µ

)4
 = np(1− p) +

(
n

2

)(
4
2

)(
p2(1− p)2

)
≤ np + 3(np)2,

as desired. This completes the proof.

Remark 3.9. The claim would hold even for Xi not identically distributed (as long as
they are 4-wise independent and are each in [0, 1]). The restrictive assumptions here
simplify the exposition and suffice for our applications.
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3.5 Takeaways

• Dictionary data structures provide everyday motivation for studying randomiza-
tion, where hash tables offer simpler and better performance (in expectation)
than search trees.

• There are different ways to implement hash tables and they mostly differ in how
they handle collisions.

• Chaining uses linked lists to handle collisions. It has reasonable performance in
expectation for universal hash functions, and stronger guarantees when the hash
function is more independent.

• Linear probing is perhaps the easiest hash table to implement, and scanning
an array is hardware-friendly. It had been observed to perform well in practice
long before it had been properly analyzed.

• The analysis of linear probing cleverly uses canonical intervals (doubling in size)
to limit the number of “bad events” we have to avoid, to roughly log n (per key).

• It turns out that 5-wise independence is sufficient for linear probing to have O(1)
running time in expectation. Interestingly, 4-wise independence is not enough.

3.6 Additional notes and materials

Thorup [Tho15a] describes several families of hash functions with both theoretical
and practical considerations. See [Eri17] for additional notes on hashing.
Lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

Spring 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

3.7 Exercises

Exercise 3.1. Let h : [n]→ [ℓ] be an ideal hash function, with ℓ ≥ n. What is the
exact probability that h has no collisions (i.e., h is injective)?
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Exercise 3.2. Consider the particular case of hash tables with chaining with k = n
and an ideal hash function h : [n]→ [n]. Let A[1..n] be the cells of the hash table.

1. Consider a particular array slot A[i]. Show that for ℓ ∈ N, the probability that
A[i] has ≥ ℓ items hashed to it is

P[at least ℓ items being hashed to A[i]] ≤ 1
ℓ! .

2. Show that, with probability of error ≤ 1/n2, the maximum length is at most
O(log(n)/ log log n).8

Exercise 3.3. The goal of this exercise is to show how to get constant time access
for n keys with O(n) space, using only universal hash functions. We will require the
following fact that we ask you to prove.

1. Let h : [n] → [k] be a universal hash function, with k ≥ n. Show that for
k ≥ n2, h has no collisions with probability ≥ 1/2.

Now we describe the data structure. We first allocate an array A[1..n] of size n.
We have one universal hash function h0 into [n]. If we have a set of (say) k collisions
at an array cell A[i], rather than making a linked list of length k, and we build another
hash table, with a new universal hash function hi, of size k2, with no collisions (per
part 1). (We may have to retry if there is a collision.) If the total size (summing the
lengths of the first arrray and each of the second arrays) comes out to bigger than
(say) 5n, we try again.

2. For each i = 1, . . . , n, let ki be the number of keys that hash to the ith cell. We
have

(sum of array sizes of our data structure) ≤ n +
n∑

i=1
k2

i .

Show that9

n∑
i=1

k2
i ≤ n + O(total # of collisions (w/r/t h0)).

8The simple lower bound of ℓ! ≥ (ℓ/2)ℓ/2 may be helpful. It is implicit in the O(· · ·) notation
that your bound need only hold for n sufficiently large.

9Here a “collision” is an unordered pair of keys with the same hash. The O(· · ·) means you can
choose whatever constant you find convenient; 2 is possible.
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3. Show that

E[total # of collisions (w/r/t h0)] ≤ n/2.

4. Show that

P[(sum of all array sizes) > Cn] ≤ 1/2

for some constant C > 0. (C = 5 is possible.)

Taken together, steps 1 to 3 above show that this approach will build a “perfect”
hash table over the n keys in O(n) space with probability of success at least 1/2, using
only universal hash functions. Even if it fails to work, we can then keep repeating the
construction until it succeeds. This approach works better in static settings, when the
set of keys is fixed.
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Chapter 4

Sampling edges

This chapter is about applying random sampling while trying to preserve combinatorial
structures, like graphs.

Consider, for example, the (s, t)-flow problem. We have as input a graph G =
(V, E), positive edge capacities c : E → R>0, and two vertices s and t. We want to
route the maximum amount of flow from s to t. Can we sample a small subgraph
of G while preserving the value of the maximum s to t flow? If so, then we could
run a max flow algorithm on the sampled subgraph and get faster overall running
times. Try to imagine sampling edges from a graph in the interest of flow. Flow has a
combinatorial aspect that would appear much more delicate than, say, heavy hitter
estimates. For example, missing a single important edge when sampling can disrupt
a polynomial number of paths used by the maximum flow. Nonetheless, we will see
that for undirected graphs, the surprising answer is yes: one can indeed subsample
the important parts of an undirected graph and preserve the maximum flow.

4.1 Minimum cut

Recall the minimum cut problem in undirected graphs. The input consists of a
connected, undirected graph G = (V, E) with positive edge capacities c : E → R>0. A
cut is a set of edges C ⊆ E whose removal disconnects the graph. The goal is to

minimize
∑
e∈C

c(e) over all cuts C ⊂ E. (4.1)

This problem is polynomial time solvable. Whatever the optimum cut is, it must be a
minimum (s, t)-cut for some pair of vertices s and t. Thus to find the global minimum,
one can guess s and t by looping over V , and compute the minimum {s, t}-cut for
each choice of s and t. (Better yet: fix s, and loop over all t.)

For a set of vertices S, let δ(S) denote the set of edges with exactly one endpoint
in S. δ(S) is called the cut induced by S. The induced cuts are also the inclusionwise
minimal cuts, and it suffices to consider only the induced cuts when solving (Min-Cut).
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Disconnect graph w min edges

Figure 4.1: What is the minimum cut in this graph?

We will study a subtle algorithm discovered by Karger [Kar93], that has been
influential beyond the minimum cut problem. Consider the following description of
Karger’s algorithm.

Repeatedly sample edges in proportion to their capacities until there is only
one cut from which we have not yet sampled any edges. Return this cut.

This algorithm is clearly ridiculous. For the unweighted setting, the above algorithm
is equivalent to the following, equally absurd approach (see exercise 4.1).

Independently assign every edge e ∈ E a weight we ∈ [0, 1] uniformly at
random. Build the minimum weight spanning tree T w/r/t w. Let e be
the heaviest edge in T . Return the cut induced by the two components of
T − e.

Compare the two approaches above. Of course we know how to compute the
minimum spanning tree; among other approaches, we can repeatedly add the smallest
weight edge to T that does not create a cycle. On the other hand, in the first approach,
it might appear difficult to keep track of which cuts we have and have not sampled
from, being that there are so many cuts. This can be addressed by contracting the
graph.
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Suppose we sample an edge e = {s, t}. Then
we know that any cut δ(S), where s ∈ S and
t /∈ S, has now been sampled from. Thus we can
safely contract e; replacing s and t with a single
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random-contractions(G = (V, E),c)

1. While |E| > 1
A. Sample e ∼ c

B. G← G/e, c← c/e

2. Let E = {e}
3. Return the edges in the original graph that contracted to e

Figure 4.2: A randomized minimum cut algorithm due to Karger [Kar93].
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Figure 4.3: A few iterations (from left to right, top to bottom) of the
random-contractions algorithm applied to a barbell graph.

vertex u that has the sum1 of edges incident to s
and t. Note that contracting e will only effect cuts that contain e.

Now imagine we contract edges as we sample them. Eventually there are only two
vertices left in the contracted graph, which represent two connected components in
the input graph. These components induce the only cut we have not yet sampled
from, and this is the cut that we return.

Pseudocode for the contraction algorithm is given in fig. 4.2. Here, for an edge
e ∈ G, we let G/e = (V/e, E/e) denote the graph obtained by contracting e, and we

1More precisely, for every edge f of the form {s, z} or {t, z}, we create a new edge {u, z} with the
same capacity. If s and t both have edges to the same vertex z, we can either create two edges from
u to z with the appropriate capacities, or make a single edge from u to v with the same capacity. We
remove s and t and its incident edges from the graph, replacing them with u and the newly created
edges incident to u.
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let c/e : E/e→ R>0 denote the corresponding capacities. Figure 4.3 sketches a few
iterations of the algorithm applied to a barbell graph.

The intuition behind random-contractions is as follows. Here we describe the
intuition for unweighted graphs for simplicity. (The intuition is the same for weighted
graphs, except replacing “many edges” with “large capacity”, etc.) Suppose we have
an unweighted graph G = (V, E), and let C ⊂ E be the minimum cut. Since C is the
minimum cut – keyword minimum – there are presumably very few edges in C. If we
randomly sample an edge e ∈ E, then hopefully e /∈ C. If C “survives” this round,
then we have all made some progress because there is one less vertex in the graph after
contracting e. In the next round, C is still the minimum cut, so the high-level logic
from the first round still holds. Thus we can repeatedly sample edges and preserve
the hope that we avoid C.

The above argument hinges on how much smaller C is than all of E. If we can
argue that C is always a small fraction of E, then that gives hope that C survives
to the end. On the other hand, if C is even a small constant fraction of G, we will
probably sample from C after a constant number of rounds. Observe also that over
time, C becomes a larger and larger fraction of E, as we contract and remove edges
outside of C.

The key observation is that every vertex v induces a cut δ(v), which must have at
least as many edges as C. Thus the minimum cut is at most the minimum degree in
the graph. In turn, since the number of edges in E is the sum of degrees (divided by
2), the minimum cut C is at most a 2/n fraction of the total number of edges! This
observation holds initially in the input graph and thereafter in the contracted graphs,
although n decreases by 1 in each iteration.

On the first iteration, C has at most a 2/n chance of being hit. On the second
interation, assuming C surivived the first iteration, C has (at most) a 2/(n−1) chance
of being hit. Continuing in this fashion, assuming C surivived the first i− 1 iterations,
C has a 2/(n− i + 1) change of being hit in the ith iteration. If one combines these
problems, one discovers that C has a ≥ 1/

(
n
2

)
chance of surviving all n− 1 rounds We

can repeat the experiment
(

n
2

)
= O(n2) (a polynomial!) number of times to find the

minimum cut with constant probability, and O(n2 log n) times to find the minimum
cut with high probability.

In the sequel, we formalize the the above argument, as well as extend it to positive
capacities. For ease of notation, for a set of edges C ⊂ E, we denote the sum of
capacities over C by ∑

e∈C

c(e) def=
∑
e∈C

c(e).
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Lemma 4.1. Let C⋆ be the minimum cut in (G, c), and suppose e /∈ C. Then C⋆ is
(or maps to) to the minimum cut in the contracted graph (G/e, c/e).

Proof sketch. Direct inspection.

Lemma 4.2. ∑e∈E c(e) ≥ λn
2 .

Proof. Every vertex v has weighted degree ∑e∈δ(v) c(e) ≥ λ since δ(v) is a cut. Thus

∑
e∈E

c(e) =
∑

v

∑
e∈δ(v) c(e)
2 ≥ λn

2 .

Lemma 4.3. Let e ∼ c. Then P[e ∈ C⋆] ≤ 2
n
.

Proof. We have P[e ∈ C⋆] =
∑

e∈C⋆ c(e)∑
e∈E

c(e)

(a)
≤ 2

n
by (a) lemma 4.2.

Lemma 4.4. Let C⋆ be a minimum cut. With probability ≥ 1/
(

n
2

)
, random-

contractions returns C⋆.

Proof. For k ∈ Z≥0, let Ek be the event that we have not sampled C⋆ after k iterations.
Initially, P[E0] = 1, and we want to show that P[En−2] ≥ 1/

(
n
2

)
. By lemma 4.3, we

have
P[Ek |Ek−1] ≥ 1− 2

n−(k−1) for each k ∈ [n].

The probability of succeeding (event En−2) is at least

P[En−2] =
n−2∏
k=1

P[Ek |Ek−1] ≥
n∏

i=3

(
1− 2

i

)

=
n∏

i=3

i− 2
i

= (n− 2)!2
n! = 1(

n
2

) .

Thus with probability about 1/n2, the random contraction algorithm returns the
minimum cut. To find the minimum cut with constant probability, we rerun the
algorithm O(n2) time and return the best cut. To find the minimum cut with high
probability, we rerun the algorithm O(n2 log n) times.

The nice thing about repetition is that we can run the randomized trials in
parallel. Moreover, a single instance of the contraction algorithm (via its connection
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branching-contractions(G = (V, E), c)

1. Let n = |V |. If n ≤ 3 then compute the min-cut by brute force.

2. Until |V | =
⌈

n√
2

⌉
+ 1:

A. Sample e ∼ c and contract e in G.
3. C1 ← branching-contractions(G,c).
4. C2 ← branching-contractions(G,c).
5. Uncontract and return the minimum of C1 and C2.
Figure 4.4: A randomized minimum cut algorithm that amplifies the
random-contractions algorithm by branching, due to Karger and Stein [KS96].

to minimum spanning trees) can be made to run in polylog(n) time with polynomially
many processors. Thus one obtains a randomized parallel algorithm for minimum cut.

Corollary 4.5. A randomized minimum cut can be computed in parallel in polyloga-
rithmic time with a polynomial number of processors.

That said, random-contractions is not just an algorithm. It is also a surprising
structural observation about the number of minimum cuts in an undirected graph. In
the above algorithm, any fixed minimum cut is returned with probability 1/

(
n
2

)
. This

implies that there are at most
(

n
2

)
minimum cuts in the graph!

Corollary 4.6. There are at most
(

n
2

)
minimum cuts in a graph.

4.2 Amplification by branching

The randomized-contraction algorithm preserves a fixed minimum cut with probabil-
ity at least 1/

(
n
2

)
. One can amplify this algorithm directly by running it independently

O(n2 log n) and outputting the minimum over all the trials. With high probability,
the minimum cut lies in one of these O(n2 log n) cuts.

Karger and Stein [KS96] reduced the probability of failure more efficiently by an
amplification process called branching. To motivate the branching technique, recall
from section 4.1 that the probability of failure increases as the number of remaining
vertices decreases. Instead of restarting the entire algorithm from the beginning
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again and again, one might restart the algorithm from some relatively confident point
partway through. One might further apply this strategy recursively.

Karger and Stein [KS96] proposed randomly contract edges for a fixed number of
iterations so that the probability of avoiding the min-cut is still at least 1/2, and then
“branching”; i.e., running two independent processes that continue from this point.
The branching is recursive: each of the two independent trials also continue for a
relatively safe number of iterations before branching again. This refined amplification
process, it is shown below, is much more efficient than repeated independent trials
of random-contractions. The amplification technique is interesting in its own right
and extends past this particular problem.

A sketch of the algorithm, which we call branching-contractions, is given in
fig. 4.4.

Lemma 4.7. Let C⋆, and suppose we contract n− k edges sequentially at random.
The probability that none of theses edges samples the minimum cut is at least k(k−1)

n(n−1) .

Proof. For i ∈ N, let Ei be the probability that we have not sampled C⋆ after i
iterations. We ware interested in P[En−k]. We have

P[En−k] =
n−k∏
i=1

P[Ei |Ei−1] (a)=
n∏

i=k+1

(
1− 2

i

)

=
∏n

i=3
i−2

i∏k
i=3

i−2
i

=

(
k
2

)
(

n
2

) = k(k − 1)
n(n− 1) .

by (a) lemma 4.3.

Theorem 4.8. branching-contractions runs in O(n2 log n), and returns a minimum
cut with probability Ω(1/ log n).

Proof. We first prove the running time, and then discuss the correctness. The running
time is dominated by the recurrence

f(n) ≤ 2f(φ(n)) + n2 for φ(n) = n/
√

2 + c

for some constant c > 0. The recursion tree is drawn in fig. 4.5. For i ∈ N, let
φi = φ ◦ φi−1 recursively apply φ i times (e.g., φ1 = φ). Each problem at depth i has
size at most

φi(n) =
(

1√
2

)i

n +
i∑

j=0

(
1√
2

)i

c ≤
(

1√
2

)i

n + c√
2− 1

.
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Figure 4.5: A recursion tree analysis for branching-contractions.

Since there are 2i problems at depth i, the total amount of work at level i is

2i
(
φi(n)

)2
= 2i

( 1√
2

)i

n + O(1)
2

= O
(
n2
)
.

Over O(log n) levels, then, the total work is O(n2 log n).
The proof of correctness is based on a more general phenomena, called the Galton-

Watson process. We study the Galton-Watson process in greater generality in the
following section, and here we only give the reduction from branching-contractions
to the Galton-Watson process.

We can arrange the recursive calls in a binary tree. Each node consists of a
subproblem, with two children consisting of the two subproblems. The leaves are the
constant-size subgraphs that can be computed by brute force. The height is O(log n)
because every level decreases n by a constant factor.

The process at a subtree succeeds iff the node succeeds and one of the two subtrees
succeeds, and each node succeeds with probability 1/2. The overall algorithm succeeds
iff there is a root to leaf path where every node succeeds. This is the Galton-Watson
process over O(log n) generations, which (by theorem 4.9 below), has a Ω(1/ log n)
probability of success.
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4.3 Randomized branching

Theorem 4.9. Let T be a complete binary tree of height k ≥ 2, and suppose every
edge is deleted independently with probability 1/2. The probability that there is a leaf
connected to the root is ≥ 1/k.
Proof. For i ∈ N. Let pi be the probability that a particular node at height i is
connected to a subleaf. We have p0 = 1. For a node at height i + 1, the probability
that there is no path to a leaf via a particular child is

1
2 + 1

2(1− pi) = 1− pi

2 .

pi+1 is 1 one minus the probabilities there is no path to a leaf via either child, which
by independence to the two subtrees is

pi+1 = 1−
(

1− pi

2

)2
= pi

(
1− pi

4

)
. (4.2)

The first three values are
p0 = 1, p1 = 3/4, and p2 = 39

64 ≥ 1/2.
We claim by induction on k that pk ≥ 1

k
for all k ≥ 2. Looking at the RHS of (2), we

first observe that function
f(x) = x

(
1− x

4

)
is increasing for x ≤ 2,

which can be seen from its derivative f ′(x) = 1− x
2 ≥ 0. In particular, to lower bound

pk+1 via (2), we can replace pk by any lower bound for pk. By induction, pk ≥ 1/k,
hence

pk+1 ≥
1
k

(
1− 1

4k

)
= 1

k
− 1

4k2

(a)
≥ 1

k + 1 .

The last inequality (a) is obtained by
1
k
− 1

k + 1 = 1
k2 + k

≥ 1
4k2 for k ≥ 1. (4.3)
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4.4 Sparsification

Sparsification refers to the general method of taking a large, dense graph and producing
a smaller, sparse graph (over the same vertex set) that preserves some desired structure
of the original graph.

We start with a very familiar example. Recall that two vertices s and t are
connected in an undirected graph if there is a path from s to t. Given an undirected
graph G = (V, E), suppose we wanted a sparse subgraph G′ = (V, E ′) such that any
two vertices s, t ∈ V are connected in G iff they are connected in G′. Here there is a
solution G′ with (slightly less than) n edges. The reader probably knows the answer
and should pause to realize it.

4.4.1 Preserving small connectivities

Definition 4.10. Let G = (V, E) be an undirected graph. The connectivity between
two vertices s, t ∈ V is the size of the minimum {s, t}-cut. When G is unweighted,
this is also the maximum number of disjoint paths from s to t. The connectivity of an
edge e ∈ E is defined as the connectivity of its endpoints.

Above, we discussed sparsifiers that maintain all pairwise connectivities in an
undirected graph up to connectivity 1. Here we will analyze a generalization by
Nagamochi and Ibaraki [NI92] for maintaining connectivities up to a fixed cardinality
k ∈ N. That is, given an undirected graph G = (V, E) and a parameter k, we will
compute a set F ⊆ E with less than kn edges with the following guarantees.

1. If s, t ∈ V have connectivity ℓ ≤ k in G, then s and t have connectivity ℓ in F .

2. If s, t ∈ V have connectivity ℓ ≥ k in G, then s and t have connectivity ≥ k in
G.

Nagamochi and Ibaraki [NI92] proposed the following simple greedy algorithm. Con-
sider the partition of E into forests F1, F2, F3, . . . constructed as follows.

For each edge e ∈ E (in any order), find the first forest Fi such that Fi + e
is also a forest, and add e to Fi.

For each k ∈ N, let F k = F1 ∪ · · · ∪ Fk denote the union of the first k forests, as a
subgraph of G.

Theorem 4.11 (Nagamochi and Ibaraki [NI92]). Let s, t ∈ V have connectivity ℓ in
G. Then for all k ≤ ℓ, s and t have connectivity ≥ k in F k.
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The key observation to proving theorem 4.11 is the following.

Lemma 4.12. Let C = δ(S) be an induced cut with ℓ edges. Then for all k ≤ ℓ,∣∣∣C ∩ F i

∣∣∣ ≥ i.

Proof. If not, there is an edge e ∈ C \ F k. For each i ∈ [k], if e /∈ Fi, then there must
be another edge in C = δ(S) in Fi. Applied to each i, we see that C has at least one
edge in each Fi, hence at least k total in F k - a contradiction.

The proof of theorem 4.11 is now immediate: by lemma 4.12, every {s, t}-cut in
F k has at least k edges.

theorem 4.11 gives us our first nontrivial sparsifier. With < kn edges, we can
preserve all connectivities up to size k. Don’t be fooled by its simplicity! This is a
landmark algorithm that has inspired many more ideas.

In the sequel, we will be interested in sparsifiers whose size is independent of k.
To this end, we will have to introduce both approximations and andomization. Before
continuing on, however, we require the following observation about the Nagamochi-
Ibaraki sparsifier: Nagamochi-Ibaraki sparsifier encodes, for every edge e, a lower
bound on its connectivity, as follows.

Lemma 4.13. For each edge e, if e ∈ Fk, then e has connectivity ≥ k.

Proof. Let e = {s, t}, let C be an {s, t}-cut, and let ℓ = |C|. If ℓ < k,then by
lemma 4.12, all ℓ edges of C would be in F ℓ, a contraction to e ∈ Fk.

4.4.2 Randomized sparsification

Let G = (V, E) be an unweighted and undirected graph, and let F1, F2, . . . partition
E into forests per the greedy process in section 4.4.1. Let ϵ > 0 be fixed.

Consider the randomized and reweighted subgraph G′ = (V, E ′, c′) constructed as
follows. For each edge e ∈ E, let i be the index of the forest Fi such that e ∈ Fi, and
let

pe = min
{(

c log2(n)
ϵ2

)
1
i
, 1
}

for a universal constant c ≥ 1 TBD. The random graph G′ = (V, E ′, w) is now
generated as follows.

Independently for each edge e ∈ E, with probability pe, add e to E ′ with
weight w(e) = 1/pe.
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We say that (G′ = (V, E ′), w) preserves the weight of a cut C = δ(S) up to a
(1± ϵ)-multiplciative factor if

(1− ϵ)|C| ≤
∑

e∈C∩E′
w(e) ≤ (1 + ϵ)|C|.

Theorem 4.14. With high probability, (G′, w) has O
(
n log3(n)/ϵ2

)
edges, and pre-

serves the weight of every (induced) cut up to an (1± ϵ)-multiplicative factor.

We can interpret theorem 4.14 as a randomized approximation of the deterministic
Nagamochi-Ibaraki sparsifiers from section 4.4.1. Recall that the Nagamochi-Ibaraki
forests preserved all cuts up to a fixed cardinality k exactly, with at most k(n− 1)
edges total. This bound is ideal for constant k, but less appealing for larger values of k.
theorem 4.14 preserves all cuts of all sizes up to an (1± ϵ)-multiplicative. The output
graph is almost linear in the number of vertices. A natural application of theorem 4.14
is as a preprocessing step to maximum flow. By theorem 4.14, we can reduce the
number of edges in the graph to O

(
n log2(n)/ϵ2

)
edges while preserving the value of

the maximum flow up to an (1± ϵ)-multiplicative factor. Running Ford-Fulkerson (or
whatever other flow algorithm) in G′ is faster because G′ is smaller, and will still give
an accurate estimate of the flow.

We note that there are also algorithms for weighted graphs that are almost based
on random sampling in proportion to some measure of connectity; see section 4.4.3
below.

First observations

It is not at all obvious that G′ should approximately preserve the value of every cut.
However, it is easier to see that G is sparse.

Lemma 4.15. With high probability, G′ has O
(
n log3(n)/ϵ2

)
edges.

Proof. Each edge in Fi is added with probability ≤ O
(
log2(n)/iϵ2

)
. In particular,

there are at most n−1 edges with pe = c log2(n)/ϵ2, n−1 edges with pe = c log2(n)/2ϵ2,
and so forth. We conclude that

E[|E ′|] =
∑
e∈E

pe ≤
c log2(n)

ϵ2

∑
i

1
i
|Fi|

(a)
≤ O

(
n log2(n)

ϵ2

)
.
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For (a), we note that an easier upper bound is obtained by
∑

i

1
i
|Fi| ≤ n

∑
i

1
i

= O(n log(n)).

To instead upper bound by O(n), we observe that subject to ∑i|Fi| ≤ m, the LHS is
maximized by have the first O(m/n) have n− 1 edges.

Let us now return to cuts. We first verify that the random graph preserves the
value of every cut in expectation.

Lemma 4.16. Let C = δ(S) be a cut. Then

E

 ∑
e∈C∩E′

w(e)
 = |C|.

Proof. The key is that whenever we sample an edge pe with probability pe, we scale
up the capacity by 1/pe. These two factors cancel each other out. Indeed,

E

 ∑
e∈C∩E′

w(e)
 (a)=

∑
e∈C

P[e ∈ E ′] E[w(e) | e ∈ E ′] =
∑
e∈C

pe ·
1
pe

= |C|.

Here (a) is by linearity of expectation.

We can also show that any particular cut is preserved with high probability.

Lemma 4.17. Let C = δ(S) be a cut. Then for any β > 0,

P

 ∑
e∈S∩E′

w(e) ≥ (1 + ϵ)|S|+ β

 ≤ e−c log2(n)β/ϵ|S|

and

P

 ∑
e∈S∩E′

w(e) ≤ (1− ϵ)|S| − β

 ≤ e−c log(n)β/ϵ|S|.

Proof. Let k = |C|. Then C ⊆ F1 ∪ · · · ∪ Fk. For every edge e ∈ C, we either have
pe = 1 and e ∈ C deterministically, or with probability pe, e ∈ E ′ and

w(e) = 1
pe

≤ ϵ2ck

log2(n)
=
(

ϵ2

c log2(n)

)
|C|.
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Taking a step back, our goal is to estimate |C| by random sampling. As observed in
lemma 4.16, the expected value of the random sampling is correct. Each edge e ∈ C
represents an independent random quantity that contributes at most a

(
ϵ2/c log2(n)

)
-

fraction of C. When many small and independent parts add up to a (relatively)
large expected sum, then the random sum will be strongly concetrated around its
concentration. Applying Chernoff bounds gives the desired result.

Note that for β = ϵ|S|, lemma 4.17 says that any particular cut is preserved up
to an (1± 2ϵ)-multiplicative factor with probability of error ≤ n−c log(n). This is very
encouraging, as the error probability is small enough to take the union bound over
polynomially many cuts. However, it is not enough for theorem 4.14, which says that
all cuts are preserved with high probability – and there are, alas, 2n many different
cuts.

Overview of the proof

We have already collected some observations that suggests theorem 4.14 is not unrea-
sonable. Every cut is preserved in expectation, and up to an (1± ϵ)-approximation
with very high probability. The problem is that we want to preserve all cuts, there
are too many cuts to simply apply a union bound.

We take inspiration from section 4.1, where we analyzed a simple randomized
algorithm for minimum cut. Intuitively, when sparsifying a graph, the minimum cuts
should be the hardest cuts to preserve as they have the smallest margin for error.
A remarkable consequence of the contraction algorithm is that there are only

(
n
2

)
minimum cuts in a graph. An extension of the same argument shows that, for any
approximation factor α > 1, there are at most nO(α) α-approximate minimum cuts.
Thus there are only poly(n) cuts within a factor of, say, 2 of the minimum cut. This
structure paints a more optimistic picture then assuming that there are 2n cuts we
have to preserve and that they are all equally sensitive to random sampling.

We first bucket the edges by their sampling probabilities. For k = 1, 2, . . . , let

Hk =
⋃

2k−1≤i≤2k

Fi.

Note that all edges in a bucket Hk are sampled with roughly the same probability,
varying by at most a multiplicative factor of 2. This generates at most 2 log(n) buckets
total.

Fix a bucket Hk. In the foregoing, a section of a bucket Hk is an edge set of the
form A = Hk ∩ C, where C = δ(S) is an induced cut. We want to show that each
section A = Hk ∩ C is approximated fairly well by the sampled edges in Hk. To this
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end, one first observes that if C ∩Hk ̸= ∅, then C must have at least 2k−1 edges. Each
edge e ∈ Hk is given weight (roughly) ϵ22k/ log2(n), which in particular is at most a
ϵ2/ log2(n) fraction of |C| (up to constants). That is, each edge e ∈ Hk ∩C represents
a small and independently random contribution to the final estimate of |C|. One can
apply concentration bounds and obtain the following.

Lemma 4.18. Let k ∈ N. For every section of the form A = Hk ∩C, where C = δ(S)
is a cut, we have

P

 ∑
e∈A∩E′

w(e) ≥ (1 + ϵ)|A|+
(

ϵ

log n

)
|C|

 ≤ n−c0|C|/2k+1

and

P

 ∑
e∈A∩E′

w(e) ≤ (1− ϵ)|A| −
(

ϵ

log n

)
|C|

 ≤ n−c0|C|/2k+1
.

We lave lemma 4.18 as an exercise, although really all of the ideas of the proof are
given in the description above.

lemma 4.18 is helpful, but we find ourselves in a similar predicament as before,
where now the number of sections of cuts may still be exponentially large. We want
to argue that there is a nicer structure for which lemma 4.18 will suffice.

Intuitively speaking, we should worry most about the sections A = Hk ∩ C where
|C| is small, because these give us the smallest margin of error. We will argue,
by simulating the random contraction algorithm with some modifications based on
Mader’s splitting lemma (introduced later), that the number of sections of the form
Hk ∩ C where |C| ≤ 2k is a polynomial. In fact, there is a fairly smooth increase in
the number of distinct sections Hk ∩ C, where |C| ≤ α2k for α > 1, as follows.

Lemma 4.19. Let H be a set of edges where every edge has connectivity ≥ K.
Consider all sections of the form A = C ∩H, where C = δ(S) is a cut. For all α ≥ 1,
there are at most distinct n2α nonempty sections of the form A = H ∩ C, where C is
a cut with ≤ αK.

We will prove lemma 4.19 in section 4.4.2 below.
lemma 4.19 implies a structure to the sections of a bucket Hk that is much more

forgiving then simply assuming where 2n sections with cuts and every cut has size
roughly 2k. lemma 4.19 says that there are only polynomially many sections with
cuts with ≤ 2k that we really need to be worried about. It also says that there are
only polynomially many more sections of cuts with ≤ 2k+1 edges. While there are
some more sections in this category, we also have twice as much room for error.
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Lemma 4.20. Let k ∈ N. With probability ≥ 1− 1/ poly(n), for all sections of the
form A = Hk ∩ C, we have

(1− ϵ)|A| − ϵ

log n
|C| ≤

∑
e∈A∩E′

w(e) ≤ (1 + ϵ)|A|+ ϵ

log n
|C|.

Let us prove lemma 4.20 now under the assumption that lemma 4.18 and lemma 4.19
hold true.

Proof of lemma 4.20. Recall that every edge e ∈ Hk = F2k−1 ∪ F2k−1+1 ∪ · · · ∪ F2k−1
has connectivity ≥ 2k−1. Thus any cut C = δ(S) intersecting Hk has at least 2k−1

edges.
We first group the number of distinct sections Hk ∩ C by |C|. For ℓ ∈ N, let

Aℓ =
{
Hk ∩ C : 2k+ℓ−1 ≤ |C| < 2k+ℓ

}
.

Fix ℓ ∈ N. By lemma 4.19, we have

|Aℓ| ≤ nc02ℓ (4.4)

for some constant c0 > 0. For each section A = Hk ∩ C where C ∈ Aℓ, we have

(1− ϵ)|A| − ϵ

log n
|C| ≤

∑
e∈A∩E′

w(e) ≤ (1 + ϵ)|A|+ ϵ

log n
|C| (4.5)

with probability of error

≤ e−c log(n)|C| = n−c1|C|/2k ≤ n−c12ℓ/2

for some constant c1 > 0 that can be increased be increasing the constant c in our
sampling probabilities pe. In particular, we can make (say) c1 ≥ 2c0 + 4. In that case
that probability of error is

≤ n−(c0+2)2ℓ

. (4.6)

Comparing (4.4) and (4.6), we see that we can take the union bound over Aℓ! Indeed,
by the union bound, the error probability of failing (4.5) for at least one A ∈ Aℓ is

|Aℓ| · n−(c0+2)2ℓ ≤ n−2ℓ+1
.

We can now take the union bound over all (O(log log n)) choices of ℓ.
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theorem 4.14 now follows from lemma 4.20. We first restate theorem 4.14 for the
reader’s convenience.
Theorem 4.14. With high probability, (G′, w) has O

(
n log3(n)/ϵ2

)
edges, and pre-

serves the weight of every (induced) cut up to an (1± ϵ)-multiplicative factor.
Proof. We have already verified the number of edges in lemma 4.15. It remains to
verify each cut. With high probability, lemma 4.20 holds for every bucket Hk. For
each cut C = δ(S), we have
∑

e∈C∩E′
w(e) =

∑
k

∑
e∈C∩Hk∩E′

w(e) ≤
∑

k

(
(1 + ϵ)|C ∩Hk|+

ϵ

log n
|S|
)

= (1 + 2ϵ)|C|.

Likewise, we have∑
e∈C∩E′

w(e) =
∑

k

∑
e∈C∩Hk∩E′

w(e) ≥
∑

k

(
(1− ϵ)|C ∩Hk| −

ϵ

log n
|S|
)

= (1− 2ϵ)|C|.

This completes the proof of theorem 4.14.

Counting sections

It remains to prove lemma 4.19, regarding the number of distinct sections induced by
cuts of various sizes. To prove lemma 4.19, we require the following beautiful graph
theoretic fact due to Mader and Lovasz. We will not prove this fact, and instead refer
the reader to the textbook [Fra11].
Fact 4.21 (Splitting off lemma). Let G = (V, E) be an undirected graph, and let v be
a fixed vertex with even degree k. Then one “split off” the edges at v while preserving
the connectivity of all pairs of vertices (not including v) in the graph.

Here “splitting off” means that we can pair up the edges incident to v, and replace
them with the k/2 edges formed by concatenating them and removing v from the middle.
(e.g., two edges {a, v} and {b, v} are “split off” and replaced by a new edge {a, b}).

To get some sense of our use of fact 4.21, fix k ∈ N, and consider a section of
the form A = C ∩ Hk where C = δ(S). Suppose we apply the splitting off lemma
to split off a vertex v with degree < 2k−1. First, note such a vertex v cannot be
incident to any edge in Hk because every edge in Hk still has connectivity ≥ 2k−1.
Second, when splitting off v, we note that the cut C might decrease in size, but cannot
increase. Third, the connectivity of every edge in Hk is preserved, and in particular
stays ≥ 2k−1. Thus when splitting off v, the section A = C ∩Hk maps directly to the
same section A, now as an intersection w ∩Hk where |w| ≤ |C|.

We now restate and prove lemma 4.19.
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Lemma 4.19. Let H be a set of edges where every edge has connectivity ≥ K.
Consider all sections of the form A = C ∩H, where C = δ(S) is a cut. For all α ≥ 1,
there are at most distinct n2α nonempty sections of the form A = H ∩ C, where C is
a cut with ≤ αK.

Proof. We will prove the bound indirectly by directly proving the following: the
distinct number of sections of the desired form in an n-vertex graph is at most the
maximum number of α-approximate minimum cuts in an n-vertex graph.

Suppose we run the contraction algorithm with the following two modifications.

1. We first note that by doubling all the edges initially, we can assume the graph is
even degree. The evenness of the degree is also preserved under edge contractions.
Now, whenever there is a vertex v with degree < K, we split off v.

2. We stop the algorithm when there are ⌈2α⌉ vertices left in the graph, and return
all sections induced by subsets of these vertices. (Thus < 2⌈2α⌉ sections are
returned.)

Fix any section of the form A = H ∩C, where |C| < αK. Note that A is preserved
under splitting off, as well as the fact that A can be represented as an intersection
H ∩ C with a cut C such that |C| < α2K . We return A iff (some) cut C such that
A = H ∩ C survives to the end of the algorithm.

Recall that the splitting off ensures that the minimum degree is ≥ K at all times.
If there are n vertices left and the minimum degree is K, then the probability that
the next edge is sampled from C is

≤ 2|C|
Kn

<
2α

n
.

This is the exact same as if counting the number of α-approximate minimum cuts in
??. Thus we obtain the same bound.

4.4.3 Weighted, Sparser, Stronger... and Deterministic

Benczúr and Karger [BK15] showed how to compute cut sparsifiers for weighted
graphs with only O(n log(n)/ϵ2) edges. This approach samples edges in proportion
to (understimates of) their edge strengths, a different notion of connectivity. [BK15]
was actually the first such sparsification result, and precedes the simpler algorithm
described above, which is from Fung, Hariharan, Harvey, and Panigrahi [FHHP19].
We point out two generalizations of cut sparsifiers, which we plan to return to later.
Spielman and Srivastava [SS11] showed how to randomly sample O(n log(n)/ϵ2) edges
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as to preserve the Laplacian qudratic form of an undirected graph up to an (1± ϵ)-
multiplicative factor - which is a stronger approximation guarantee that approximately
preserves all cuts as well as many other properties of interest. Batson, Spielman, and
Srivastava [BSS12] then showed how to sparsify the Laplacian (and preserve all cuts)
with only O(n/ϵ2) edges deterministically. Removing the log n factor is extremely
surprising and consequential. Previously, the log n factor arises for both graph and
Laplacian sparsifiers from (essentially) a Chernoff-type union bound. Removing the
log n factor required a fundamentally new approach based on carefully studying the
eigenvalues associated with a graph. This result has also had many implications
outside of computer science including the resolution of the longstanding Kadison-
Singer problem from functional analysis [MSS13].

4.5 Randomized Ford-Fulkerson

Let G = (V, E) be a simple undirected graph, and let s, t ∈ V . We want to compute
the maximum s→ t flow. Recall the Ford-Fulkerson algorithm, a staple of introductory
algorithms classes.

Repeatedly find a path from s to t in the residual graph, and route one
unit of flow.

Let λ denote the value of the max flow. In a simple graph, the λ is an integer at most
n. Thus Ford-Fulkerson makes n iterations, each of which requires O(m) time to find
a path. The overall running time is O(mλ) ≤ O(mn).

Our goal is to improve O(mn). We first consider faster approximations based on
the ideas already developed. In the previous section, we showed how to compute a
sparse, reweighted subgraph G′ of G that preserves all cut values up to a (1± ϵ)-
multiplicative factor while. By max-flow min-cut, this also preserves the value of the
maximum flow.

Corollary 4.22. Let G = (V, E) be a simple undirected graph. For any ϵ > 0, one
can compute an (1− ϵ)-approximation to the value of the maximum flow with high
probability in O

(
m + n2 log2(n)/ϵ2

)
randomized time.

We now consider the more ambitious challenge of computing the flow exactly in
O(m + n2 polylog(n)) randomized time.

We will analyze a simple algorithm (essentially) due to Karger and Levine [KL15]
that accelerates Ford-Fulkerson by sampling. Recall that in each iteration, the goal of
Ford-Fulkerson is to find just one path from s to t. We search the entire graph - size
m - to find a single path of n edges. Can we avoid sampling the entire graph?
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Consider the first iteration, before we have routed any flow. We know that by
applying the random sparsifier in theorem 4.14, we can sample and reweight just
O(n polylog(n)) edges while approximating the value of every undirected cut by a
constant factor. If every s→ t cut is approximately preserved, then in particular, we
must sample at least one edge from s to t. Suppose that for every undirected edge
that we sample, we consider any of its directed edges in the bidirected graph. If every
s→ t cut has at least one edge in the sampled set, then we (by max-flow min-cut!)
will have a path from s to t.

Thus we can randomly sample roughly n edges and find our first path in this
smaller set. There is a technical issue in that it still takes that O(m polylog(n)) time
to even generate the sample, which will be addressed later.

Consider now the second iteration. We might try the same idea - sample edges based
on theorem 4.14 - and look at the corresponding directed edges in the graph. Most of
the logic from the first iteration still holds, except for one important exception: some
of the originally undirected edges have now become two edges in the same direction.
These are precisely the edges used to transport one unit of flow in the first iteration.
In the aggregate, all the s→ t cuts now have 2 less edges than all of the t→ s cuts!
To compensate for the fact taht the s→ t cuts which are a little smaller than before,
we might have to sample some extra edges.

To further explore the though experiment, suppose we have now routed half of the
maximum flow. Every s→ t cut loses one edge (in net effect) per unit of flow. Since
we have routed only half of the s→ t maximum flow, and the s→ t max flow equals
the s → t min cut, every s → t cut has at least half of its edges remaining in the
residual graph! When deciding how many edges to sample, then – still in proportion
to theorem 4.14 – it is not an unreasonable guess that we would need about twice as
many sampled edges to hit all the s→ t cuts in the residual graph. The main lemma
that we will have to prove is the following.

Lemma 4.23. Let λ be the value of the max flow. Suppose we have routed (1− α)λ
units of flow and αλ units of flow remain to be routed, where α > 0. Let E ′ ⊂ E
sample (at least) O

(
1
α
n log3 n

)
edges from the same distribution as in theorem 4.14.

Then with high probability, E ′ contains an s→ t path.

Suppose first for simplicity that we knew that the maximum flow was λ. Consider
the following the following algorithm.

In the ith iteration, sample O((λn/(λ + 1− i)) polylog(n)) undirected
edges using the same probabilities as in theorem 4.14, and use the corre-
sponding directed edges in the residual graph when looking for a path from
s to t in this sampled set.
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Of course we may not actually know the value of the maximum flow. Nonetheless we
can effectively guess λ. We simply repeatedly double the number of sampled edges
until we pass the magic threshold required by lemma 4.23 to guarantee an s→ t path
in the residual graph.

Each iteration, sample (directed) edges from the residual graph using the
same probabilities as in theorem 4.14, and look for a path from s to t.
Until a path from s to t is found, keep doubling the number of sampled
edges.

Let us first assume lemma 4.23 and prove the running time of [KL15].2

Theorem 4.24 ([KL15]). Let G = (V, E) be a simple undirected graph with m edges
and n vertices. Let s, t ∈ V , and let λ ∈ N be the value of the maximum s→ t flow.
Then one can compute a maximum s→ t flow in O((m + nλ) polylog(n)) randomized
time with high probability.

Proof. The high-level algorithm is described above, where each iteration we sample
edges in proportion to the probabilities from theorem 4.14, until we find an s → t
path. Assuming lemma 4.23 is true, on the ith of λ iterations, we will find an s→ t
path with high probability as soon as we sample at least

ki
def= O

((
λ

λ− i + 1

)
n polylog(n)

)

edges.
We point out that the edge sample probabilities pe only need to be computed

once, at the beginning of the algorithm. Once the pe’s are computed, it is easy to
sample one edge at a time in proportion to the pe’s in O(log n) time per sample.3
Thus generating a sample of k edges takes O(k log n) time.

The ith iteration takes (ki log n) time with high probability, because we sample ki

edges and look for paths in these edges. Summed over all i, the total amount of time
spent on each iteration is

O

(
n∑

i=1
ki log n

)
= O

(
λn log4(n)

n∑
i=1

1
λ + 1− i

)
= O

(
λn log5(n)

)
.

2Actually, the algorithm of Karger and Levine [KL15] is slightly different, because it samples
edges in proportion to sampling probabilities given by Benczúr and Karger [BK15]. The high level
ideas are the same, although the log factors are improved by using the [BK15] sampling probabilities.

3Line up the edges in an array and compute the prefix sums of the pe’s. Draw a random number
θ between 0 and

∑
e pe. Binary search for the first edge where the prefix sum up to that edge is at

least θ.
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We also have m polylog(n) overhead from computing the sampling probabilities pe

initially. This gives the claimed running time.

4.5.1 Analysis

Let f be an s → t flow. Fix an undirected {s, t}-cut of the form C = δ(S), where
S ⊂ V , s ∈ S, and t /∈ S. Let Cf ⊆ C be the subset of edges that has a directed edge
in te residual graph directed from s to t. Our goal is to sample at least one edge out
of this subset Cf , for every {s, t}-cut C.

For a fixed flow f , and an undirected {s, t} cut C = δ(S), let Cf ⊂ C be the subset
of edges that have at least one edge in the residual graph from the s→ t direction.

Lemma 4.25. Let H be a set of edges where every edge has connectivity K in the
original, undirected graph. Consider all sections of the form

A = Hk ∩ Cf ,

where C = δ(S) is an undirected {s, t}-cut, and Cf ⊆ C is the subset of undirected
edges that have a directed edge in the directed s → t cut from S to V \ S. For all
α ∈ N, there are at most nO(α) distinct sections such that C has at most αK edges.

Proof. In lemma 4.19, we showed that there are at most n2α cuts of the form A = H∩C,
where C is an undirected cut with ≤ αK edges. Recall the proof of lemma 4.19. To
briefly recap, we consider the randomized contraction algorithm except (a) we split
off any vertex with degree < K whenever one arises, and (b) we stop when there are
2α vertices remaining, and return the set of all undirected cuts induced by subsets
of these vertices. Carefully reasoning showed that splitting off was safe, and is in
part because splitting off preserves pairwise connectivities and every edge in H has
connectivity ≥ K. By keeping the minimum degree at K, we get the same calculations
and bounds as when counting the number of α-approximate minimum cuts in ??.

We modify the above proof very slightly. At the end of the algorithm, when there
are 2α vertices remaining, we return all (≤ 22α−2) directed s → t cuts induced by
these vertices. This produces the same calculations and proof (up to a factor of 2)
as before when counting approximate minimum cuts (??) and sections of cuts in
sparsification (lemma 4.19), hence the same conclusion.4

Lemma 4.26. Let k ∈ N and fix a flow f . For an undirected {s, t}-cut C = δ(S),
where S ⊂ V with s ∈ S and t /∈ S, let Cf ⊆ C be the subset of edges that have an
edge directed from S to V \ S in the residual graph.

4The author encourages student readers to verify this in full detail.
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Suppose we sample O
(
αn log3(n)

)
edges proportional to pe, as defined in sec-

tion 4.4.2. With probability 1− 1/ poly(n), for all sections of the form A = Hk ∩ Cf ,
where C = δ(S) is an undirected {s, t}-cut, we have

∑
e∈A∩E′

w(e) ≥ 3
4 |A| −

1
16α log n

|S|.

Proof sketch. The claim is very similar lemma 4.20. We only claim the lower bound
because that is the only part we require, but an upper bound would follow as well. The
proof is similar. We apply Chernoff bounds to each section5, and then use lemma 4.25
to give a refined union-bound where the larger margin of error for larger cuts pays
offsets the fact that there are more sections induced by larger cuts.6

Lemma 4.27. Let β > 1, and suppose we sample O
(
βn log3(n)

)
edges proportional

to pe, as defined in section 4.4.2. With probability 1− 1/ poly(n), for all {s, t}-cuts,
we have ∑

e∈Cf ∩E′
w(e) ≥ 3

4 |Cf | −
1
β
|C|.

4.5.2 The final touch

Lemma 4.28. Suppose the residual graph has maximum {s, t}-flow αλ, where λ is
the value of the maximum flow originally. For every undirected {s, t}-cut C = δ(S),
where s ∈ S ⊆ V − t,

|Cf | ≥ α|C|/2.

Proof. Let D denote the directed s→ t cut induced by S. By max-flow min-cut, we
have |D| ≥ λ initially, and each unit of flow decreases |D| by at most 1. After routing
(1− α)λ units of flow, we have |D| ≥ (1− α)λ. We also have |Cf | ≥ |D|/2 because
each (undirected) edge e ∈ Cf contributes at most 2 directed edges to D. Together
we obtain |Cf | ≥ α|C|/2.

5As before, here we are using the following Chernoff bound which previously appeared as an
exercise (with ϵ = 1/4): Let X1, . . . , Xn ∈ [0, 1] be independent random variables, and ϵ ∈ (0, 1).
Then for all β > 0,

P[X1 + · · ·+ Xn ≤ (1− ϵ) E[X1 + · · ·+ Xn]− β] ≤ e−ϵβ .

6Again, the student reader should verify the calculations for themselves.
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Now we can prove lemma 4.23.

Lemma 4.23. Let λ be the value of the max flow. Suppose we have routed (1− α)λ
units of flow and αλ units of flow remain to be routed, where α > 0. Let E ′ ⊂ E
sample (at least) O

(
1
α
n log3 n

)
edges from the same distribution as in theorem 4.14.

Then with high probability, E ′ contains an s→ t path.

Proof. For all {s, t}-cuts C, we have∑
e∈Cf ∩E′

w(e)
(a)
≥ 3

4 |Cf | −
α

4 |C|
(b)
> 0

where (a) is by lemma 4.27 and (b) is by lemma 4.28. Thus we sample at least one
edge from every directed {s, t}-cut in the residual graph, which implies that there is
an s→ t path.

4.6 Additional notes and materials

Lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

4.7 Exercises

Exercise 4.1. Consider the randomized algorithm for minimum cut based on building
the minimum spanning tree w/r/t randomized weights, described in section 4.1.

1. Prove that this algorithm is equivalent to the random contractions algorithm
for unweighted graphs.

2. Adjust the randomized spanning tree algorithm to account for weights, and
prove its correctness.

Exercise 4.2. Let G = (V, E) be an undirected graph. For k ∈ N a k-cut is a set of
edges whose removal disconnects the graph into at least k connected components. Note
that for k ≥ 3, the minimum k-cut problem cannot easily be reduced to (s, t)-flow. In
fact, the problem is NP-Hard when k is part of the input.7

7You might find it helpful to focus on the case k = 3 and then generalize afterwards. Although
we ask you to work out the dependency on k, conceptually, it might help to think of k as being
relatively small compared to n.
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1. Briefly describe how to modify the random-contractions to return a k-cut.8

2. Analyze the probability that your modified algorithm returns a minimum k-cut.9

3. Describe and analyze an algorithm, using your modified random-contractions
as a subroutine, that computes a minimum k-cut with high probability in
O
(
nc1k logc2 n

)
time for constants c1 and c2. (We leave it to you to identify

these constants; as usual, the faster the running time, the better.)

4. How does your algorithm relate to the preceding statement that k-cut is NP-Hard
when k is part of the input?

Exercise 4.3. Consider the minimum cut problem in undirected graphs. We say that
a cut C = δ(S) is a 2-approximate minimum cut it its capacity is at most twice the
capacity of the minimum cut.

1. Let C be an 2-approximate minimum cut. Suppose we run the random-
contractions algorithm run until there are 5 vertices. Show that C is preserved
by the algorithm with probability ≥ 1/

(
n
4

)
.

2. Show the number of 2-approximate minimum cuts is at most

O
(
n4
)
.

Exercise 4.4. Consider the minimum cut problem in undirected graphs. For α ≥ 1,
we say that a cut C = δ(S) is an alpha-approximate minimum cut it its capacity is at
most α times the capacity of the minimum cut.

1. Let C be an α-approximate minimum cut. Suppose we run the random-
contractions algorithm run until there are O(α) vertices remaining. Show
that C is preserved by the algorithm with probability ≥ 1/

(
n

O(α)

)
.

2. Show the number of α-approximate minimum cuts is at most

nO(α).

Exercise 4.5. Let G = (V, E) be a simple Eulerian directed graph10.
8Your algorithm design may be informed by your calculations in part 2.
9You may want to pattern your analysis after the one for minimum (2-)cut; in particular, you

may want to develop analogs for lemmas 4.2 and 4.3.
10A directed graph with Eulerian if every vertex has the same in-degree as out-degree
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Figure 4.6: The minimum cut from fig. 4.1

1. Design and analyze an algorithm that computes a reweighted subgraph (G′ =
(V, E ′), w : E ′ → R>0) with O(n poly(log n, 1/ϵ)) edges that preserves the value
of every directed cut up to an (1± ϵ)-multiplicative factor.

2. Design an analyze a O((m + n2) polylog(n)) time algorithm for maximum flow
on simple Eulerian graphs.

3. Suppose you were given a simple directed graph G that was “approximately
Eulerian” up to an α-multiplicative factor. (For example, α = 2.) That is,
suppose that the in-degree was always within a multiplicative factor of the
out-degree. Can one design sparsifiers and faster max flow algorithms for such
graphs? If no, what goes wrong? If yes, what is the dependency on α? Here a
relatively brief answer will suffice.
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Chapter 5

Random Sums and Graphs

5.1 Random sums

If, out of 100 coin tosses, you were told that 50 of them were heads, would you be
surprised? Actually, you should be a little surprised. The odds of getting exactly 50
heads is about 8%. But if you were told that the number was in the range 45 to 55,
you probably wouldn’t think much of it.

If you were told that all 100 coin tosses came up heads, you wouldn’t believe it.
The odds of that, we know, is 1/2100. If you bet money and lost on this event, you
would be outraged (and, at even odds, certainly broke for the rest of eternity).

Suppose you were told that at most 25 coin tosses came up heads. Should you
be surprised? On one hand, 25 is half of the expected amount. On the other hand,
the claim is not that there was exactly 25 heads, but at most 25 heads. There could
be 25, 24, 23, etc., down to 0. Even though the event of getting any one of these
counts should be low, being far from average, there are also 26 of these events. Do
the probabilities add up to very much? It turns out that the probability of getting 25
or fewer heads is tiny: about 2.818× 10−7.

The scale is very important in this discussion. If, out of 10 coin tosses, you got 4
or fewer heads, you shouldn’t be too surprised. There is (roughly) a 37.7% chance
of getting at most 4 heads. But if at most 40% of 1000 coin tosses came up heads,
you should be very surprised. The odds of this occurring is occurring is roughly
1.364× 10−10.
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We generalize the discussion to coins with any fixed probability of heads, p ∈ [0, 1].
The binomial distribution, denoted B(n, p), is the distribution of the number of
heads over n independent coin tosses that each flip heads with probability p. The
probabilities of different binomial distributions is plotted above. (See also [Wikb].)

We write B ∼ B(n, p) to denote a random variable B ∈ {0, . . . , n} drawn from the
binomial distribution B(n, p). The expected value of B is E[B] = pn. The following
lemma bounds the probability of B being a multiplicative factor smaller than its
mean, pn. Note that the probability decays exponential fast in the mean.

Lemma 5.1. Let B ∼ B(n, p) and ϵ ∈ (0, 1). Then

P[B ≤ (1− ϵ)pn] ≤ e−ϵ2pn/2.

Proof. We have

P[B ≤ (1− ϵ)pn] = P
[
e−ϵB ≥ e−ϵ(1−ϵ)pn

] (a)
≤

E
[
e−ϵB

]
e−ϵ(1−ϵ)pn

= eϵ(1−ϵ)pn E
[
e−ϵB

]
(5.1)

by (a) Markov’s inequality. It remains to analyze E
[
eϵB

]
. Write B as the sum

B = X1 + · · · + Xn, where each Xi is an independent {0, 1}-random variable with
P[Xi = 1] = p. Now we have

E
[
e−ϵB

]
= E

[
e−ϵX1−ϵx2−···−ϵXn

]
(b)= E

[
e−ϵX1

]
E
[
e−ϵX2

]
· · ·E

[
e−ϵXn

]
,

where (b) is by independent of the Xi’s. For each Xi, we have

E
[
e−ϵXi

]
= pe−ϵ + (1− p) = 1 + p(e−ϵ−1)
(c)
≤ p

(
1− ϵ + ϵ2/2

)
+ (1− p) = 1− (ϵ− ϵ2/2)p

(d)
≤ e−(ϵ−ϵ2/2)p.
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Here (c) uses the inequality e−x ≤ 1− x + x2/2 for all x > 01. (d) is by the inequality
1 + x ≤ ex for all x. Thus,

E
[
e−ϵB

]
= E

[
e−ϵX1

]
E
[
e−ϵX2

]
· · ·E

[
e−ϵXn

]
≤ e−(ϵ−ϵ2/2)pn, . (5.2)

Putting everything together, we have

P[B ≤ (1− ϵ)pn]
(e)
≤ eϵ(1−ϵ)pn E

[
e−ϵB

] (f)
≤ eϵ(1−ϵ)pn−(ϵ−ϵ2/2)pn = e−ϵ2pn/2,

by (e) inequality (5.1) and (f) inequality (5.2), as desired.

One can prove a similar inequality bounding the probability that B exceeds its
mean by a multiplicative factor. The proof is similar to lemma 5.1 and left as
exercise 5.2.

Lemma 5.2. Let B ∼ B(n, p) and ϵ ∈ (0, 1). Then

P[B ≥ (1 + ϵ)pn] ≤ e−ϵ2pn/3.

5.2 Random graphs

Paul Erdös, inspired by Ramsey [Ram30] before him, had a series of work analyzing
random graphs, producing a large body of results that can mostly be grouped into

1To see that

1− x + x2/2 ≥ e−x

for all x ≥ 0, observe first that both sides equal 1 at x = 0. The derivative of the LHS, −(1− x), is
always at least the RHS of the derivative of the RHS, −e−x, by the inequality 1 + y ≤ ey for all y.

Figure 5.1: A random graph sampled from G(n, .01) [Von].
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two broad categories. First, he designed elebarate randomized constructions of graphs
and showed that with nonzero probability, they can possess certain counterintuitive,
seemingly impossible properties. This general approach is now called Ramsey theory.
Second, he showed that for natural random graph models, these graphs – however
random – tend to be extremely consistent about certain properties. Today we will
study the G(n, p) random graph, sometimes called Erdös-Rényi graphs based on work
by Erdös and Rényi [ER59; ER60]. A random graph from G(n, p) is an undirected
graph over n vertices, where every edge is sampled independently with probability p.
By now there is a large catalog of nontrivial and useful properties that, depending on
p, are almost certain to appear or not appear in such a graph (for sufficiently large n).
Moreover, Erdös and Rényi showed that these properties can vary dramatically with
very small changes in p. Consider the following theorem.
Theorem 5.3. Consider a random graph G ∼ G(n, p) for p = c/n, where c is a
constant.

1. If c > 1, then with high probability, there is exactly one connected component of
G with Ω(n) vertices, and all other components have size ≤ O(log n).

2. For c < 1, then with high probability, all connected components of G has size
< O(log n).

The parameter c above models the average degree (in expectation). The drama
lies in the fact that a tiny change in the average degree c – from .999 to 1.0001 – flips
the qualitative nature of a typical random graph from one of many tiny components
to essentially one giant component. This is an example of a threshold phenomena;
alternatively, a nonlinear dynamic. Such phenomena is not rare: it occurs in many
situations in physics, as well as in models for epidimiology and social networks. Let
us briefly mention - without claiming to be very precise - that the sensitivity to c
gives some motivation for controlling the “reproductive number” when analyzing and
preventing the spread of infectious diseases. The reproductive number is the expected
number of healthy individuals that a sick individual effects.

We note that a line of research has obtained a much more refined and detailed
understanding than stated in theorem 5.3. We refer the reader to [Bol98, Chapter 7]
for further details and other results in this area.

We present the proof for c > 1. The second case of c < 1 is left to the reader as
exercise 5.1.

5.2.1 Overview of the proof for c > 1

We will prove part 1 of theorem 5.3 in roughly three parts.
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Part 1: the gap theorem. Observe that in theorem 5.3 above, regardless of the
value of p, there are simply no “medium”-size components, like a component of size√

n or of size n/ log(n). The intermediate sizes are ruled out by the following “gap
theorem”.

Lemma 5.4. There is a universal constant C > 0, such that for all ϵ ∈ (0, 1), and for
all n > 0 sufficiently large, and p = (1 + ϵ)/n, we have the following. For a random
graph G(n, p), with probability of error ≤ 1/n2, no component has k vertices for any
value k in the interval

C log(n)
ϵ2 ≤ k ≤ ϵn

C
.

We analyze lemma 5.4 theorem in section 5.3. The proof makes a surprising
connection to our discussion on random sums in section 5.1.
Part 2: existence of a large component. Lemma 5.4 establishes that all
components are either very small or very big. However it does not assert that there are
any big components. The next theorem, proven in section 5.4 and based on analyzing
a Galton-Watson branching process, shows that any single vertex has a reasonable
chance of being in a component that is not small.

Lemma 5.5. Let p = (1 + ϵ)/n for ϵ > 0. Let v ∈ V be a vertex. For all 3 ≤ h ≤ ϵn,
with probability at least 1/h, v has at least 1 + h vertices in its connected component.

lemma 5.5 implies that there is almost certainly at least one giant component as
follows. Let h = c log(n)/ϵ2 for a sufficiently large constant c, and let q = 1/h =
Ω(ϵ2/ log(n)). Call a component “small” if it has at most h vertices. We want to argue
that, for p > 1/n, there is at least one component that is not small. In conjunction
with the gap theorem (lemma 5.4), which rules out all intermediate sizes, this implies
that there is at least one giant component of size Ω(ϵ2n).

By lemma 5.5, any vertex v has at least a probability q of not being in a small
component. Now imagine a process where we first randomly select a vertex v and
inspect its component. If it is not small, then we have obtained the non-small
component we seek. Otherwise, if the component is small, then we throw out v and
its component, and randomly select another vertex as v, and repeat. Each vertex we
inspect has probability q of not being in a small component. We would have to fail
on the order of n/h consecutive samples to conclude there is no small component -
which happens with diminishingly small probability. Thus with very high probability,
there is at least one component that is not small.
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Part 3: uniqueness of the giant component. Can there be two giant compo-
nents? The answer is no (with high probability) and here is a quick explanation.
Instead of sampling from G(n, p) directly, we can first sample two graphs G1 = (V1, E1)
and G2 = (V2, E2) from G(n/2, p). In the second stage we can sample each cross-edge
(v1, v2), where v1 ∈ V1 and v2 ∈ V2, independently with probability p. Now, by
applying the theory we have already developed to G1 and G2, G1 and G2 will have
some giant components, each of size Ω(ϵ2n). Note that each graph can only have
O(1/ϵ2) of them.

Let C1 be a giant component in G1 and let C2 be a giant component in G2. We can
sample up to |C1||C2| ≥ Ω(ϵ4n2) edges between C1 and C2. Recalling that p is greater
than 1/n, the odds that all Ω(ϵ4n2) edges fail to be sampled is vanishingly small.
That is, we almost certainly connect C1 and C2. Since there is a limited number of
giant components we will almost certainly connect all of them together. Thus, for
p > (1+ϵ)/n for ϵ > 0, we get a unique giant component. This establishes theorem 5.3
for c > 1.

5.2.2 Directed graphs

One could naturally ask the same questions for directed graphs. Let D(n, p) denote
the distribution over directed graphs where every directed edge appears independently
with probability p. We might similarly ask for the maximum number of vertices
reachable from any component, or the size of the maximum strongly component.

It turns out that the analysis of directed graphs can be largely reduced to undirected
graphs, as shown by Karp [Kar90] in the following delightfully simple way.

Theorem 5.6. Let G ∼ G(n, p) and D ∼ G(n, p), and fix a vertex v. Then the size
of the connected component of v in G, and the number of vertices reachable from v in
D, are identically distributed.

Proof. Let us introduce a second distribution of directed random graphs. Let B(n, p)
be the distribution of directed graphs where we sample each undirected edge {u, v}
independently with probability p, and for each sampled edge, add both directions
(u, v) and (v, u) to the graph. Clearly, for a fixed vertex v, the size of v’s (undirected)
component in G(n, p) is distributed identically to the number of vertices reachable

95



5. Random Sums and Graphs
5.3. A gap in component size

Kent Quanrud
Fall 2022

from v in B(n, p). We claim that the number of vertices reachable from v in B(n, p)
is identically distributed as in D(n, p). At this point let us simply quote Karp [Kar90,
Lemma 1] (with minor changes in notation) whose proof is very elegant.

...To see that the last two random variables are identically distributed,
note that the probability spaces B(n, p) and D(n, p) differ in only one
respect: a digraph G drawn from B(n, p), are (u, v) is present if and only
if arc (v, u) is present, while, in a digraph D drawn from D(n, p), then
the event that (v, u) is present is independent of the event that (u, v) is
present. Thus no experiment based on checking for the presence or absence
of arcs can distinguish between the two probability spaces unless it checks
both an arc and its reversal. But any standard sequential algorithm, such
as breadth-first search or depth-first search, for building a search tree
containing exactly the vertices reachable from vertex 1, checks for the
presence of arc (u, v) only if vertex u is in the search tree and v is not;
thus it never checks both an arc and its reversal, and accordingly cannot
distinguish B(n, p) from D(n, p).

To summarize the excerpt, standard search algorithms for reachability do not distin-
guish B(n, p) and D(n, p) anyway, so the number of reachable vertices is identically
distributed.

5.3 A gap in component size

In this section we prove lemma 5.4, which asserts that when p = (1 + ϵ)/n for a
constant ϵ > 0, then with high probability, all components are either very small or
very large. Our analysis follows an approach due to Karp [Kar90]. His proof is also
described in [Bol98]. We first restate lemma 5.4 for the reader’s convenience.

Lemma 5.4. There is a universal constant C > 0, such that for all ϵ ∈ (0, 1), and for
all n > 0 sufficiently large, and p = (1 + ϵ)/n, we have the following. For a random
graph G(n, p), with probability of error ≤ 1/n2, no component has k vertices for any
value k in the interval

C log(n)
ϵ2 ≤ k ≤ ϵn

C
.

For a vertex v ∈ V , let C(v) ⊂ V be the (randomized) component of v. To analyze
C(v), we imagine revealing C(v) by a search algorithm. We maintain a collection
of vertices known to be connected to v; initially just {v}. Each iteration i, starting
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from v, select a vertex vi that is known to be in C(v), but has not been explored.
Then “explore” vi by inspecting all of the edges incident to vi, possibly adding to the
collection of vertices known to be connected to v (but not yet explored).

We annotate this process as follows. For i ∈ N, let

• vi be the vertex that is explored in the ith iteration (or nil if all of C(v) has
already been explored).

For each i ∈ Z≥0, let

• Ai be the set of vertices known to be in C(v) after i iterations, and let

• Bi be the set of vertices that have been explored.

For the sake of concreteness, one can imagine processing the vi’s in BFS order. Recall
that BFS marks each vertex when the vertex first encountered, and if the vertex was
unmarked, it is added to a queue. The next vertex visited is drawn from the queue.
In terms of BFS, then, Ai is the set of vertices marked after i iterations, and Bi is the
set of vertices that have left the queue and been fully processed.

Ultimately, Bi, Ai, vi are built up incrementally as follows.

1. Initially, we have B0 = ∅ and A0 = {v}.

2. In the first iteration, set v1 = v, set B1 = {v1}, and set A1 = A0 ∪N(v1), where
N(v1) is the (randomized) neighborhood of v1.

3. In the ith iteration, if Bi−1 ̸= Ai−1, then select (any) vi ∈ Ai−1 \ Bi−1. Set
Bi = Bi−1 ∪ {vi} and Ai = Ai−1 ∪N(vi). Otherwise we terminate with C(v) =
Bi−1 = Ai−1.

The process terminates when Bi = Ai. But since Bi ⊆ Ai and |Bi| = i, this is
precisely when |Ai| = i. As long as |Ai| ≠ i, Ai+1 is generated by taking the union of
Ai and a random sample of V − Ai where each vertex is included with probability p.
Thus we could have generated the sequence of Ai’s instead by the following equivalent
process, which omits any mention of Bi or vi.
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1. Initially set A0 = {v}.

2. For each i ∈ N, let S sample each vertex in V \ Ai−1 independently with
probability p and set Ai = Ai−1 ∪ S.

3. Let i be the first index such that |Ai| = i, and return C(v) = Ai.

Fix an iteration i. The alternative (but equivalent) process described above
exposes a simple distribution for Ai. For any vertex x ̸= v, we have x /∈ Ai iff x
failed to be added in each of the first i rounds, which occurs with probability exactly
(1− p)i. Moreover this event is independent across vertices. Thus |Ai| is distributed
exactly as the binomial distribution with n− 1 coins and probability 1− (1− p)i; i.e.,
|Ai| ∼ B(n− 1, 1− (1− p)i).
Lemma 5.7. Let i ≤ ϵn/2(1 + ϵ). Then E[|Ai|] ≥ (1 + ϵ/2)i.
Proof. We have

(1− p)i ≤ e−ip ≤ 1− ip + 1
2(ip)2 (a)

≤ 1− ip + ϵip/4 = 1− (1− ϵ/4)ip.

where (a) is because ip = (1 + ϵ)i/n ≤ ϵ/2. Thus

E[|Ai|] = 1 +
(
1− (1− p)i

)
(n− 1) ≥ (1− ϵ/4)ipn

(b)
≥ (1 + ϵ/2)i.

For (b) we observe that (1− ϵ/4)(1 + ϵ) ≥ (1 + ϵ/2) for ϵ > 0 sufficiently small.
Lemma 5.8. Let i ≤ ϵn/2(1 + ϵ). Then P[|Ai| ≤ i] ≤ e−ϵ2i/8.

Proof. We have

P[|Ai| ≤ i]
(a)
≤ P[|Ai| ≤ (1− ϵ/2) E[|Ai|]]

(b)
≤ e−ϵ2i/8.

Here (a) is by lemma 5.7. (b) is by the tail inequality on binomial distributions,
lemma 5.1.

Let I = {i ∈ N : 32 ln(n)/ϵ2 ≤ i ≤ ϵn/2((1 + ϵ))}. For all i ∈ I, we have

P[|Ai| ≤ i] ≤ 1/n4.

By the union bound, we have

P[|Ai| > i for all i ∈ I] ≥ 1−
∑
i∈I

P[|Ai| ≤ i] ≥ 1− 1/n3.

Thus with probability ≥ 1− 1/n, the number of vertices in the connected component
of v, |C(v)|, does not lie in the range I. Taking the union bound over all v ∈ V
establishes part 1 of lemma 5.4.
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Figure 5.2: A complete binary tree of height 3, where each edge was deleted with probability
1/2.

5.4 Galton-Watson process with general branching factors

We now move onto the second part of the analysis. By now we have established that
there are (with high probability) no “medium” components – all component sizes
have either at most O(log(n)/ϵ2) vertices, or at least Ω(ϵ2n) vertices. Now we want
to prove lemma 5.5, which we first restate for the reader’s convenience.

Lemma 5.5. Let p = (1 + ϵ)/n for ϵ > 0. Let v ∈ V be a vertex. For all 3 ≤ h ≤ ϵn,
with probability at least 1/h, v has at least 1 + h vertices in its connected component.

The proof is by relation to the so-called Galton-Watson process that arises in the
study of reproducing populations. In the simplest case, imagine a population of size 1.
Each generation, each member of the current generation flips k coins, each of which
flips heads with probability 1/k. For each heads, we generate another member of the
next generation. The probabilities and number of coins are configured so that each
member expects to have one child.

What is the probability that the population survives for h iterations, for a given
parameter h? This is answered by the following.

Theorem 5.9. Let T be a complete k-ary tree of height h, and suppose every edge is
deleted independently with probability at most 1− 1/k. Then the probability that there
is a leaf connected to the root is ≥ 1/h for h ≥ 3, and ≥ (1− e−1)h for h ≤ 2.

An example of the case k = 2 is drawn in fig. 5.2.

Proof. For i ∈ N, let pi be the probability that a particular node at height i is
connected to a subleaf. We have p0 = 1. For a node at height i + 1, the probability
that there is no path to a leaf via a particular child is

1− 1
k

+ 1
k

(1− pi) = 1− pi

k
.
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By independence, we have

pi+1 = 1−
(

1− pi

k

)k

.

Observe that the RHS is increasing in pi; thus to lower bound pi+1, we can substitute
any lower bound for pi. We have

p0 = 1,

p1 = 1− (1− 1/k)k ≥ 1− e−1 ≥ .63,

p2 = 1− (1− .63/k)k ≥ 1− e−.63 ≥ .467,

p3 ≥ 1− (1− .467/k)k ≥ 1− e−.467 ≥ .373 ≥ 1/3.

We claim by induction on i that pi ≥ 1/i for all i ≥ 3. The base case i = 3 was just
proven. For the general case,

pi+1
(a)
≥ 1− (1− 1/ik)k ≥ 1− e−1/i

(b)
≥ 1

i
− 1

2i2 ≥
1

i + 1

Here (a) is by induction. (b) applies the inequality ex ≤ 1 + x + 1
2x2 for x ≤ 0.

5.4.1 Likelihood of small components

We can use the above branching process to analyze the probability that a given vertex
v is in a component of size ≤ h, for any h ≤ ϵn/(1 + ϵ). Recall the sets A0, A1, A2, . . .
from section 5.3. Given that |Ai| ≤ h, we can think of Ai+1 − Ai as adding (at least)
n/(1 + ϵ) children each with probability p = (1 + ϵ)/n. Either we find new elements
for all h rounds - which forces |Ah| ≥ h - or we hit |Ai| = h at some point i < h. Thus
the odds of v acquiring h vertices in its connected component is at least the odds
produced by theorem 5.9 for this value of h; namely, 1/h. This gives us lemma 5.5.

5.5 Additional notes and materials

Lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
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5.6 Exercises

Exercise 5.1. Prove item 2 of theorem 5.3.2

Exercise 5.2. Prove lemma 5.2. (Here the important part is not the constant, 1/3 –
any constant c > 0 is already interesting.)

2It may be helpful to understand the proof of the gap theorem (lemma 5.4) in section 5.3.
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Chapter 6

Randomized Rounding

Many of the problems we are interested in are inherently discrete, and unfortunately
many discrete problems are NP-Hard. One general class of problems in this category
is integer programs (IPs), which are mathematical optimization problems where the
variables are required to be integers.

One example is a covering integer program, which is an optimization problem of
the form

minimize
n∑

j=1
cjxj

over x ∈ Z≥0

s.t.
n∑

j=1
Aijxj ≥ bi for i ∈ [m],

(6.1)

where A ∈ Rm×n
≥0 , b ∈ Rm

>0, and c ∈ Rn
>0. Here, each variable xj ∈ Z≥0 models a binary

decision. Each cj can be interpreted as the cost of taking xj = 1. For i ∈ [m], the
constraint

n∑
j=1

Aijxj ≥ bi for i ∈ [m]

is a covering constraint, saying we must set xj = 1 for enough variables xj so that the
sum of Aij over these variables is at least bi.

The special case where c = 1, b = 1, and A ∈ {0, 1}m×n describes the set cover
problem. There the coordinates j ∈ [n] correspond to sets, and the coordinates i ∈ [m]
correspond to points; set j covers point i iff Aij = 1.

Besides covering integer programs, there are also packing integer programs, which
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are maximization problems subject to packing (i.e., ≤) constraints, of the form

maximize
n∑

j=1
bjyj

over y ∈ Zn
≥0

s.t.
m∑

j=1
Aijyj ≤ cj for i ∈ [m]

where A ∈ Rm×n
≥0 , b ∈ Rn

>0, and c ∈ Rm
>0. Here each bj can be understood as the “profit”

of taking yj = 1, and we want to maximize the total profit. We are constrained by
the n packing constraints. The knapsack problem is a special case of the covering
integer programs where m = 1.

In general, integer programs maximize or minimize a set of integer variables
over a linear objective, subject to linear equality and inequality constraints.1 The
basic appeal of integer programs is that they are very flexible for modeling discrete
optimization problems. Unfortunately, their broad applicability also makes them
NP-Hard.

Integer programs are NP-Hard because the output is required to be discrete. If
we allowed the variables to vary continuously over the reals, we instead have a linear
program (LP). For example, the following describes a linear program for covering
problems similar to the covering integer program above. This time, however, each
variable xj is allowed to take any nonnegative value.

minimize
n∑

j=1
cjxj

over x ∈ Rn
≥0

s.t.
n∑

j=1
Aijxj ≥ bi for i ∈ [m].

Note that any solution feasible to the CIP (6.1) is also feasible for the LP above. As
such, the LP is said to be a relaxation of the CIP. It implies that the optimum value
of the LP is less than or equal to the optimum value for the integer program.

Unlike integer programs, linear programs are polynomial time solvable (!). This
allows for the following general approach to discrete optimization: given an IP

1Integer programs may have both packing (i.e., Ax ≤ b) and covering (i.e., Ax ≥ b) constraints.
“Packing integer programs” and “covering integer programs” refer to the special case that have only
packing constraints or only covering constraints, respectively.
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formulation of the problem, instead solve the corresponding LP. The LP provides
a fractional solution satisfying the same constraints, which we can treat as a clue
towards a good integer solution. The goal becomes to convert the fractional solution
to an integer solution, while maintaining feasibility and the objective value. There
are several strategies to round a fractional solution to an integer solution and they
are covered in courses on approximation algorithms (e.g., [Vaz01; WS11]). We will
study a technique called randomized rounding.

In this chapter, we will use randomized rounding to obtain approximation algo-
rithms for max SAT (section 6.1), set cover (section 6.2), and CIPs (section 6.3).

6.1 SAT

Recall the max-SAT problem from chapter 1: given a boolean formula f(x1, . . . , xn)
in CNF, the goal is to find an assignment of x1, . . . , xn to {t, f} that satisfies the
maximum number of clauses. There we showed that a random assignment gives a
7/8-approximation for 3-SAT. Moreover the algorithm can be derandomized, and the
approximation factor is best possible unless P = NP .

More generally a random assignment gives a (1− 2−k) approximation for k-SAT,
for any k ∈ N. The following table lists the approximation factors for the first few
values of k.

k oblivious APX
1 1/2
2 3/4
3 7/8
4 15/16
5 31/32
...
k 1− 1/2k

The approximation factor gets better and better as k increases. Meanwhile, the first
row — k = 1 — is rather embarrassing, since 1-SAT is trivial. 2-SAT is not as
trivial but there is a polynomial time algorithm for this problem as well. So oblivious
rounding is not so great for very small values of k.

This is relevant as we now consider the more general form of max-SAT, where we
are given a formula in CNF where each clause can have any number of clauses. We
can still apply our oblivious randomized algorithm that flips a coin for every variable.
If every clause had at least k variables, then we obtain a 1− 1/2k approximation ratio.
But the presence of single-variable clauses – which one might expect to cause the
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least trouble — means we only have a 1/2-approximation ratio in general. We will
use linear programming to improve the approximation ratio.
An integer program for SAT. We first translate max-SAT to an integer program.
Fix a formula f(x1, . . . , xn) of n variables, consisting of m clauses C1, . . . , Cm. Let
OPT denote the maximum number of satisfiable clauses. Let “xj ∈ Ci” indicate
that the symbol xj appears in Ci (without negation) and “x̄j ∈ Ci” indicate that x̄j

appears in Ci.
Consider now the following integer program.

maximize
m∑

i=1
zi over y ∈ {0, 1}n, z ∈ {0, 1}m

s.t.
∑

j:xj∈Ci

yj +
∑

j:x̄j∈Ci

(1− yj) ≥ zi for all clauses Ci.

The integer program has {0, 1}-variables for each variable xj and each clause Ci, with
the following interpretations.

1. For j = 1, . . . , n, let yj ∈ {0, 1} indicates whether we set xj = t (yj = 1) or
xj = f (yj = 0).

2. For i = 1, . . . , m, let zi ∈ {0, 1} indicate whether we satisfy the ith clause
(zi = 1) or not (zi = 0).

The integer program seeks to maximize the number of satisfied clauses, represented
by ∑m

i=1 zi. For each clause Ci, the corresponding constraint implies we can only set
zi = 1 if yj = 1 for some xj ∈ Ci or yj = 0 for some x̄j ∈ Ci.
A linear program for SAT. As discussed, while we cannot solve integer programs
in polynomial time, we can solve linear programs. We relax the integer program above
to a linear program by now allowing each variable yj or zi to lie anywhere in the
interval [0, 1].

maximize
m∑

i=1
zi over y1, . . . , yn, z1, . . . , ym ∈ R

s.t.
∑

j:xj∈Ci

yj +
∑

j:x̄j∈Ci

(1− yj) ≥ zi for all clauses Ci

0 ≤ zi ≤ 1 for all i = 1, . . . , m

0 ≤ yj ≤ 1 for all j = 1, . . . , n

Let OPTlp denote the optimum value of the LP. Since the LP is a relaxation of the
IP above it, we have OPTlp ≥ OPT.
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Rounding the LP solution. Let y1, . . . , yn and z1, . . . , zm be an optimum solution
to the LP. We know that the objective value OPTlp = ∑

i zi is very good. Our goal
now is to convert the yj’s into discrete decisions while keeping the objective value as
close to OPTlp as possible.

The basic question is: how do we interpret a fractional value such as y1 = .5?
The LP seems to suggest that we should set x1 to be one-half true and one-half false.
Of course the are no half values in boolean algebra and “one-half true and one-half
false” is total nonsense. A different interpretation is that of a randomized experiment
where we set x1 = t half the time, and x1 = f the other half. Consider the following
randomized rounding algorithm:

Randomized rounding for SAT

1. Let y1, . . . , yn be an optimum solution to the LP for max-SAT.
2. For each variable xj, independently, randomly set xj = t with

probability yj, and xj = f otherwise.

Next we analyze the expected number of clauses satisfied by randomized rounding.
By linearity of expectation this boils down to analyzing the probability of satisfying
each individual clause.

Lemma 6.1. Each clause Ci is satisfied with probability at least (1− 1/e)zi.

Proof. A clause Ci is not satisfied iff we randomly set xj = f for all xj ∈ Ci, and set
xj = t for all x̄j ∈ Ci. Thus

P[Ci not satisfied] =
∏

j:xj∈Ci

(1− yj)
∏

j:x̄j∈Ci

yj.

Now, by the inequality 1 + x ≤ ex (for all x), we can simply the RHS as

e
−
∑

j:xj ∈Ci
yj+
∑

j:x̄k∈Ci
(1−yj) ≤ e−zi .

Here the inequality follows from the LP constraint for Ci. Finally, by convexity2 of
f(x) = e−x, we have

e−zi ≤ (1− zi)e0 + zie
−1 = 1− (1− 1/e)zi,

as desired.
2f(x) is convex if f(ta + (1− t)b) ≤ tf(a) + (1− t)f(b) for all a, b and all t ∈ [0, 1].
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By linearity of expectation, the expected number of clauses that are satisfied
equals the sum of probabilities of each clause being satisfied. Therefore, by lemma 6.1,
we will satisfy at least (1− 1/e) OPTlp ≥ (1− 1/e) OPT clauses in expectation.

Theorem 6.2. There is a (1− 1/e)-approximation algorithm for max-SAT.

Note that our bound is only interesting when there are clauses with one or two
variables; otherwise oblivious rounding is still better.
The best of both worlds. Part of the problem is that lemma 6.1 is not tight for
small k. Take for example k = 1. Obviously, if |Ci| = 1, then Ci is satisfied with
probability zi, not (1− 1/e)zi. For k = 2, we have the following better analysis.

Lemma 6.3. If |Ci| = 2, then Ci is satisfied with probability ≥ 3zi/4.

Proof. Suppose for simplicity that Ci = x1 ∨ x2. (It will be obvious how to generalize
the analysis to other pairs of variables.) We have

P[Ci not satisfied] = (1− y1)(1− y2)
(a)
≤
(

(1− y1) + (1− y2)
2

)2

≤
(

1− zj

2

)2 (b)
≤ (1− zj)

(
1− 0

2

)2
+ zj

(
1− 1

2

)2

= 1− zj + zj

4 = 1− 3
4zj.

(a) is by AM-GM. (b) is by convexity of f(x) =
(
1− x

2

)2
.

Below we list the probability of clause being satisfied by the oblivious and LP
rounding strategies, as a function of the number of variables in the clause, k. Observe
that the average of the probabilities is at least (3/4)zi for all k, as indicated in the
column on the right.

k oblivious LP average
1 1/2 zi ≥ (3/4)zi

2 3/4 (3/4)zi ≥ (3/4)zi

3 7/8 (1− 1/e)zi ≥ (3/4)zi

4 15/16 (1− 1/e)zi ≥ (3/4)zi

5 31/32 (1− 1/e)zi ≥ (3/4)zi
...
k 1− 1/2k (1− 1/e)zi ≥ (3/4)zi.
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The table suggests that we might be able to merge the oblivious sampling and LP
rounding algorithms to obtain a 3/4-approximation ratio. But the two approaches
seem like polar opposites: one approach is completely oblivious, and the other strongly
depends on the formula (implicitly via the LP solver). But here’s a trick: just pick
one of the two strategies uniformly at random. The “averaging” will work itself out
in the analysis.

Hybrid algorithm for max-SAT.

1. With probability 1/2, return a uniformly random assignment.
2. Otherwise solve and randomly round the LP.

Theorem 6.4. The hybrid algorithm gives a (3/4)-approximation algorithm for max-
SAT.

We leave the analysis to the reader as exercise 6.1.

6.2 Set cover

In set cover, we are given m points [m] = {1, . . . , m}, and n sets S1, . . . , Sn ⊆ [m].
The goal is to

find the minimum number of sets Si1 , . . . , Sik
such that Si1∪· · ·∪Sik

= [m].

Some natural extensions including adding costs for sets, pointwise demands that
require points to be covered by multiple sets, and coefficients Aij ∈ [0, 1] that indicate
the amount of coverage a set Si gives to point j. These will be considered when we
discuss CIPs later. Set Cover is NP-Hard. Instead we will design an approximation
algorithm for set cover, via randomized rounding.

We first write an LP relaxation for set cover. For each set Sj we introduce a
variable xj that models our decision to take Sj in our set cover. Consider the following
LP.

minimize
n∑

j=1
xj over x ∈ Rn

≥0 s.t.
∑
Sj∋i

xj ≥ 1 for all i ∈ [m].

The objective, ∑n
j=1 xj, is the (fractional) number of sets in our (fractional) set cover.

For each point i ∈ [m], we require at least one fractional set among the family of sets
that cover that point.
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Randomized rounding. Let us consider the following randomized rounding algo-
rithm

1. Let x1, . . . , xn be an optimum solution to the set cover LP.
2. For each set Sj, independently, take Sj with probability xj.

Let F ⊆ {S1, . . . , Sm} by the random family of sets produced by randomized rounding.
We have two questions to address:

1. How big is F , relative to OPT?

2. Is F a set cover?

For the first question, we have

E[|F |] =
∑

j

P[Sj ∈ F ] =
∑

j

xj = OPTlp,

which is very good indeed. Now, is F a set cover? Fix a point i ∈ [m]. The expected
number of sets covering i is

E[# sets in F covering i] =
∑
Sj∋i

P[Sj ∈ F ] =
∑
Sj∋i

xj ≥ 1.

So i expects to have at least 1 set in F containing it. But this does not imply that F
is a set cover — that F covers all of [m] simultaneously — with any nonnegligible
probability. A better question is about the probability that F covers i, or rather, the
probability that F doesn’t cover i. F does not cover i iff it fails to sample any of the
sets covering i, hence

P[F doesn’t cover i] =
∏

Sj∋i

(1− xj) ≤ e
−
∑

Sj ∋i
xj ≤ e−1.

So each point is covered with constant probability.
The question is: how do we increase the probability that all points are covered,

simultaneously?
Scaling and rounding. The problem above is that having each point covered with
constant probability does not imply that all points are covered with constant, or any
nonnegligible, probability. However, having each point covered with high probability
does imply, by the union bound, that all points are covered with high probability. Now,
how can we ensure that each point is covered with high probability? By scaling up x
before rounding.
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Randomized rounding for set cover.

1. Let x1, . . . , xn be an optimum solution to the set cover LP. Let α =
2 log(m).

2. For each set Sj independently, take Sj with probability min{1, αxj}.

As before, let F denote the random collection of sets returned by the algorithm.

Lemma 6.5. Each point i is covered with probability 1− 1/m2.

Proof. If xj ≥ 1/α for any set Sj covering i, then i is covered deterministically.
Otherwise, by similar calculations as before, we have

P[F doesn’t cover i] =
∏

Sj∋i

(1− αxj) ≤ e
−
∑

Sj ∋i
αxj ≤ e−α = 1/m2. (6.2)

Lemma 6.6. F is a set cover with probability at least 1− 1/m.

Proof. By the union bound, we have

P[F is not a set cover] ≤
∑

i

P[F doesn’t cover i] ≤ 1
m

,

as desired.

Theorem 6.7. Randomized rounding is a O(log m)-approximation algorithm for set
cover.

Proof. We have E[|F |] = 2 log(m) OPT, and by Markov’s inequality, |F | ≤
4 log(m) OPT with probability 1/2. F is also a set cover with probability 1− 1/m.
By the union bound, with probability of error at most 1/2 + 1/m, F is a set cover of
size at most 4 log(m) OPT.

6.3 Covering integer programs

We consider covering integer programs. They are discrete problems generalizing set
cover, of the form

minimize ⟨c, x⟩ over x ∈ Zn
≥0 s.t. Ax ≥ b.
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where c ∈ Rn
>0, A ∈ Rm×n

≥0 , and b ∈ Rm
>0. The matrix notation expands out to the

following.

minimize
n∑

j=1
cjxj

over x ∈ Zn
≥0

s.t.
n∑

j=1
Aijxj ≥ bi for i ∈ [m].

We assume without loss of generality that Aij ≤ bi for all i. (Why?) We also assume
without loss of generality that m is at least some constant; say, 4. (Otherwise add a
few empty constraints.)

The algorithm we analyze is essentially the same as for set cover. We scale up x
by a O(log m) factor, and then randomly round each coordinate of x, independently,
to integer values.

1. Let α = 8 log(m).
2. For each j ∈ [n], independently, let

zj =

⌈αxj⌉ with probability αxj − ⌊αxj⌋,
⌊αxj⌋ otherwise.

The algorithm is very similar to set cover. However, the coefficients Aij make the
analysis more difficult. For set cover, we were able to give an exact formula for the
probability that a point i is uncovered. (Equation (6.2).) Here it is not so simple, and
we instead appeal to the multiplicative (or relative) Chernoff bound introduced last
chapter. The proof is deferred to section 6.A.

Theorem 6.8. Let X1, . . . , Xn ∈ [0, 1] be independent random variables, and ϵ ∈ [0, 1].

• For µ ≥ E[X1 + · · ·+ Xn],

P[X1 + · · ·+ Xn ≥ (1 + ϵ)µ] ≤ e−ϵ2µ/3.

• For µ ≤ E[X1 + · · ·+ Xn],

P[X1 + · · ·+ Xn ≤ (1− ϵ)µ] ≤ e−ϵ2µ/2.

The main part of the analysis is to show that a single constraint is satisfied with
high probability, as follows.
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Lemma 6.9. The ith constraint is satisfied with probability at least 1− 1/m2.

Proof. By scaling, we may assume that bi ≤ 1, hence Aij ≤ 1 for all j. We may assume
that ∑j Aij⌊αxj⌋ < 1, since otherwise the constraint is satisfied deterministically.

For each coordinate j, let Xj = Aij(zj − ⌊αxj⌋) for each j. Let µ = E
[∑n

j=1 Xj

]
.

We have

µ =
n∑

j=1
Aij(αxj − ⌊αxj⌋) ≥ α−

n∑
j=1

Aij⌊αxj⌋.

This implies that both

µ ≥ α

1−
n∑

j=1
Aij⌊αxj⌋

, and µ ≥ α− 1 ≥ 8 log(m).

We have

P[z fails constraint i ] = P

 n∑
j=1

Aijzj ≤ 1


= P

 n∑
j=1

Xj ≤ 1−
n∑

j=1
Aij⌊αxj⌋


≤ P

 n∑
j=1

Xj ≤
µ

α

.

By the Chernoff inequality, we have

P

 n∑
j=1

Xj ≤
µ

α

 ≤ e−(1−1/α)2µ/2.

Now,

1
2

(
1− 1

α

)2
µ ≥ 1

2

(
1− 1

α

)3
α ≥ α

4 ≥ 2 log(m).

Thus

P[z fails constraint i] ≤ e−(1−1/α)2µ/2 ≤ e−2 ln(m) = 1
m2 ,

as desired.
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Theorem 6.10. With constant probablity, the randomized rounding algorithm returns
a feasible solution of cost at most O(ln(m)) OPTlp.

Proof. By Markov’s inequality, we have

∑
j

cjzj ≤ 2 E

∑
j

cjzj

 = 2α OPTlp

with probability of error at most 1/2. Each constraint i is satisfied with probability
of error at most 1/m2.

By the union bound, the probability of z not being a feasible solution of cost at
most 2 OPTlp is at most

1
2 + P[z fails any constraint] ≤ 1

2 +
∑

i

P[z fails constraint i] ≤ 1
2 + 1

m
,

as desired.

6.4 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

6.5 Exercises

Exercise 6.1. Complete the proof of theorem 6.4.

Exercise 6.2. Extend the approximation algorithm for set cover to positive costs.
For each set, there is a positive cost cj > 0. The goal is to compute the minimum
cost collection of sets that covers all the points.

Exercise 6.3. Design and analyze a deterministic 3/4-approximation algorithm for
max-SAT.3

3You may first want to design and analyze a deterministic (1− 1/e)-approximation algorithm for
max-SAT.
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Exercise 6.4. Consider an instance of (weighted) set cover defined by sets S1, . . . , Sn ⊆
[m] and costs ci > 0 for each set Si. The goal is to compute the minimum cost collection
of sets covering [m]. We say that solving the LP and then randomly rounding gives a
O(log m) approximation. Here we consider a special case where all the sets are small
and obtain a better approximation factor by a standard extension of randomized
rounding called alterations.

Let ∆ ∈ N be such that |Sj| ≤ ∆ for all j. Consider the algorithm round-and-fix
for which some speudocode is given below. round-and-fix is similar to randomized
rounding and has two stages. The first stage solves the LP and then rounds the
solution scaled up by some factor α ≥ 1. It is possible that some of the elements
i ∈ [m] may not be covered. In the second stage, we fix each uncovered element by
(deterministically) taking the cheapest set that covers it.

round-and-fix(sets S1, . . . , Sn ⊆ [m], costs c ∈ Rn
>0, α ≥ 1)

1. let x ∈ [0, 1]n solve the set cover LP
2. let F ⊆ {S1, . . . , Sn} sample each set Si independently with

probability min{1, αxi}
3. for each i ∈ [m]

A. if i is not covered by F

1. add the cheapest set covering i to F

4. return F

Show that for an appropriate choice of α, this algorithm returns a O(log ∆)
approximation to the set cover instance (in expectation). (It is possible to get
log ∆ + log log ∆ + O(1) with care.)

Exercise 6.5. The defining characteristic of LPs is that the objective and all linear
constraints are given by linear functions. It is natural to generalize this notion and
consider mathematical programs where the objective and linear constraints are all
given by low-degree polynomials; say, bounded by a degree d. Let us call these “degree
d polynomial programs”. Linear programs are degree 1 polynomial programs.

Prove that degree d polynomial programs are NP-Hard to solve for d ≥ 3. To this
end, pick a suitable NP-Hard problem, and design a degree 3 polynomial program
that can be rounded to a discrete solution without any loss.4

4Better yet, prove the same for d ≥ 2.
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Exercise 6.6. For CIPs, we could assume without loss of generality that Aij ≤ bj

for all i, j. (In fact this assumption was critical for applying the Chernoff bound.)
Suppose now that we had λAij ≤ bj for all i, j for a parameter 1 ≤ λ ≤ log(n). Design
and analyzing a O(log(m)/λ)-approximation algorithm for this setting.

Exercise 6.7. In CIPs we allowed each xj to be as large as we want. Suppose we
added the constraint xj ≤ 1 for all j. Would the randomized rounding algorithm from
section 6.3 still obtain a (1− 1/e)-approximation ratio? Why or why not?

Exercise 6.8. Recall the set cover problem for which we obtained a randomized
O(log n)-approximation. Here we consider a (maximum weight) set packing problem,
defined as follows.

Let [m] be a set of points, and let S1, . . . , Sn ⊆ [m] be n subsets of [m]. Let
b1, . . . , bn > 0 represent the profit of S1, . . . , Sn, respectively. We say that a collection
of sets F = {Sj1 , . . . , Sjk

} is a set packing if they are all disjoint. The total profit of
such a set packing is defined as the sum of profits bj1 + · · ·+ bjk

of the corresponding
sets.

The goal is to compute a set packing of maximum profit, but the problem is
NP-Hard. Here we consider the following (perhaps unusual) approximation criteria.
Let OPT denote the maximum profit of any set packing. For α ≥ 1, we say that a
collection of sets Sj1 + · · ·+ Sjk

is an α-packing if each point is covered by at most α
sets Sjh

. We say that a randomized collection of sets F is a randomized approximate
α-packing if

1. The expected total profit of F is at least OPT.

2. With high probability, F is an α-packing.

Design and analyze a polynomial time algorithm that outputs a randomized
approximate α-packing for α as small as possible.5

6.A Proof of the multiplicative Chernoff bound

Theorem 6.8. Let X1, . . . , Xn ∈ [0, 1] be independent random variables, and ϵ ∈ [0, 1].

• For µ ≥ E[X1 + · · ·+ Xn],

P[X1 + · · ·+ Xn ≥ (1 + ϵ)µ] ≤ e−ϵ2µ/3.
5Here we are interested in the approximation factor α – the smaller and closer to 1 the better –

and not the exact polynomial running time.
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• For µ ≤ E[X1 + · · ·+ Xn],

P[X1 + · · ·+ Xn ≤ (1− ϵ)µ] ≤ e−ϵ2µ/2.

Proof. We prove the claim for a slightly weaker constant in the exponent. Let t ∈ [0, 1]
be a parameter TBD. We have

P[X1 + · · ·+ Xn ≥ (1 + ϵ)µ] = P
[
et(X1+···+Xn) ≥ et(1+ϵ)µ

] (a)
≤

E
[
et(X1+···+Xn)

]
et(1+ϵ)µ

by (a) Markov’s inequality. Next analyze E
[
eϵX1+···+Xn

]
. We first have

E
[
et(X1+···+Xn)

]
=

n∏
i=1

E
[
etXi

]
by independendence of the Xi’s. For each i, we have

etXi ≤ 1 + tXi + t2X2
i ≤ 1 +

(
t + t2

)
Xi

where we recall that 0 ≤ t, Xi ≤ 1 and apply the inequality ex ≤ 1 + x + x2 for x ≤ 1.
Consequently

E
[
etXi

]
≤ E

[
1 +

(
t + t2

)
Xi

]
≤ 1 +

(
t + t2

)
E[Xi] ≤ e(t+t2) E[Xi],

where the last inequality follows from 1 + x ≤ ex for all x. Now we have

E
[
et(X1+···+Xn)

]
≤

n∏
i=1

E
[
etXi

]
≤

n∏
i=1

E
[
e(t+t2) E[Xi]

]
≤ e(t+t2)µ,

hence

P[X1 + · · ·+ Xn ≥ (1 + ϵ)µ] ≤ e(t+t2)µ−t(1+ϵ)µ = et(t−ϵ)µ.

The RHS is minimized by setting t = ϵ/2, giving e−ϵ2µ/4.
The proof for the second inequality is similar and we provide a sketch highlighting

a differences. Let t ∈ (0, 1] by a parameter TBD. We have

P[X1 + · · ·+ Xn ≤ (1− ϵ)µ] = P
[
e−t(X1+···Xn) ≥ e−(1−ϵ)tµ

]
≤ E

[
e−t(X1+···+Xn)

]
e(1−ϵ)tµ
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Note the introduction of the negative sign to reverse the inequality before applying
Markov’s inequality. As before, the apply independence to break the analysis into
individual moments E

[
e−tXi

]
, which are each bounded above by

E
[
e−tXi

]
≤ 1−

(
t− t2/2

)
E[Xi] ≤ e−(t−t2/2) E[Xi]

where we apply the inequality ex ≤ 1 + x + x2/2 for x ≤ 0. This leads to

P[X1 + · · ·+ Xn ≤ (1− ϵ)µ] ≤ e(t2/2−ϵt)µ;

The RHS is minimized by t = ϵ.
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Chapter 7

Distinct elements

7.1 Unique visitors

Let’s say you have a website. You might like to know how many people visit your
website. You set up simple counter on your server to keep track of how many HTTP
requests you serve. You are pleased to discover that this counter increases steadily —
apparently there are many visits to your website. Upon investigation, however, you
find out that almost all of these visits are from the same bot, canvassing your web
page for who-only-knows-what reason. In fact, what you are really interested in is
not the number of visits of your webpage, but the number of distinct visitors to your
website. Counting the number of distinct visitors might be the most popular feature
of Google Analytics and other similar software analyzing web traffic.

How can we count the number of distinct visitors? Suppose each visitor has a
unique identifier, such as an IP address1. We can store the set of different visitors in
a dictionary, maybe even (or probably) using the linear probing hash table previously
discussed. Even the best dictionaries, however, will ultimately require space propor-
tional to the number of keys. For your website, this could be the total number of IP
addresses in the world, and only so many IP addresses can fit in RAM. In fact, any
exact implementation will always require a lot of space (see exercise 7.1.)

Google Analytics has a help page where they explain how their unique visitors
count works (https://support.google.com/analytics/answer/2992042). There is
an interesting paragraph where they note that in 2017 they switched to a new algorithm
to “more efficiently count users with high accuracy and low error rate (typically less
than 2%)”. From this we can extract some interesting observations. First, they are
not reporting an exact count, but rather one with a “low error rate”. That is, they
are approximating. Second, they do not guarantee any particular rate of error. It is
“typically” less than 2%, but apparently the error rate can vary and is not always

1In reality, this may be a combination of IP address and cookies, partly because the same IP
address can serve many people from the same network.
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less than 2%. Lastly, they did something in early 2017 to improve their algorithm,
and “more efficiently count users”. This suggests that distinct elements is an active
problem where having a better algorithm still matters2. A little more searching shows
a 2014 publication out of Google about distinct elements [HNH13], that explains some
low-level enhancements to a well-known algorithm for the distinct elements problem
called HyperLogLog [FFGM07].

There are many natural applications for distinct elements besides internet-scale
streaming. In databases, quick estimates of the number of distinct elements are used to
optimize complex queries [HNSS95]. Having a crude estimate of the number of distinct
elements can be useful in deciding what kind of data structure or algorithmic strategy
to pursue when processing these elements. If the count is very small, then maybe
an asymptotically poor approach with very good constants is actually faster. If the
count is very large, then asymptotics kick in and one should go for the asymptotically
optimal algorithms, even if the implementation is clumsy and the constants are bigger.

We briefly review the streaming model. We have elements coming in one at a
time from a stream, from the set of integers [n] = {1, . . . , n}. Let m denote the total
number of elements in the stream. Items may repeat. Our goal is to compute the
distinct number of items in the stream. We let k to denote the number of distinct
items.

We mention in passing that the number of distinct elements can be interpretted
as the L0-norm of the frequency vector. Recall that the frequency vector is the vector
with one coordinate per item counting the frequency of that item. Other norms, such
as L2 and Lp, and other quantities such as entropy, are helpful for understanding
the “shape” of the data. We refer the reader to [AMS99] for more on Lp-frequency
estimation. Algorithms for these problems have found further use as extremely efficient
data structures inside fast approximation algorithms, particularly for accelerating
primitives from linear algebra.
First ideas. How do we begin to design an efficient approximation algorithm for
the distinct elements problem? The reader might guess based on previous discussions
that hashing will be useful. Indeed, we will be using hashing. Let us take as a starting
point the count-min data structure for the heavy hitters problem (chapter 2). A
salient point about count-min is that some internal state changes with every element
that is processed. On a given item e, count-min hashes e several times and increase
a number of counters. Consider now the distinct elements problem. In this setting,
the same item e can reappear again and again and again and the number of distinct
elements does not change. This is a bad sign for count-min, or any other algorithm

2Of course, there may be other details of the real-world problem, beyond the clean mathematical
version we will discuss, that Google may have improved.
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that constantly updates its state. One prefers an approach that is impervious to
repeating elements.

As a first hint towards a new approach, suppose the reader was given access to
an ideal hash functions h : [n] → [0, 1]. That is, for each item e, we independently
sample a unique and continuous value h(e) ∈ [0, 1]. (Later, after developing the main
algorithmic ideas, we will return to this assumption on h and replace it with a more
realistic alternative.) Does an ideal and continuous function such as h inspire any
ideas?

As a second hint, suppose the reader was presented with the following statistical
facts. How might the following lemma be employed in the service of estimating the
number of distinct elements?

Lemma 7.1. Let Y1, . . . , Yk ∈ [0, 1] be independent and distributed uniformly at
random. Let X = min{Y1, . . . , Yk}.

1. E[X] = 1
k+1 .

2. E[X2] = 2
(k+1)(k+2) .

The proof of lemma 7.1 is left as exercise 7.3.

7.2 Preliminaries on continuous random variables

We stated lemma 7.1 before properly introducing continuous random variables. As
with discrete random variables, we assume the reader has had some familiarity with
continuous random variables. Here we briefly review the basic notions, which should
confirm the reader’s common sense.

Consider a uniformly random variable X ∈ [0, 1]. That is, X has “equal probability”
of being any particular value in [0, 1]. Now, the “probabilities” associated with X are
a little less straight forward then with finite and discrete random variables, but the
reader will likely find it to still be totally natural.

For any fixed α ∈ [0, 1], say α = .511989, the probability that X is exactly α
is 0. The fact that a continuous random variable has “zero probability” at every
point may seem odd but it is not problematic. It is completely analogous to a line
segment having no area in two dimensions, or a planar surface having no volume in
three dimensions. For a continuous random variable such as X, the probability at a
specific point is the wrong question to ask. Instead, let consider any two fixed values
a, b ∈ [0, 1] with 0 ≤ a ≤ b ≤ 1. Then we have

P[a ≤ X ≤ b] = b− a.
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This is totally intuitive. We note that from the formal perspective of measure theory,
understanding the probability of X lying in any particular (open or closed) interval
suffices to define X. (See, e.g, [Bil12].)

Any continuous random variable X ∈ R we consider will implicitly be equipped
with a density function f : R→ [0, 1]. Then the probability of X lying in an interval
[a, b] is given by

P[a ≤ X ≤ b] =
∫ b

a
f(t) dt.

We are implicitly assuming that f is integrable. The expected value of a continuous
random variable X ∈ R with density function f(t) is given by the following.

E[X] =
∫ ∞

−∞
tf(t) dt.

This is the continuous analogue of the definition of expected value for discrete random
variables, with the (discrete) sum replaced by a (continuous) integral.3

We note that Markov’s inequality applies to continuous random variables as well.
The argument is the same.

Lemma 7.2. Let X ≥ 0 be a nonnegative random variable (discrete or continuous).
Then for any α ≥ 1,

P[X ≥ α E[X]] ≤ 1
α

.

7.3 Distinct elements, continued

Let us return to our discussion on developing an (idealized) algorithm for counting
the distinct elements. The reader was presented with the following statistical facts
about the minimum of independent uniform continuous random variable. How can
one employ the following statistical facts algorithmically?

Lemma 7.1. Let Y1, . . . , Yk ∈ [0, 1] be independent and distributed uniformly at
random. Let X = min{Y1, . . . , Yk}.

1. E[X] = 1
k+1 .

3In measure theory, discrete and continuous random variables are unified under the notion of
measurable random variables. For finite variables, the summation over its values is interpreted as an
integral over an appropriate discrete topology. See [Bil12].
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2. E[X2] = 2
(k+1)(k+2) .

One can use the idealized, continuous hash function h : [m]→ [0, 1] to assign to
each distinct element an indpendent and uniformly sampled value in [0, 1]. Consider
the minimum hash value seen in the stream. The set of hash values seen, over k
distinct elements, is precisely a set of k independent [0, 1]-random variables. We make
three basic observations.

1. The minimum hash does not change in the face of duplicate elements. It is
strictly a function of the set of distinct elements that have appeared in the
stream.

2. We only have to keep track of one number, which is space friendly.

3. By part 1 of lemma 7.1, there is an explicit connection between the minimum
hash and the number of distinct elements.

We expand on the third observation. If there are k distinct elements, gener-
ating k uniformly random numbers Y1, . . . , Yk ∈ [0, 1], then the minimum, X =
min{Y1, . . . , Yk}, has expected value

E[X] = 1
k + 1 ,

by lemma 7.1. This suggests using (1/X)− 1 as an estimator for k. However, we have
not shown that E[(1/X)− 1] equals k, nor are we going to. Instead, our analysis is
based on showing that X is close enough to 1/(k + 1) to guarantee that (1/X)− 1 is
closed to k.

Lemma 7.3. Let ϵ > 0 be sufficiently small. If 1−ϵ
k+1 ≤ X ≤ 1+ϵ

k+1 , then

(1− 3ϵ)k ≤ 1
X
− 1 ≤ (1 + 3ϵ)k.

Proof. We have the following equivalent inequalities:

1− ϵ

k + 1 ≤ X ≤ 1 + ϵ

k + 1 ⇐⇒
k + 1
1 + ϵ

≤ 1
X
≤ k + 1

1− ϵ

⇐⇒ k − ϵ

1 + ϵ
≤ 1

X
− 1 ≤ k + ϵ

1− ϵ
.

In the last equation, we observe that the LHS is ≥ (1−3ϵ)k and the RHS is ≤ (1+3ϵ)k
for k ≥ 1.
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Recall that E[X] = 1/(k + 1). If one could show that

|X − E[X]| ≤ ϵ

k + 1

with high probability, then 1/X − 1 would give an accurate estimate from k with high
probability. Unfortunately, ϵ/(k + 1) is a very small margin of error. For example,
suppose we tried to apply Markov’s inequality. Markov’s inequality implies that

P
[
|X − E[X]| ≥ ϵ

k + 1

]
≤
(

k + 1
ϵ

)
E[|X − E[X]|]. (7.1)

The RHS is challenging for two reasons. First, there is a potentially large factor
(k + 1)/ϵ, so E[|X − E[X]|] needs to be much smaller then ϵ/(k + 1) to obtain
interesting probabilities. The second issue is that the expectation of the absolute
value, E[|X − E[X]|], is hard to analyze. Consider instead the following analysis that
at least addresses the second issue by squaring both sides before applying Markov’s
inequality. We have

P
[
|X − E[X]| ≥ ϵ

k + 1

]
= P

[
(X − E[X])2 ≥ ϵ2

(k + 1)2

]
≤

E
[
(X − E[X])2

]
ϵ2/(k + 1)2 .

Consider the numerator. We have

E
[
(X − E[X])2

]
(a)= E

[
X2
]
− 2 E[X E[X]] + E

[
E[X]2

]
= E

[
X2
]
− E[X]2 (7.2)

where (a) applies linearity of expectation. By our given statistics on the minimum of
k uniform random variables (lemma 7.1), we have

E
[
X2
]
− E[X]2 = 2

(k + 1)(k + 2) −
1

(k + 1)2 = k

(k + 1)2(k + 2) .

Plugging back in, we have

P
[
|X − E[X]| ≥ ϵ

k + 1

]
≤

E
[
(X − E[X])2

]
ϵ2/(k + 1)2 = k

ϵ2(k + 2) .

This bound is much cleaner than the earlier one in (7.1). Alas, k
ϵ2(k+2) is bigger than 1

for any interesting ϵ and k, so the bound we obtained is not very useful.
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7.4 Variance and Chebyshev’s inequality

While our analysis above may not have totally worked out, it used some interesting
tools that are worth pointing out.

The variance of a random variable X, sometimes denoted Var[X], is the quantity

Var[X] = E
[
(X − E[X])2

]
We always have the identity,

Var[X] = E
[
X2
]
− E[X]2,

which appears in (7.2).

Lemma 7.4 (Chebyshev’s inequality). Let X ∈ R be a random variable. For any
α > 0,

P[|X − E[X]| ≥ α] ≤ Var[X]
α2 .

In the above analysis, we implicitly proved and then applied Chebyshev’s inequality
for α = ϵ/(k+1). (The proof, to recap, is to square both sides and then apply Markov’s
inequality.) Chebyhsev’s inequality, combined with our analysis of the variance of X,
gave us

P
[
|X − E[X]| ≥ ϵ

k + 1

]
≤
(

k + 1
ϵ

)2

Var[X] = k

ϵ2(k + 2) .

Our attempt to analyze X = min{Y1, . . . , Yk} above fell short because Var[X] was
too large. How can we reduce Var[X]?

7.5 Amplification: variance reduction and the median trick

How do we reduce the variance of a randomized experiment? By taking the average
of independent trials.

The following lemma states that the variance of the average of n independent
variables is (1/n)th their average variance. The key point is that averaging reduces
variance. If we want to reduce the variance of an experiment by a factor of 10, simply
repeat the experiment (independently) 10 times, and take the average!
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Lemma 7.5. Let X1, . . . , Xℓ be ℓ independent random variables. Let X = 1
ℓ

∑ℓ
i=1 Xi

be the average of the Xi’s. Let V = 1
ℓ

∑ℓ
i=1 Var[Xi] be the average variance over the

Xi’s. Then

Var[X] ≤ 1
ℓ
V .

Proof. We have

Var[X] = 1
ℓ2 E

[
(X1 + · · ·+ Xℓ − E[X1]− · · · − E[Xℓ])2

]
(a)= 1

ℓ2

ℓ∑
i=1

ℓ∑
j=1

E[(Xi − E[Xi])(Xj − E[Xj])].

Here (a) applies linearity of expectation. Consider each term in the sum for fixed i
and j. If i = j, then

E[(Xi − E[Xi])(Xj − E[Xj])] = E
[
(Xi − E[Xi])2

]
= Var[Xi]

If i ̸= j, then

E[(Xi − E[Xi])(Xj − E[(Xj)])] (b)= E[Xi − E[Xi]] E[Xj − E[Xj]] = 0,

where (b) is by independence of Xi and Xj. Thus

Var[X] = 1
ℓ2

ℓ∑
i=1

Var[Xi] = 1
ℓ
V ,

as desired.

Variance reduction for distinct elements. Let us return to the distinct elements
problem. Recall that we have a random variable X with expected value 1/(k + 1),
where k is the number of distinct elements. X also has variance 2k/(k + 1)2(k + 2).
Chebyshev’s inequality gives a bound of the form

P
[
|X − E[X]| ≤ ϵ

k + 1

]
≤ (k + 1)2

ϵ2 Var[X] = k

ϵ2(k + 2) , (7.3)

which is isn’t very interesting since the RHS is greater than 1 for any interesting value
of ϵ. Now, however, we know how to reduce the variance.
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Suppose we run ℓ independent copies of our experiment for ℓ ∈ N TBD, producing
ℓ independent random variables X1, . . . , Xℓ each with expected value 1/(k + 1) and
variance 2k/(k + 1)2(k + 2). Consider their average,

X
def= 1

ℓ
(X1 + · · ·+ Xℓ).

Of course we have E[X] = 1/(k + 1). The real point is that the variance decreases at
a linear rate:

Var[X] = 1
ℓ
· 2k

(k + 1)2(k + 2) .

In particular, when we repeat the analysis in (7.3) above, except now with respect to
the average X, we get

P
[∣∣∣∣X − 1

k + 1

∣∣∣∣ ≥ ϵ

k + 1

]
≤ 1

ℓ
· k

ϵ2(k + 2)

We now have the additional parameter of ℓ to decrease the RHS. Setting ℓ ≥ 1/ϵ2, for
example, we start to obtain interesting upper bounds that are less than 1. Suppose
we want our probability of error to be δ, where δ ∈ (0, 1). Setting ℓ = 1/δϵ2, we have

1− ϵ

k + 1 ≤ X ≤ 1 + ϵ

k + 1 with error probability ≤ δ.

In turn, we have

(1− 3ϵ)k ≤ 1
X
− 1 ≤ (1 + 3ϵ)k

with probability of error ≤ δ.
The new (idealized) algorithm is as follows. Suppose we want (1± ϵ)-multiplicative

error with probability of error ≤ δ. We make ℓ = O(1/ϵ2δ) ideal hash functions
h1, . . . , hℓ : [m]→ [0, 1]. For each i, we let Xi be the minimum hash value produced
by hi over all the elements in the stream. We return

1
X
− 1 where X = 1

ℓ

ℓ∑
i=1

Xi

is the average of the Xi’s seen so far.
Thus, ignoring the assumption that we have access to such hash functions, we

need O(1/ϵ2δ) space to obtain an (1± ϵ)-approximation to the number of distinct

126



7. Distinct elements
7.5. Amplification: variance reduction and the median trick

Kent Quanrud
Fall 2022

elements with probability of error at most δ. This is far better than where we started:
in particular, we can get (1± ϵ)-error with constant probability in O(1/ϵ2) space.
Suppose, however, that we wanted extremely small probability of error. Can we get
(1± ϵ)-error with probability at most δ, in (say) O(ln(1/δ)/ϵ2) space?

Put another way, right now we can decrease the probability of error linearly in
the number of independent of trials. Can we instead decrease the probability of error
exponentially in the number of trials?
The median trick. In chapter 5, on random sums and graphs, we discuss the
likelihood of various coin tossing experiments. For example, suppose we flipped n
independent coins, and consider the probability of getting at least 75% heads. Going
from n = 100 coin tosses to n = 1000 coin tosses (a factor of 10) takes the odds of
getting ≥ 75% heads from 2−16.5 to 2−165 – much more than a 10-fold decrease. How
can we use coin tosses to inspire a more efficient experiment design?

We currently know how to obtain an (1± ϵ)-approximation for the number of
distinct elements with (any) constant probability in O(1/ϵ2) space. Suppose we ran
this algorithm 100 times independently (in parallel), where in each instance we take the
average of enough trials so that the error probability is less than .1. We expect 90 of
them to be accurate (enough), and since they are independent — as with independent
coin tosses — the number of accurate experiments should be well concentrated. For
example, more likely than not, at least 50 of the estimators have additive error ≤ ϵ.
Indeed, by the Chernoff bound (with ϵ = 4/9), the probability of getting less than 50
correct instances is less than

e−(4/9)2100/2 ≤ .00005135.

Thus, almost certainly, at least half of the estimators are correct. How can we pluck
out one of the correct ones? Of the remaining ones, some are too big, and some are
too small. We are looking for something in the “middle”.

The answer is not the mean. A single estimator that is atmospherically larger
than all others will influence the mean too much. This is inherently unstable.4 Rather,
we take the median of our estimators.

Indeed, consider the median estimate. The median estimate is too high only if at
least half of the estimates are too high. The median estimate is too low only if at
least half the esimates are too low. But, as our coin-flipping analysis has shown, the
majority of our estimates is correct with high probability. In this event, the median is
always correct.

4The answer is also not the “mode”, which is pretty useless in general.
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More generally, we can repeat the algorithm O(log(1/δ)) times to achieve proba-
bility of error ≤ δ.

This is called the median trick, or the median of means. By taking the median
of means, we can efficiently reduce the error probability at an exponential rate. A
colorful interface is given in fig. 7.1.

7.6 Distinct elements with pairwise independent hash functions

We have now developed a number of good ideas for the distinct elements problem.
However we have continued to cheat in one critical way. Namely, we assumed access
to ideal hash functions from h : [m]→ [0, 1].

Instead, suppose we used pairwise independent hash function h : [n] →
{1/n3, 2/n3, . . . , 1}. (That is, we create pairwise independent hash functions from [n]
to [n3], and divide the output by n3.) Rather than track the smallest hash, we will
track the rth smallest hash for r = O(1/ϵ2). Let X be the rth smallest value be X
for a single hash fuction. We return r/X as our estimate for the number of disinct
elements.

For additional details, see [Nel20, §2.2.2] or [Che14a, §3.2].

7.7 Takeaways

• Like the heavy hitters problem discussed previously, keeping track of the number
of distinct elements is easy to do when the data fits in memory, but impossible
to do exactly with sublinear space in streaming settings. Thus we consider
approximations.

• Assuming access to an ideal and continuous hash function h into the interval [0, 1],
the minimum hash over all elements reflects the number of distinct elements.

• By taking the mean of a few independent trials, we can get small error with
constant probability of success. However, the mean is not concentrated well
enough to be able to amplify it directly.

• Rather, we take the median of several independently sampled means to amplify
the success probability at an exponential rate. In general, the median is more
consistent then the mean.

• To argue that the median is concentrated, we applied the Chernoff inequality, a
generalization of the law of large numbers.
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Figure 7.1: The median trick.
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• Ultimately, we produce an accurate and well-concentrated estimate of the number
of distinct elements, but the estimate is not unbiased. This was also true of the
count-min data structure for heavy hitters.

• To adapt the approach to pairwise independent hash functions, we instead find
that the rth minimum hash, for r ≈ 1/ϵ2, is more helpful.

7.8 Additional notes and materials

Lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

7.9 Exercises

Exercise 7.1. Consider the special case of the distinct elements streaming problem
where there are n + 1 total items in a stream, each of which is one of n different
possible items {1, . . . , n}. Show that any algorithm that maintains the number of
distinct elements exactly throught the stream has to use at least n bits of memory.
Hint: argue that the algorithm must account for 2n different possible states after the
first n items in the stream.

Exercise 7.2. Let X ≥ 0 be a continuous and nonnegative random variable. Prove
that

E[X] =
∫ ∞

0
P[X ≥ t] dt.

As a helpful hint, here are the first two steps towards deriving the claim.

E[X] (a)=
∫ ∞

0
tf(t) dt

(b)=
∫ ∞

0

∫ t

s=0
f(t) ds dt.

(a) is by definition of E[X]. (b) expands out t to an integral.

Exercise 7.3. Prove lemma 7.1.

Exercise 7.4. Let X be as in lemma 7.1. Calculate (or estimate) E[(1/X)− 1], and
show that it does not equal k.
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Exercise 7.5. Recall that in heavy hitters problem, the goal was to estimate the
absolute frequency of each element (in [n]) up to an additive error of ϵm, where m is
the total length of the stream. Another way to frame this to first let x ∈ Rn denote
the frequency vector; that is, xi is the absolute frequency of element i, and ∥x∥1 = m.
We can think of count-min as estimating each coordinate xi with (one-sided) additive
error of ϵ∥x∥1.

In this problem we do something similar except with respect to the ℓ2-norm. The
goal is to estimate each coordinate xi up to an additive error of ±ϵ∥x∥2, and holds
for real-valued x ∈ Rn (unlike count-min, which only holds for nonnegative vectors).
Formally, we start with the all-zero vector x = 0n. The stream presents data of the
form (i, ∆), where i ∈ [n] and ∆ ∈ R, which indicates the update xi ← xi + ∆. We
want a data structure that can estimate each coordinate xi up to ±ϵ∥x∥2 with high
probability, in sublinear space.

Below we describe a data structure that can get ±ϵ∥x∥2 error for an appropriate
choice of parameters. (This is like describing one “row” of the count-min data
structure.) You will first be asked to choose the parameters and prove the error
guarantee. Then you will be asked to amplify the data structure to obtain a high
probability guarantee.

The data structure is as follows. Let ϵ > 0 be given, let w ∈ N be a parameter
TBD, and let A[1..w] be an array of values initially set to 0. Let h : [n] → [w] be
a pairwise independent hash function. Let g : [n] → {−1, 1} be a second pairwise
independent hash function. The operations are as follows.

• For each update (i, ∆) presented by the stream, we set A[h(i)]← A[h(i)]+g(i)∆.

• To retrieve an estimate for coordinate i, we return g(i)A[h(i)].
We now analyze this approach, as follows.

1. For each i, let yi = g(i)A[h(i)] denote the estimate returned by the data structure.
Prove that yi is an unbiased of xi for each i. (That is, E[yi] = xi for all i.)

2. What is the variance of yi (as a function of w)?

3. Prove that for an appropriate choice of w, the probability that |xi − yi| ≥ ϵ∥x∥2
is at most 1/10. (w should depend on ϵ, and in general, the smaller the choice
of w, the better. The choice of 1/10 is arbitrary; any probability less than 1/2
would suffice.)

4. Using the data structure designed above, design and analyze a data structure
that, in O(log(n)/ϵ2) space, estimates each coordinate of x up to an additive error
of ±ϵ∥x∥2 with high probability. (I.e., probability of error at most 1/ poly(n).)
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Exercise 7.6. You run a double-secret laboratory and for your experiments you
need to monitor the temperature of the lab very carefully. To this end you can
buy thermostats T1, . . . , Tk that purport to measure the temperature µ, but the
thermostats are imperfect. You have the following facts.

1. Given the actual temperature µ of the lab, the thermostat readings Ti are
independent.

2. Each thermostat is calibrated so that its expected value E[Ti] equals the actual
temperature µ of the lab.

3. For each thermostat Ti, the variance Var[Ti] of the thermostat is σ2 for a known
parameter σ > 0.

Given parameters ϵ, δ ∈ (0, 1), the goal is to be able to measure the temperature
of the room with additive error at most ϵ with probability at least 1− δ. Describe
and analyze a system that, using as few thermostats as possible5, obtains additive
error ϵ with probability at least 1− δ.

5up to constant factors independent of ϵ, δ, and σ
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Chapter 8

Dimensionality Reduction

8.1 Large data sets and long vectors

Big data, big data, big data. What’s so big about it? There are at least two dimensions
to be aware of. First, there is a huge number of “pieces” of data being collected. For
example, in the heavy hitters problem, we might have a piece of data for every search
query ever made. A second dimension that we have not yet confronted is the “size”
or “width” of each piece of data. Here we will consider data where each piece of data
is a high-dimensional array of real values; i.e., points in Rd for d very large.

High-dimensional vectors arise naturally. Every graph is associated with a square
adjacency matrix whose dimensions are proportional to the number of vertices, n.
Thus every row is an n-dimensional vector. The world wide web and social networks
are by now extremely large graphs where the corresponding vectors have very high
dimension. In text processing, text is sometimes represented as a “bag-of-words”,
where one counts the frequency of each word. This can be encoded as a feature vector
whose dimensionality is proportional to the size of the English language! (Plus typos.)
To take this further, more aggressive algorithms use phrases — sequences of (say)
3 consecutive words — rather than words, and run algorithms on “bag-of-phrases”
vectors. These vectors have dimension proportional to the size of the English language,
cubed! A recent technique from machine learning, called autoencoders, first trains a
large model (such as a neural network) on some large collection of data. For each
piece of data, the internal state of the model when labeling that data is ultimately a
high dimensional vector. It has been observed that these high-dimensional vectors can
have useful geometries; e.g., in the word2vec tool for word embeddings [MSCCD13].

We note that in some of the examples above, the data vectors are typically sparse
with few nonzero entries. Such vectors can be represented more compactly as an
“adjacency list”, where we list the index and the value of only the nonzero entries
in the vector. The trouble arises when we start running computations over them.
When we start combining these vectors in some linear algebraic procedure, the vectors
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rapidly become dense, and this is where we pay for the high dimensions.
Most operations with vectors take time proportional to the number of dimensions

(in the worst and dense case). Certainly it would be desirable for the data to live in a
much lower dimensional space. The goal in this discussion is to develop some techniques
for transforming high-dimensional data into lower-dimensional data. We first note
that for many applications, we do not necessarily require the exact coordinates of the
vector. Given a set P of points in a high-dimensional space d, we may only actually
need the following:

1. For a given point x ∈ P , the (Euclidean) length of x, ∥x∥ =
√∑

i x2
i .

2. For any two points x, y ∈ P , the Euclidean distance ∥x− y∥ between them.

3. For any two points x, y ∈ P , the dot product ⟨x, y⟩ between x and y.

Moreover, for many applications, approximations to the above quantities may suffice
to produce approximation algorithms for the given context.

We now introduce the main result of this chapter.

Theorem 8.1 (Johnson and Lindenstrauss [JL84]). Let P ⊆ Rd be a collection of n
points in Rd, and let k = O(log(n)/ϵ2). Let A ∈ N k×d be a k × d randomized matrix
where each coordinate is sampled as an independent Gaussian. Consider the randomly
constructed linear map f : Rd → Rk defined by

f(x) = 1√
k

Ax.

Then with probability of error ≤ 1/ poly(n), we have

(1− ϵ)∥x∥ ≤ ∥f(x)∥ ≤ (1 + ϵ)∥x∥

for all x ∈ P , and

(1− ϵ)∥x− y∥ ≤ ∥f(x)− f(y)∥ ≤ (1 + ϵ)∥x− y∥

for all pairs x, y ∈ Rd.

This is a remarkable theorem. Theorem 8.1 says that, for the sake of preserving
distances, one can always reduce the dimension to about log(n), where n is the number
of input points. This bound is entirely independent of the input dimension. The input
dimension could be as large as one could possibly imagine; the output dimension will
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always be a logarithmic function of the number of points. The construction, moreover,
is oblivious to the input.

Perhaps even more remarkable is how obvious this mapping is after some ac-
quaintance with Gaussian variables and their extremely convenient properties. The
ideas underlying theorem 8.1 lead to many other practical and simple (at least, to
implement) algorithms, as we will see.

We note that the above guarantees also lead to approximations on pairwise dot-
products; see exercise 8.3.

We remark that the embedding A given in theorem 8.1 is not particularly compact,
since it requires an independent Gaussian. This could be formiddably expension.
Here one can instead replace the Gaussian entries with {−1, 0, 1} entries generated
by appropriate hash functions [Ach01; CJN18; DKS10; KN14]. The intuition is
similar because {−1, 0, 1}-random variables behave similarly to Gaussian’s in a certain
technical sense. (They are both sub-Gaussian; see [Ver18]). There is particular interest
in ensuring that A is column-sparse, since this determines the running time of applying
A. An alternative approach uses Hadamard matrices to produce a version of A that
can be applied extremely quickly [AC09].

An important application of dimensionality reduction is in accelerating numerical
algorithms on large matrices. See for example [DM17; Woo14a].

8.2 Gaussian random variables: an interface

Gaussian random variables are an extremely convenient class of random variables. To
stress this point, rather than giving an explicit definition and proceeding with the
mathematical analysis, we first outline (just a few of) the nice properties of Gaussian
random variables, and put them to basic use. Later we will prove these properties,
mostly by elementary calculus.

A Gaussian distribution N (µ, σ2) is parametrized by two parameters µ and σ2.
We write x ∼ N (µ, σ2) to denote a real-valued random variable x ∈ R sampled by
the (yet unspecified) Gaussian distribution. The paramters µ and σ2 have simple
interpretations.

Fact 8.2. Let x ∼ N (µ, σ2). Then the mean and variance of x are

E[x] = µ and Var[x] = σ2.

We abbreviate N def= N (0, 1) for the special case of a Gaussian random variable
with mean 0 and variance 1.
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Some simple operations on Gaussian’s produce new Gaussian’s with their pa-
rameters naturally modified. First, scaling or shifting a Gaussian produces another
Gaussian.

Fact 8.3. Let x ∼ N (0, σ2) and let α ∈ R. Then αx ∼ N (0, α2σ2) and x + α ∼
N (α, σ2).

Second, adding two Gaussians produces another Gaussian with the means and
variances (necessarily) added together.

Fact 8.4. If x1 ∼ N (µ1, σ2
1) and x2 ∼ N (µ2, σ2

2), then x1 +x2 ∼ N (µ1 + µ2, σ2
1 + σ2

2).

We also note that Gaussian’s have nice exponential moments. Recall that expo-
nential moments previously appeared when developing the Chernoff bound. Likewise,
the following fact will eventually imply (below) that sums of Gaussians squared are
well concentrated.

Fact 8.5. Let x ∈ N and t < 1/2. Then

E
[
etx2] = 1√

1− 2t
.

8.2.1 Concentration of length

We are also interested in ensembles of Gaussian random variables. For k ∈ N, let
N k(µ, σ2) denote the distribution of k-dimensional vectors where each coordinate
is a (µ, σ2)-Gaussian. That is, when we write x ∈ N k(µ, σ2), we mean that each
xi ∼ N (µ, σ2), independently. Note that for x ∈ N k(0, σ2) has expected squared
length

E
[
∥x∥2

]
=

k∑
i=1

E
[
x2

i

]
=

k∑
i=1

Var[xi] = kσ2.

As a direct consequence of fact 8.5 above, the squared length ∥x∥2 of a Gaussian
vector x ∼ N k will be extremely well concentrated, as follows.

Fact 8.6. Let x ∼ N k(0, σ2) be a Gaussian vector. Let α ≥ 0.

1. If α ≤ 1, then

P
[
∥x∥2 ≤ α E

[
∥x∥2

]]
≤
(
αe1−α

)k/2
.
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2. If α ≥ 1, then

P
[
∥x∥2 ≥ α E

[
∥x∥2

]]
≤
(
αe1−α

)k/2
.

Proof. Let us prove this fact because we only need the above facts to do so. Scaling
x (and invoking fact 8.3), we can assume that x ∈ N k and µ = E

[
∥x∥2

]
= k.

Let α ∈ [0, 1]. For t > 0, we have

P
[
∥x∥2 ≤ αk

]
= P

[
e−t∥x∥2

≥ e−tαk
] (a)
≤ E

[
e−t∥x∥2]

etαk (b)=
(

k∏
i=1

E
[
e−tx2

i

])
etαk

(c)=
( 1

1 + 2t

)k/2
exp(αtk) = exp

(
k
(

αt− 1
2 ln(1 + 2t)

))
.

(a) is by Markov’s inequality. (b) is by independence of the xi’s (noting that ∥x∥2 =∑
ix

2
i ). (c) is by fact 8.5. The (exponent of the) RHS is minimized by

α = 1
1 + 2t

⇐⇒ t = 1− α

2α
. (8.1)

Plugging in t per (1) gives

P
[
∥x∥2 ≤ αk

]
≤
(
αe1−α

)k/2
,

as desired.
Now let α ≥ 1. For any t ∈ (0, 1/2), we have

P
[
∥x∥2 ≥ αk

]
= P

[
et∥x∥2

≥ etαk
]

(d)= E
[
et∥x∥2

e−tαk
]

(e)
≤
( 1

1− 2t

)k/2
e−αtk = exp

(
−k

2(2αt + ln(1− 2t))
)

by (d) Markov’s inequality and (e) fact 8.5. The RHS is minimized at

α = 1
1− 2t

⇐⇒ t = α− 1
2α

;

moreover, the RHS is in (0, 1/2) for all α > 1. Plugging in, we have

P
[
∥x∥2 ≥ αk

]
≤
(
αe1−α

)k/2
,

as desired.

137



8. Dimensionality Reduction
8.3. Random Projections

Kent Quanrud
Fall 2022

An important case is where α = (1± ϵ) and ϵ > 0 is close to 0. Then fact 8.6
implies the following.
Lemma 8.7. Let x ∼ N k(0, σ2) be a Gaussian vector. Let ϵ ∈ (0, 1]. Then

(i) P
[
∥x∥2 ≤ (1− ϵ) E

[
∥x∥2

]]
≤ e−cϵ2k/2 for c = 1− ln(2) ≈ .307.

(ii) P
[
∥x∥2 ≥ (1 + ϵ) E

[
∥x∥2

]]
≤ e−ϵ2k/4.

Proof. By scaling, we can assume that σ2 = 1 and ∥x∥2 = 1. We have

P
[
∥x∥2 ≥ (1 + ϵ)k

] (a)
≤
(
(1 + ϵ)e−ϵ

)k/2 (b)
≤ ecϵ2k/2.

Here (a) is by fact 8.6. (b) is because 1 + ϵ ≤ eϵ−cϵ2 for ϵ ∈ [0, 1].
Likewise, we have

P
[
∥x∥2 ≤ (1− ϵ)k

] (c)
≤ ((1− ϵ)eϵ)k/2 (d)

≤ e−ϵ2k/4.

(c) is by fact 8.6. (d) is because 1− ϵ ≤ e−ϵ−ϵ2/2 for ϵ ∈ [0, 1].

8.3 Random Projections

So far, we know that Gaussian random variables can be scaled and added together, and
that the length of a squared Gaussian vector is well concentrated around its expectation.
In fact this is all we need for the dimensionality reduction result mentioned above.
The first lemma considers the projection of a single vector.
Lemma 8.8. Let A ∼ N k×d be a random matrix where each coordinate Aij is an
independently drawn sample from N . Let ϵ > 0 be sufficiently small. For any vector
x,

P
[
(1− ϵ)∥x∥2 ≤ 1

k
∥Ax∥2 ≤ (1 + ϵ)∥x∥2

]
≥ 1− 2e−k/8.

Proof. Scaling if necessary, we can assume without loss of generality that ∥x∥ = 1. For
i ∈ [k], let ai = AT ei be the ith row of A. We have ai ∼ N n. Consider ⟨ai, x⟩ = (Ax)i,
as a random variable. By facts 8.3 and 8.4, ⟨ai, x⟩ is a Gaussian random variable with
mean 0 and variance

n∑
j=1

Var[xjAij] =
n∑

j=1
x2

j = 1.

That is, ⟨ai, x⟩ ∼ N for each i. In turn, we have (Ax) ∼ N k. As a k-dimensional
Gaussian vector, ∥Ax∥2 will be very well concentrated at its mean per lemma 8.7.
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Consider theorem 8.1 from the introduction, where we have a set of n points
P ⊆ Rd, and randomly project it into Rk with the linear function

f(x) = 1√
k

Ax,

where k = O(log(n)/ϵ2) and A ∼ N k×d. By lemma 8.8, for each x ∈ P , we have

(1− ϵ)∥x∥2 ≤ ∥f(x)∥2 ≤ (1 + ϵ)∥x∥2 (8.2)

with probability of error (say) ≤ 1/n10. By the union bound, we have (2) for all x
with probability of error ≤ 1/n9.

Theorem 8.1 also promised that all pairwise distances are preserved up to an
(1± ϵ)-multiplicative factor. By linearity of f , we have

∥f(x)− f(y)∥2 = ∥f(x− y)∥2

for any two points x, y ∈ P . We now argue, as before, that the lengths of the pairwise
differences x− y are all preserved with high probability.

8.4 Gaussians

Based on theorem 8.1, a distribution satisfying facts 8.2–8.5 (from which all other
facts and theorems are derived) may seem too good to be true. Let us now define this
distribution formally and verify these simple facts.

The Gaussian or normal distribution with mean µ ∈ R and variance σ2 ≥ 0 is the
real-valued random variable with density function

f(x) = 1√
2πσ2

e− 1
2(x−µ

σ )2

. (8.3)

(By lemma 8.9 below, this random variable indeed has mean µ and variance σ2.) We
let N (µ, σ2) to denote the normal distribution with mean µ and variance σ2, and
write X ∼ N (µ, σ2) to denote a random variable X ∈ R with distribution N (µ, σ2).
A normalized Gaussian or standard normal random variable is a Gaussian random
variable with mean 0 and variance 1. We abbreviate N (0, 1) by N . For n ∈ N, we
let N n denote the joint distribution of n independent normalized Gaussian random
variables.
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8.4.1 Some preliminary calculus

Lemma 8.9. Let µ ∈ R, σ > 0, and

f(x) = 1√
2πσ2

e−(x−µ)2/2σ2
.

Then we have the following.

1.
∫ ∞

−∞
f(x) = 1.

2.
∫ ∞

−∞
xf(x) = µ.

3.
∫ ∞

−∞
(x− µ)2f(x) = σ2.

Proof. We consider the normalized case µ = 0 and σ = 1. The general case follows by
appropriate change of variables. We have(∫ ∞

−∞
e−x2/2 dx

)2
=
∫ ∞

−∞
e−(x2+y2)/2 dxdy =

∫ 2π

0

∫ ∞

0
re−r2/2 drdθ

= 2π
∫ ∞

0
re−r2/2 dr = 2π.

Taking the square root of both sides gives the first claim. For the second claim, we
have ∫ ∞

−∞
xe−x2/2 dx =

[
e−x2/2

]+∞

−∞
= 0.

For the third claim, we have∫ ∞

−∞
x2e−x2/2 dx

(a)=
[
−xe−x2/2

]∞
−∞

+
∫ ∞

−∞
e−x2/2 = 1

by (a) integration by parts.

Lemma 8.9 immediately implies both fact 8.2 and fact 8.3, which we restate for
convenience.

Fact 8.2. Let x ∼ N (µ, σ2). Then the mean and variance of x are

E[x] = µ and Var[x] = σ2.

Fact 8.3. Let x ∼ N (0, σ2) and let α ∈ R. Then αx ∼ N (0, α2σ2) and x + α ∼
N (α, σ2).
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8.4.2 Rotational symmetry of Gaussian vectors

Let X ∼ N n, and let f(x) be the density function of x. The density function has the
following compact form. The key feature is that the density at a point only depends
on the squared length of the point. That is, it is rotationally symmetric.

Lemma 8.10. f(x) = (2π)−n/2e−⟨x,x⟩/2.

Proof. Since each xi ∼ N independently, we have

f(x) =
n∏

i=1
(2π)−1/2e−x2

i /2 = (2π)−n/2e−⟨x,x⟩/2,

as desired.

Lemma 8.11. For any orthonormal matrix U , and random Gaussian vector x,
Ux ∼ N n.

Proof. U induces a rotation, and the Gaussian is rotationally symmetric. For those
who prefer explicit calculations, we have

f(Ux) (a)= (2π)−n/2e−⟨Ux,Ux⟩/2 (b)= (2π)−n/2e−⟨x,x⟩/2 (c)= f(x),

where (a) is by lemma 8.10, (b) is because UT U = I, and (c) is by lemma 8.10.

Lemma 8.12. Let x ∼ N n and u ∈ Rn. Then ⟨u, x⟩ ∼ N
(
0, ∥u∥2

)
.

Proof. It suffices to assume u is a unit vector. By extending u to an orthonormal
basis, let u = UT e1 for an orthogonal matrix U . Then

⟨u, x⟩ =
〈
U te1, x

〉
= ⟨e1, Ux⟩ = (Ux)1

(a)∼ N ,

where (a) is by lemma 8.11.

Fact 8.4, which says that Gaussians sum nicely, now follows by combination of
fact 8.3 and lemma 8.12. We restate fact 8.4 for convenience and leave the proof to
the reader.

Fact 8.4. If x1 ∼ N (µ1, σ2
1) and x2 ∼ N (µ2, σ2

2), then x1 +x2 ∼ N (µ1 + µ2, σ2
1 + σ2

2).
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8.4.3 Moments of squared Gaussian random variables

The last fact to prove concerns the moment generating function of the square of a
Gaussian random variable. Recall that amplifying the following bound leads to the
concentration of length of high-dimensional Gaussian vectors, which in turn, allows
us to obliviously embed high-dimensional data in theorem 8.1.

Fact 8.5. Let x ∈ N and t < 1/2. Then

E
[
etx2] = 1√

1− 2t
.

Proof. We have

E
[
etx2] =

∫
s
ets2 P[x = s] (a)= 1√

2π

∫
s
e(2t−1)s2/2

= 1√
2π

∫
s
e−s2/2σ2 for σ = 1/

√
1− 2t

(b)= 1√
1− 2t

.

Here (a) plugs in the density function from equation (8.3). (b) is by lemma 8.9.1
w/r/t the density function for N (0, σ2).

8.5 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

8.6 Exercises

Exercise 8.1. Using only fact 8.3, show that for x ∼ N (µ, σ2) and α ∈ R,

αx ∼ N
(
αµ, α2σ2

)
.

Exercise 8.2. Show that there exists universal constants c1, c2 > 0 such that for all
x with |x| ≤ c1,

1 + x ≤ ex−c2x2
.

(In other words, you can choose whatever constants c1 and c2 are convenient to you.)
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Exercise 8.3. Let P ⊆ Rd be a set of n points. Let f : Rd → Rk be a random
projection with k = O(log(n)/ϵ2) (per theorem 8.1). Recall that with high probability
(say, ≥ 1− 1/n4), we have

(1− ϵ)∥x∥2 ≤ ∥f(x)∥2 ≤ (1 + ϵ)∥x∥2

for all x ∈ P , and we also have

(1− ϵ)∥x− y∥2 ≤ ∥f(x)− f(y)∥2 ≤ (1 + ϵ)∥x− y∥2

as well as

(1− ϵ)∥x + y∥2 ≤ ∥f(x) + f(y)∥2 ≤ (1 + ϵ)∥x + y∥2

for all x, y ∈ P . Show that with high probability, we also have

|⟨f(x), f(y)⟩ − ⟨x, y⟩| ≤ ϵ∥x∥∥y∥

for all x, y ∈ P .1

Exercise 8.4. Let P ∈ Rℓ×n be the random projection function as described in
theorem 8.1, for a parameter ℓ to be determined. We want to argue that for ℓ =
O(k/ϵ2), P approximately preserves all of the vectors of a fixed subspace U of
dimension k with high probability (in k).

To express this more formally, let U be a fixed (but unknown) subspace of Rn of
dimension k. We claim that, with probability at least 1− e−O(k), we have

(1− ϵ)∥x∥2 ≤ ∥Px∥2 ≤ (1 + ϵ)∥x∥2 for all x ∈ U (simultaneously). (8.4)

Note that the algorithm does not know U ; for this reason, P is called an (1± ϵ)-
approximate oblivious subspace embedding. Oblivious subspace embeddings are useful
for developing faster approximation algorithms in numerical linear algebra.

In this exercise we prove that P is an oblivious subspace embeddings with high
probability. Let U be a subspace of dimension k. Let Sk be the unit sphere in the
k-dimensional subspace we want to preserve. Since the requirements of (8.4) are scale
invariant, it suffices to establish (8.4) for all points in Sk.

Our argument makes use of a geometric technique called ϵ-nets. For a set S, an
ϵ-net is a set N such that for every point s ∈ S, there is a point x ∈ N such that
∥x− s∥ ≤ ϵ.2 We need to show that there exists a relatively small ϵ-net for Sk.

1It might by helpful to work through the special case where ∥x∥ = ∥y∥ = 1.
2This is similar but different from the ϵ-nets in chapter 12.
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1. Let N ⊆ Sk be a maximal set of points such that any two points in N have
distance at least ϵ. Show that N is an ϵ-net, and that N has at most (1 + 2/ϵ)k

points.3

Let N be an (1/2)-net of Sk with at most 5k points. Next we establish that we
preserve the length of all points in N is preserved with high probability.

2. Show that with probability 1− e−O(k), we have
∣∣∣∥Px∥2 − 1

∣∣∣ ≤ 1/2 for all x ∈ N ,
and |⟨Px, Py⟩ − ⟨x, y⟩| ≤ 1/2 for all x, y ∈ N .

So now we know that we preserve all points of N with high probability. We want to
argue that this suffices to preserve all the vectors.

3. Prove that for any unit vector x ∈ Sk, one can write x = x0 + x1 + x2 + · · · such
that for all i:

(a) ∥xi∥ ≤ 2−i.
(b) xi/∥xi∥ ∈ N .4

Now use the representation above to prove that P is an oblivious subspace embedding.

4. Prove that (8.4) holds with probability at least 1− e−O(k).

The high-level takeaway from the proof is that if you can embed an ϵ-net of the unit
sphere for constant ϵ, then you automatically embed the entire subspace.

3Hint: N packs |N | interior-disjoint k-dimensional balls of radius ϵ/2 into an k-dimensional ball
of radius 1 + ϵ/2. It is helpful to know that the volume of an n-dimensional ball of radius r is cnrn

for a parameter cn > 0 depending on n.
4Hint: Choose x0 to be the closet point in N to x. Observe that ∥x− x0∥ ≤ 1/2 because N is a

(1/2)-net. It remains to express x− x0 as the sum x1 + x2 + · · · . How might you choose x1?
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Chapter 9

Locality sensitive hashing and approximate nearest neighbors

9.1 Nearest neighbor search

The previous discussion on dimensionality reduction introduced many natural settings
where data can be represented as high-dimensional vectors. Surprisingly, by simply
projecting onto randomized Gaussian vectors, one can embed an n-point data set
into O(log(n)/ϵ2) dimensions while preserving all pairwise distances up to an (1± ϵ)-
multiplicative factor.

A natural query in many domains is similarity search where we want to preprocess
a large collection of items such that, given a query in the form of an item, we can
quickly retrieve the “most similar” item in our collection by some metric. The “most
similar” item is sometimes called the nearest neighbor.

A simple example might be where we have a collection of n real numbers. Given
another number as a query, we want to retrieve the closest number in our collection
to the query number. For this problem, we would sort our collection of numbers
and store them in an array. Given a query q ∈ R, we run binary search on our
array to find the first number smaller and bigger than q. We return the closer of the
two. This approach would take O(log(n)) time. The above approaches extends to
low-dimensional data sets, via quadtrees and multi-dimensional range trees. Both of
these approaches scale exponentially in the d. If the data lives in very few dimensions
- like 3 dimensions, as in many physical situations - this is still very good.

Continuing the previous discussion on dimensionality reduction, here we are
interested in nearest neighbor search with high dimensional data. We have a collection
of n points P ⊂ Rd that we can preprocess to build some kind of data structure. Each
query is in the form of another point z ∈ Rd, and the goal is to output the point
x ∈ P closest to z by some metric. Here we will consider two settings.

1. The Euclidean distance, ∥x− z∥.

2. The angle between x and z (as a real value between 0 and π).
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If all the vectors in P are normalized to have the same length, then the nearest
neighbor in Euclidean distance and angle are the same. However, we will consider
approximations for this problem, in which case there is a difference between the two
metrics. We consider angular nearest neighbors in section 9.2 and Euclidean nearest
neighbors in section 9.3.

A natural idea, at least for Euclidean distance, is to use the dimensionality
reduction techniques from the previous discussion to reduce to O(log(n)) dimensions,
and apply the low-dimensional data structures. But the exponential dependence in
the dimension means that even O(log(n)) dimensions – which is fairly small by our
standards – will still require nO(1) time and space.
From nearest neighbor to close enough. Fix σ > 1. Enumerating distances to
the nearest neighbor by powers of σ allows us to reduce to the following problem with
only logarithmic overhead:

Let a target distance r > 0 be fixed. Given a query point z, either output
a point at distance ≤ σr, or declare that all points have distance ≥ r.

It also suffices, up to logarithmic factors, to succeed with constant probability. We
can amplify to high probability with repetition.
When hash collisions are good. The algorithms we develop are based on hashing,
although the intuition is the opposite of previous discussions on hashing. Previously,
in applications such as heavy hitters and hash tables, hashing was used to randomly
spread out the elements. Here, we will design hash functions where closer points are
more likely to collide. This technique is called locality sensitive hashing [IM98].1 The
high level strategy is to build a hash table over all the input set P using locality
sensitive hash functions. Given a query point z, we hash z and hope to find the
nearest neighbor in the same hash bucket. In the algorithms we discuss, this algorithm
will only succeed with limited probability. We amplify by building many such hash
tables independently. On a query point z, we hash z into all of the hash tables, and
return the first point we find that is close enough.

9.2 Locality Sensitive Hashing for Angles

We consider the setting of angular distance, which is commonly used when the point set
P lies on the hypersphere Sd−1 =

{
x ∈ Rd : ∥x∥ = 1

}
. In this case a common measure

of distance is the angle between points. For two points x and y, let ∠(x, y) ∈ [0, π]
denote the angle between the points x and y between 0 and π. We may assume that

1Here the author would like to propose the term clashing.
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all the points in our data set P , as well as any query point, is normalized to lie on
Sd−1. We describe an LSH scheme due to [Cha02].

Let θ ∈ [0, π] be a fixed angle. In this discussion, given a query point y, our goal is
to either output a point x ∈ P with ∠(x, y) ≤ 4θ, or decide that there are no points
x ∈ P with ∠(x, y) ≤ θ.

Let k ∈ N be a parameter TBD. We will generate a k-ary hash function h : Sd−1 →
{−1, 1}k where each coordinate is generated by splitting Sd−1 in half along a random
hyperplane. For each coordinate i ∈ [k], let gi ∼ N d be a random Gaussian vector.
We define a hash function h : Sd−1 → {−1, 1}k by

hi(x) = sign(⟨gi, x⟩)

for each coordinate i.
We will leverage the following fact that is entirely based on the rotational invariance

of N d.

Lemma 9.1. Let x, y ∈ Sd−1, and let g ∼ N d. Then

P[sign(⟨g, x⟩) ̸= sign(⟨g, y⟩)] = ∠(x, y)
π

.
\(x, y)

<latexit sha1_base64="I7BtjrA5e4Ts+PlqafZG69NYmtA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquFNRbwYvHCvYDtkvJprNtaDZZkqy4lP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKgotKrlU3ZBo4ExAyzDDoZsoIHHIoROOb2d+5xGUZlI8mCyBICZDwSJGibGS3yNiyKH6dJGd98sVt+bOgVeJl5MKytHsl796A0nTGIShnGjte25igglRhlEO01Iv1ZAQOiZD8C0VJAYdTOYnT/GZVQY4ksqWMHiu/p6YkFjrLA5tZ0zMSC97M/E/z09NdB1MmEhSA4IuFkUpx0bi2f94wBRQwzNLCFXM3orpiChCjU2pZEPwll9eJe3Lmlev3dzXK41qHkcRnaBTVEUeukINdIeaqIUokugZvaI3xzgvzrvzsWgtOPnMMfoD5/MHe3KQqw==</latexit>

x

<latexit sha1_base64="dJh8WXgVcHFFOReVUaIqufeEp2k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9iVgHoLePGYgHlAsoTZSScZMzu7zMyKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3BbHg2rjut5Pb2Nza3snvFvb2Dw6PiscnLR0limGTRSJSnYBqFFxi03AjsBMrpGEgsB1Mbud++xGV5pG8N9MY/ZCOJB9yRo2VGk/9YsmtuAuQdeJlpAQZ6v3iV28QsSREaZigWnc9NzZ+SpXhTOCs0Es0xpRN6Ai7lkoaovbTxaEzcmGVARlGypY0ZKH+nkhpqPU0DGxnSM1Yr3pz8T+vm5jhtZ9yGScGJVsuGiaCmIjMvyYDrpAZMbWEMsXtrYSNqaLM2GwKNgRv9eV10rqseNXKTaNaqpWzOPJwBudQBg+uoAZ3UIcmMEB4hld4cx6cF+fd+Vi25pxs5hT+wPn8AeJHjO4=</latexit>

y

<latexit sha1_base64="CM/Hyka/v84kZchrsa1iJylwggg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoN4KXjy2YD+gDWWznbZrN5uwuxFC6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzglhwbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammd3O/84RK80g+mDRGP6RjyUecUWOlZjooV9yauwBZJ15OKpCjMSh/9YcRS0KUhgmqdc9zY+NnVBnOBM5K/URjTNmUjrFnqaQhaj9bHDojF1YZklGkbElDFurviYyGWqdhYDtDaiZ61ZuL/3m9xIxu/IzLODEo2XLRKBHERGT+NRlyhcyI1BLKFLe3EjahijJjsynZELzVl9dJ+7LmXdVum1eVejWPowhncA5V8OAa6nAPDWgBA4RneIU359F5cd6dj2VrwclnTuEPnM8f48uM7w==</latexit>

X

<latexit sha1_base64="mz70qkfNkdBPi9HD8Slphkmf3lk=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovQVUhi6GNXcOOyBVsLbSiT6aQdO3kwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsbm1vVPcLe3tHxwelY9PejJOBaFdEvNY9H0sKWcR7SqmOO0nguLQ5/TWn13l/u09FZLF0Y2aJ9QL8SRiASNYaanTH5Urltls1By3hizTsuq2Y+fEqbuXLrK1kqMCa7RH5ffhOCZpSCNFOJZyYFuJ8jIsFCOcLkrDVNIEkxme0IGmEQ6p9LLloQt0oZUxCmKhK1JoqX6fyHAo5Tz0dWeI1VT+9nLxL2+QqqDhZSxKUkUjsloUpBypGOVfozETlCg+1wQTwfStiEyxwETpbEo6hK9P0f+k55i2azY7bqVVXcdRhDM4hyrYUIcWXEMbukCAwgM8wbNxZzwaL8brqrVgrGdO4QeMt08R5Y0Q</latexit>

X

<latexit sha1_base64="mz70qkfNkdBPi9HD8Slphkmf3lk=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovQVUhi6GNXcOOyBVsLbSiT6aQdO3kwMxFK6Be4caGIWz/JnX/jpK2gogcuHM65l3vv8RPOpLKsD6Owsbm1vVPcLe3tHxwelY9PejJOBaFdEvNY9H0sKWcR7SqmOO0nguLQ5/TWn13l/u09FZLF0Y2aJ9QL8SRiASNYaanTH5Urltls1By3hizTsuq2Y+fEqbuXLrK1kqMCa7RH5ffhOCZpSCNFOJZyYFuJ8jIsFCOcLkrDVNIEkxme0IGmEQ6p9LLloQt0oZUxCmKhK1JoqX6fyHAo5Tz0dWeI1VT+9nLxL2+QqqDhZSxKUkUjsloUpBypGOVfozETlCg+1wQTwfStiEyxwETpbEo6hK9P0f+k55i2azY7bqVVXcdRhDM4hyrYUIcWXEMbukCAwgM8wbNxZzwaL8brqrVgrGdO4QeMt08R5Y0Q</latexit>

Proof. Recall that N d is rotationally symmetric. Rotating,
we may assuming that x and y are spanned by the first two
coordinates, and consider the simpler (to visualize) setting
where x, y ∈ R2 and g ∼ N 2, as on the right.

We are particularly interested in the angle of the random vector g. Since N 2 is
rotationally symmetric, it is equally likely to take any particular angle with equal
probability. Out of a total of 2π, there are two regions of angle ∠(x, y) in which
sign(⟨g, x⟩) ̸= sign(⟨g, y⟩), here marked with a red X.

Now, let k = π log(n)
2θ

. If ∠(x, y) < θ, then

P[h(x) = h(y)] =
(

1− ∠(x, y)
π

)k

≈ e−∠(x,y)
π

k = e− log(n)/2 = 1√
n

.

On the other hand, if ∠(x, y) > 2θ, then

P[h(x) = h(y)] =
(

1− ∠(x, y)
π

)k

≤ e−∠(x,y)k/π ≤ e− log(n) = 1
n

.

Thus, when querying a point y:
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1. If there is a point x ∈ P with ∠(x, y) ≤ θ, then it will collide with probability
(approximately) ≥ 1/

√
n.

2. We expect to collide with at most 1 point x ∈ P such that ∠(x, y) ≥ 2θ.

If we repeat the experiment O(
√

n log(n)) times, then with high probability we will
find a close neighbor if one exists. The query time is O(d

√
n log(n)) in expectation,

because each time we expect 1 “junk” neighbor on average.

Theorem 9.2. With O
(
dn3/2 polylog(n)

)
preprocessing time and space, one can query

for 2-approximate nearest neighbors w/r/t angular distance in O(d
√

n polylog(n))
expected randomized time and with high probability.

9.3 Locality Sensitive Hashing for Euclidean Distance

We now consider σ-approximate nearest neighbors in Euclidean metrics, for fixed
σ > 1. As mentioned above, it suffices to consider the simpler setting where there is a
fixed target distance r. We want to preprocess a set of n points P ⊆ Rd as to quickly
answer the following query with constant probability of success:

Given a query point z ∈ Rd, either find a point x ∈ P with ∥x− z∥ ≤ σr,
or declare that there are no points x ∈ P with ∥x− z∥ ≤ r.

Our goal is to develop a locality-sensitive hash function2 h : Rd → Zk for Euclidean
distance. We will design h such that the collision probobilities of two points x, y ∈ Rd

depend only on the ratio ∥x− y∥ to r. Therefore, we can also rescale and assume
that r = 1.

Given a query point z ∈ Rd, either find a point x ∈ P with ∥x− z∥ ≤ σ,
or declare that there are no points x ∈ P with ∥x− z∥ ≤ 1.

9.3.1 Random line embeddings and buckets

In this section, we first define a hash function h : Rd → Z that outputs a single
hash code. Later we will consider a k-coordinate hash where each coordinate is an
independent copy of the single coordinate hash we consider here.

We define h : Rd → Z by the function

h(x) = ⌊⟨g, x⟩+ α⌋,
2a clash function?
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where g ∼ N d and α ∈ [0, 1] uniformly at random. Geometrically, we can interpret
h(x) as randomly projecting x onto a line, and then bucketing the points in intervals
of length 1. The random value α ∈ [0, 1] translates the buckets randomly.

Lemma 9.3. Let x, y ∈ Rd.

P[h(x) = h(y) | g] = max{0, 1− |⟨x− y, g⟩|}.

Proof. Once the Gaussian is fixed, so are the coordinates ⟨g, x⟩ and ⟨g, y⟩ on the
line. We have h(x) ̸= h(y) iff a randomly shifted divider (determined by α) falls
between ⟨g, x⟩ and ⟨g, y⟩. If |⟨g, x⟩ − ⟨g, y⟩| ≥ 1, this this always happens. Otherwise,
it happens with probability |⟨g, x⟩ − ⟨g, y⟩|.

Lemma 9.4. Let x, y ∈ Rd, and let f(t) be the density function of the standard
Gaussian N .

P[h(x) = h(y)] = 2
∫ 1

0
f(∥x− y∥t)(1− t)

Proof. Recall that ⟨x− y, g⟩ ∼ N (0, σ2). In particular, ⟨x− y, g⟩ has density function
f(σt), and |⟨x− y, g⟩| has density function 2f(σt). We have

P[h(x) = h(y)] = 2
∫ 1

0
P[h(x) = h(y) | |⟨g, x− y⟩| = t]f(∥x− y∥t) dt

= 2
∫ 1

0
(1− t)f(∥x− y∥t) dt,

as desired.

Remark 9.5. The collision probability obtained in lemma 9.4 is a function of σ, which
is the ratio between ∥x− y∥ and the target distance (here normalized to 1). This
justifies our normalization. Note also that P[h(x) = h(y)] is decreasing in ∥x− y∥.

Lemma 9.4 derives the exact probability of a collision of two points x and y as a
function of the distance between ∥x− y∥. Let us compare the probabilities of a “close”
pair of points, with ∥x− y∥ ≤ 1, and a far pair of points, with ∥x− y∥ ≥ σ. Let

p = 2
∫ 1

0
(1− t)f(t) dt
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be a lower bound on the collision probability when ∥x− y∥ ≤ 1. Let

q = 2
∫ 1

0
(1− t)f(σt) dt

be an upper bound on the collision probability when ∥x− y∥ ≥ σ. We note that p is
a fixed constant, about .368746....

Since f(σt) is decreasing in σ, p > q. That is, close points are more likely to collide
then far points. To what extent? It turns out that the gap is not enough to simply
use h as a locality sensitive hash function. But we can remedy this by amplification,
as follows.

9.3.2 Amplifying the gap

Let k ∈ N be a parameter TBD. We define a hash function

h : Rd → Rk

by defining each coordinate hi(x) according to the single-coordinate hash function in
section 9.3.1; namely, as

hi(x) = ⌊⟨gi, x⟩+ αi⌋

where gi ∼ N and αi ∈ [0, 1] uniformly at random.
For any two points x and y, by lemma 9.4, we have

P[h(x) = h(y)] =
(

2
∫ 1

0
(1− t)f(∥x− y∥t) dt

)k

.

In particular, recalling the values of p and q as above, we have

P[h(x) = h(y)] ≥ pk when ∥x− y∥ ≤ 1

and

P[h(x) = h(y)] ≤ qk when ∥x− y∥ ≥ σ.

Now, increasing k decreases both pk and qk, which is both good and bad. As pk

decreases, so do the odds of finding a near neighbor when we hash. We will need to
rebuild the data structure ℓ = 1/pk times to be able to find a good neighbor with
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constant probability, which is expensive.3 On the other hand, as qk decreases, the
number of hash collisions with bad points also reduces. Ultimately, the algorithm
pays a running time proportional to the total number of bad collisions as it scans the
lists in the hash bucket as it searches for a good quantity. Overall, the ratio (q/p)k

decreases, so to at least some extent k is useful.
Ultimately, the quantity we want to minimize is

k

(
1
p

)k

+
(

q

p

)k

n.

The (1/p)k term represents having the compute ℓ = (1/p)k hash codes. The
(

q
p

)k
n

represents the expected number of hash collisions across all ℓ instances with bad
elements. The above quantity models the running time up to an additional factor of
d, incurred from either hashing the query point or comparing the distance between
the query point and a point in the same hash bucket. We can rewrite the above as(

1
p

)k(
k + qkn

)
.

Choose k = log(1/n)/ log(q) = log(n)/ log(1/q). Then qkn = 1, and

k

(
1
p

)k

= log(n)
log(1/q)nlog(1/p)/ log(1/q).

Consider the exponent log(1/p)/ log(1/q): since p > q, this quantity is less then 1. In
fact, one can show that it is about 1/1 + ϵ for σ ≈ 1 + ϵ.
Theorem 9.6. One can compute a ρ-approximate nearest neighbor w/r/t Euclidean
distance with high probability in Õ

(
dnρ(σ)

)
randomized time, where

ρ(σ) = log(1/p)
log(1/q) , p = 2

∫ 1

0
(1− t)f(t) dt ≈ .368746, q = 2

∫ 1

0
(1− t)f(σt) dt,

and f(t) = e−t2/2/
√

2π is the density function of the standard Gaussian.
Below, we show that for σ2 ≤ 1.6, we have

ρ(σ) ≤ 1/σ2.
3Indeed, the probability of failing to find the good neighbor in each of ℓ constructions, each of

which has k hash coordinates, is (
1− pk

)ℓ ≈ e−pkℓ.
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9.3.3 Analyzing ρ(σ)

For any fixed value of σ > 1, one can run a numerical computation to get an accurate
estimate of ρ(σ). See for example [DIIM04]. Below, we analyze ρ(σ) and obtain some
upper bounds on ρ. While these bounds are of course not as tight as a computer
simulation, they reveal some intuition for how the value of ρ(σ) varies with σ.

Lemma 9.7. Suppose σ2 = 1 + ϵ for ϵ ∈ (0, 1). Then

q ≥ (1− ϵ)2p.

In particular,

ρ(σ) ≥ log(1/p)
log(1/p)− 2 log(1− ϵ) .

Proof. We have

√
2π(p− q) =

∫ 1

0
(1− t)

(
e−t2/2 − e−σ2t2/2

)
Say σ2 = (1 + ϵ) with ϵ sufficiently small. Then for all t ∈ [0, 1], we have

e−t2/2 − e−(1−ϵ)t2/2 = e−t2/2
(
1− e−ϵt2/2

)
= e−t2/2

(
ϵt2/2−

(
ϵt2/2

)2
/2
)
≤ ϵ(1− ϵ)e−t2/2.

Thus ∫ 1

0
(1− t)

(
e−t2/2 − e−t2/2σ2)

dt ≤ ϵ(1− ϵ)
∫ 1

0
(1− t)e−t2/2 dt

= ϵ(1− ϵ)
√

2πp.

Thus
√

2π(p− q) ≤ ϵ(1− ϵ)
√

2πp;

in turn;

(1− ϵ)2p ≤ q.
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Lemma 9.8. Let σ2 ≤ 1.6. Then

ρ(σ) ≤ 1
σ2 .

Proof. We continue from the conclusion of lemma 9.7 with ϵ = σ2 − 1. One can
directly compute that log(1/p) is a constant, about (and slightly greater than) .77. On
the other hand, log(1− ϵ) ≈ −ϵ for small ϵ; in particular, −2 log(1− ϵ) ≥ − log(1/p)ϵ
for ϵ ≤ .6. Thus

ρ(σ) ≤ log(1/p)
log(1/p)− 2 log(1− ϵ) ≤

log(1/p)
(1 + ϵ) log(1/p) = 1

1 + ϵ
= 1

σ2 .

9.4 Additional notes and materials

Lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

9.5 Exercises

Exercise 9.1. In this exercise, we will develop a 2-approximate LSH scheme for
bit strings s ∈ {0, 1}d of a fixed length d with respect to Hamming distance. The
Hamming distance between two strings s, t ∈ {0, 1}d this fraction of coordinates in
which they differ:

Hamming(s, t) = |{i ∈ [d] : si ̸= ti}|
d

.

Of course one can treat bit strings as vectors in Rd where the Hamming distance
coincides with the Euclidean distance squared. Here we explore an alternative
approach.

1. Consider the randomly constructed hash function h : {0, 1}d → {0, 1} defined
by

h(x) = xi,

where i ∈ [d] is sampled uniformly at random. For two points s, t ∈ {0, 1}d,
what is P[h(s) = h(t)], as a function of the Hamming distance between s and t?
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2. Fix a target distance r ∈ [0, 1]. Construct a data structure that over a set P of
n strings {0, 1}d to answer the following query with high probability.

Given a query point s ∈ {0, 1}d, either return a point x ∈ P with
Hamming distance ≤ 2r from s, or declare that there are no points
within Hamming distance r from s.

In addition to describing the algorithm, one should analyze the preprocessing
time and space, the query time, and the probability of correctness.

3. Briefly describe how to use the above data structure to efficiently find 2-
approximate nearest neighbors with respect to Hamming distance (with high
probability).
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Chapter 10

L1-metric embeddings and sparsest cut

10.1 LP duality, line embeddings, and max-flow min-cut

The reader may (should) have seen max flow, the max-flow min-cut theorem, and
some algorithms for max flow in an introductory class on algorithms. Here we present
these results from a different perspective that primes us for the techniques used to
approximate the sparsest cut problem.

10.1.1 Packing and covering pathsMeasuring connectivity
a 7L

h v
source s k n

n sink
t

tr s s
s v s t

s x 7

f J
s K r L

k u ft

Is there an s t path
Let G = (V, E) be a directed graph1, and let s, t ∈ V be two distinct vertices. We

call s the source and t the sink. A path packing is a collection of edge disjoint paths.
An (s, t)-path packing is a path packing of (s, t)-paths. The maximum (s, t)-path
packing problem2 is to

find a maximum cardinality packing of (s, t)-paths.

An (s, t)-cut is a set of edges whose removal disconnects s from t. The minimum
(s, t)-cut problem is to

1G is allowed to be a multi-graph, with multiple copies of the same edge.
2Better known as the uncapacitated maximum (s, t)-flow problem for reasons we discuss later.
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find the minimum cardinality (s, t)-cut.
Both can be understood as a generalization of reachability. Reachability is con-

cerned with whether there is a single connection from s to t. Both the maximum flow
and minimum cut problems measure the strength of the connection from s to t.

We are interested in these questions both algorithmically and (graph-)structurally.
Algorithmically the problems are highly non-trivial, as there are exponentially many
possible paths from s to t to take into account. It is not obvious that there is a
polynomial time algorithm for either problem.

10.1.2 Duality.

The (s, t)-path packing and (s, t)-cut problem are dual packing and covering problems,
in the following sense. We are selecting paths that “pack in” to the edges of the graph
– each path uses up all of its edges. Conversely, an (s, t)-cut must contain at least one
edge from every (s, t)-path. That is, we are trying to “cover” the paths with edges,
where we interpret each edge as a set that covers all the (s, t)-paths that contain that
edge. In short:

paths pack into edges, and edges cover paths.
As with any packing and covering problem, we have the following inequality.

(max (s, t)-path packing) ≤ (min (s, t)-cut). (10.1)
Indeed, let P denote a path packing, and let C ⊆ E be an (s, t)-cut. We have

|P | =
∑
p∈P

1
(a)
≤
∑
p∈P

|p ∩ C|
(b)
≤ |C|.

Above, we treat each path p ∈ P as a subset of edges. (a) is because, as an (s, t)-cut,
C contains at least one edge from every (s, t)-path. (b) is because the paths p ∈ P
are edge disjoint, so the sets p ∩ C over p ∈ P are also disjoint. The following is a
conceptual sketch of our argument.

Proof let

P collection of edge disjoint paths

CEE s t cut

Is
s fffm t

each path contains 21 edge from C

For each path choose 1 edge in

path and C

choices distinct

1 PIE peep lpncla.jo peUpCpn4 Ek1

The inequality (10.1) inspires some basic questions. Is the inequality ever equal? Is
the inequality ever strict?

We now introduce some variations of the (s, t)-paths and cut problems.
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10.1.3 Capacities and costs.

A natural generalization of disjoint (s, t)-paths allows edges to be reused, and extends
the input to include edge capacities c : E → R>0 that set a numerical limit on how
many times each edge can be used. For example, if an edge e has c(e) = 2, then this
implies we are allowed to use e twice (i.e., as if there are two copies of e). The same
path is allowed to be selected multiple times. Formally, the problem becomes:

Find a collection of paths P of maximum cardinality |P | such that each
edge e is contained in at most c(e) paths.

We denote the problem formalized above as (Max-Paths). Abusing notation, we will
also let (Max-Paths) denote the optimum objective value of the (Max-Paths) problem.

Introducing edge capacities makes it even more challenging to find a polynomial
time algorithm. Before, without edge capacities, it is clear that the optimum solution
has a polynomial number of paths since each path must use up at least one edge. Once
we introduce capacities – which may be large numbers expressed in a logarithmic
number of bits – we can no longer assume that the maximum path packing has
polynomial size!

Flip back to the dual (s, t)-cut problem. A natural generalization introduces
positive edge costs c : E → R>0; the problem becomes:

Find an (s, t)-cut C ⊆ E of minimum cost
∑
e∈C

c(e). (Min-Cut)

The minimum cardinality cut problem is equivalent to the minimum cost cut problem
with uniform costs (c(e) = 1 for all e). In contrast to edge capacities, edge costs do
not invoke the risk of the optimum solution no longer being compact.

As with (Max-Flow), we write (Min-Cut) to denote both the problem described
above and the optimum value of that problem.

When the capacities and costs are based on the same vector c, then (Max-Paths)
and (Min-Cut) are dual3 to one another. In particular one can show that (Max-Paths) ≤
(Min-Cut) by a similar argument as before in the uncapacitated/uniform-cost setting.
We leave the proof to the reader.

Lemma 10.1. Let G = (V, E) be a directed graph and s, t ∈ V . Let c : E → R>0 be a
fixed set of capacities / costs. Then

(Max-Paths) ≤ (Min-Cut).
3We will formalize the definition of dual soon.
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10.1.4 Fractionally packing and covering paths.

Another variation of the above problems allow for fractional solutions. Consider first
path packings. Let Ps,t denote the family of all (s, t)-paths. A fractional collection
of paths is an assignment x : Ps,t → R≥0 giving nonnegative weight to every path. A
fractional path packing is a fractional collection of paths x that satisfies the capacity
constraint c(e) for each edge e in the following quantitative sense:∑

p∋e

xp ≤ c(e).

(Here “p ∋ e” is summing over all p ∈ Ps,t such that e ∈ p.) Subject to this constraint,
the goal is to find the fractional path packing of maximum total quantity,∑

p∈Ps,t

xp.

Putting it all together, the entire fractional path packing problem is given by:

maximize
∑

p∈Ps,t

xp over x : Ps,t → R≥0

s.t.
∑
p∋e

xp ≤ c(e) for all e ∈ E.
(Max-Flow)

Note that the objective (∑p xp) is a linear function of x, and the constraints (xp ≥ 0,∑
p∋e xp ≤ c(e)...) are linear inequalities. This feature is very important and we will

return to it in a moment.
Due to the continuous nature of the fractional path packing problems – imagine xp

units of water flowing along the path p – it is commonly referred to as the maximum
flow problem. For the rest of this section, we let (Max-Flow) refer to the maximum
flow problem formulated above. Abusing notation, we will also let (Max-Flow) refer
to the optimum value of (the problem) (Max-Flow). We also note that the (discrete)
path packing is also called integral maximum flow.

Compare max flow with the (integer) path packing problem discussed above, where
we can only select integer multiples of paths. Clearly, any integer solution is a feasible
solution to the fractional version. For this reason, the fractional path packing problem
is called a relaxation of the integer path packing problem – every feasible solution to
the latter is feasible in the former. As a relaxation of a maximization problem, we
always have (Max-Flow) ≥ (Max-Paths).

We can apply the same fractional perspective to the minimum cost (s, t)-cut
problem. Recall that an (s, t)-cut contains at least one edge from every (s, t)-path. A
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fractional (s, t)-cut is a fractional combination of edges y : E → R≥0 that contains (in
sum) one unit of edges from every (s, t)-paths. An edge cost c(e) are now interpreted
as the cost of one unit y(e). All put together, the fractional relaxation of minimum
cost (s, t)-cut is given by the following problem:

minimize
∑
e∈E

c(e)ye over y : E → R≥0 s.t.
∑
e∈p

ye ≥ 1 for all p ∈ Ps,t. (10.2)

(10.2) has m variables but exponentially many constraints. This setup leads to
the following situation. We encourage the reader to pause and consider the following
question herself before reading on.

Suppose you were given a vector y ∈ RE
≥0. How would you verify, in

polynomial time, that y is a feasible solution? In particular, how does one
verify that for every (s, t)-path p, the sum of ye’s over e ∈ p is at least 1?
(Is it even possible?)

The question is nontrivial because there is not enough time to enumerate every
(s, t)-path. But let us reformulate the question slightly: verifying every path p has∑

e∈p ye ≥ 1 is the same as verifying that the minimum ∑
e∈p ye, over all p ∈ Ps,t, is at

least 1. Let us reinterpret the values y : E → R≥0 as edge lengths. Then the covering
constraint is really saying that the length of the shortest (s, t)-path w/r/t edge lengths
ye, is ≥ 1; we can verify this constraint by computing the shortest (s, t)-path w/r/t y.
An equivalent formulation of (10.2), then, is as follows.

Find the minimum cost set of edge lengths y : E → R≥0 subject to s and t
having distance 1 in the shortest path metric induced by y.

This problem, besides being a relaxation of (s, t)-cut, is a very natural problem in its
own right. For this reason, and to help distinguish the continuous nature of (10.2) for
the discrete min-cut problem, we will also refer to the fractional min-cut problem as
the (s, t)-minimum cost metric problem. We will write (Min-Metric) to denote both
the optimization problem and the value of the optimization problem formulated in
(10.2) above.

10.1.5 Linear programming and LP duality

The fractional versions of the (s, t)-path packing and cut problem described above are
examples of linear programs, a class of mathematical optimization problems previously
introduced in chapter 6. We briefly review the basics.
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Linear programs (LP’s) are constrained continuous optimization problems where
the goal is to (a) select a vector x ∈ Rn that (b) optimizes a linear objective subject
to (c) linear equality and inequality constraints. That is, an optimization problem of
the form

min/max ⟨b, x⟩ =
n∑

j=1
bjxj over x ∈ Rn

s.t. A1x ≤ c1, A2x = c2, and A3x ≥ c3.

where A1, A2, A3 are matrices and b, c1, c2, c3 are vectors.
Clearly, linear programs are useful for modeling real problems where we seek

continuous solutions. Throughout this class we will encounter many different uses
for LP’s for understanding and solving discrete problems as well. A powerful feature
of LP’s is that they are polynomial time solvable 4, and conceptually it is easy to
interact with these solvers as a black box. Moreover, real-world software for LP’s is
well-developed and reliable in practice.

We now introduce two canonical classes of LP’s that capture most combinatorial
problems.
Packing LPs. A packing LP is a linear program of the form

max ⟨b, x⟩ over x ∈ Rn
≥0 s.t. Ax ≤ c. (P)

where A ∈ Rm×n
≥0 , b ∈ Rn

>0, and c ∈ Rm
>0 all have nonnegative coefficients. We let

Opt(P) denote the optimum value of the LP (P).
The fractional path packing problem is our first example of an packing LP. For

path packing, we have one variable for every path. Identifying edges and paths as
coordinates, then, we have:

1. b = 1Ps,t , the all-ones vector in RPs,t

2. c ∈ RE
≥0 is the edge capacities.

3. A ∈ {0, 1}E×Ps,t is the incidence matrix defined by

Ae,p =

1 if e ∈ p

0 if e /∈ p,

for each edge e ∈ E and path p ∈ Ps,t.
4More precisely, they are weakly polynomial time solvable, meaning the running times are

polynomial in the bit complexity of the input.
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Note that there are exponentially many variables in this LP so we could not even write
it down in full in polynomial time, let alone apply a black box LP solver. Fortunately
there are otherwise to solve the LP, as we will see.
Covering LPs. A covering LP is a linear program of the form

min ⟨c, y⟩ over y ∈ Rm
≥0 s.t. AT y ≥ b, (C)

where5 A ∈ Rm×n
≥0 , b ∈ Rn

>0, and c ∈ Rm
>0. We let Opt(C) denote the optimum value

of the LP (C).
The minimum cost metric problem above is our first example of a covering LP.

For minimum cost metric, we have one variable/column for each edge, and one
row/constraint for each (s, t)-path.

1. c ∈ RE
≥0 is the edge costs.

2. b = 1Ps,t is the all-ones vector in RPs,t .

3. AT ∈ {0, 1}Ps,t×E is the {0, 1}-incidence matrix defined by

AT
p.e = Ae,p =

1 if e ∈ p

0 if e /∈ p,

for each edge e ∈ E and path p ∈ Ps,t.

Note that A, b, c are the same between our two examples.
LP duality. LP duality is about the relationship between the linear programs
(P) and (C), particular when the matrices and vectors A, b, c are the same for both
problems. In this case (P) and (C) are said to be dual to one another.

Suppose we have dual pair of (P) and (C); i.e., A, b, c refer to the same objects in
either problem. Let x ∈ Rn

≥0 be any feasible solution to (P) and let y ∈ Rn
≥0 be any

feasible solution to (C). We have

⟨b, x⟩
(a)
≤
〈
AT y, x

〉
(b)= ⟨y, Ax⟩

(c)
≤ ⟨y, c⟩.

Here (a) is because x ≥ 0 and AT y ≥ b. (b) is by definition of the transpose. (c) is
because y ≥ 0 and Ax ≤ c. Thus, for a packing problem (P) and a covering problem
(C) linked by duality, we have

Opt(P) ≤ Opt(C).
5Of course, in (C), we could have written A instead of its transpose AT , and swapped b and c,

which would more closely resemble (P). It is convenient for the subsequent discussion on LP duality
for A, b and c to have the same dimensions in (P) and (C).
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If this argument seems familiar, it is because we just saw it for packing and covering
paths in section 10.1.2 above.

We ask the same question for packing and covering LP’s as we did for packing and
covering paths. When, if ever, is Opt(P) = Opt(C)? The all-important LP duality
theorem (here restricted to packing and covering problems) states that in fact they
are always equal.

Theorem 10.2 (LP Duality for packing and covering). Opt(P) = Opt(C).

We note that theorem 10.2 holds even if A, b, and c have negative coefficients.
We will see that LP duality has important consequences for many combinatorial

problems of interest – starting with max flow in the present discussion. Recall that
(Max-Flow) is a packing LP and (Min-Metric) is a covering LP. Moreover, they are dual
to one another. The LP duality theorem then tells us that (Max-Flow) = (Min-Metric).
As a relaxation, we also have that (Min-Metric) ≤ (Min-Cut). That is:

(Max-Flow) = (Min-Metric) ≤ (Min-Cut).

10.1.6 Max-flow min-cut via LP duality

We now prove the following well-know max-flow min-cut theorem.

Theorem 10.3 (Ford and Fulkerson [FF56] and Menger [Men27]). (Max-Flow) =
(Min-Cut).

Typically this theorem is proven algorithmically by the Ford-Fulkerson algorithm.
Here we given an alternative proof based on LP duality6. Having already established
that (Max-Flow) = (Min-Metric) ≤ (Min-Cut)7, it suffices to prove that (Min-Cut) ≤
(Min-Metric). let y E Rzo be a minimum

2 2 fractional cut
2

O
o t 3 l.la 4

S I 3 as

2 O 2 GTI o l

embed vertices on IR based on

distance from s wht lengths y

F
0 l 2.3.4 S 6.7.8 cl 1.0

all s t paths have length 216k of LP

pick O ELo.LI uniformly at random

F
0 l 2.3.4 S 6.7.8 cl 1.0

0

Let y ∈ RE
≥0 be an optimum solution to the minimum cut LP, (10.2). We claim

that
6For a video, see https://youtu.be/J4yUdABv1tE.
7With very little effort, thanks to LP duality
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Given a fractional min-cut y, we can find a discrete (s, t)-cut C ⊆ E with
total capacity, ∑e∈C c(e), less than or equal to the fractional capacity of y,
⟨c, y⟩.

This is our first example of rounding a fractional solution to a discrete one.
Notation. Before proceeding, we introduce some standard notation for cuts. For
a set of vertices S ⊂ V , the directed out-cut of S, consisting of edges leaving S, is
denoted by

δ+(S) def= {(u, v) ∈ E : u ∈ S, v /∈ S}

The (directed) in-cut of S, consisting of edges entering S, is denoted by

δ−(S) def= {(u, v) ∈ E : u /∈ S, v ∈ S}.

10.1.7 Line embeddings and sweep cuts.

let y E Rzo be a minimum

2 2 fractional cut
2

O
o t 3 l.la 4

S I 3 as

2 O 2 GTI o l

embed vertices on IR based on

distance from s wht lengths y

F
0 l 2.3.4 S 6.7.8 cl 1.0

all s t paths have length 216k of LP

pick O ELo.LI uniformly at random

F
0 l 2.3.4 S 6.7.8 cl 1.0

0

Recall that y also gives a set of edge lengths where the length of the shortest (s, t)-path
is 1. We leverage this insight to embed the vertices V on the real line – assigning
values α : V → [0, +∞) – as follows.

For each vertex v, let αv be the length of the shortest s⇝ v path w/r/t the edge
lengths y ∈ Rn

≥0. We have αs = 0. We also have

αt = min
p∈Ps,t

∑
e∈p

ye ≥ 1

because of the covering constraints in (Min-Metric).
Consider the following random cut. We pick a value θ ∈ (0, 1) uniformly at random.

Let S = {v : xv ≤ θ}, and let S̄ = V \ S. Since αs = 0 and αt ≥ 1, the set of edges
from S to S̄ is always an (s, t)-cut.

output the cut at 0

ts

nnmmvw
0 l 2.3.4.5.6.7.8.91 co

0

minimum capacity

E capacity of cut
of any fractional cut

e
cePrTe cut EECeye

linear'Iation EEE
s e

m

o a 6Eatye 6k shortest
paths
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The value of this cut is randomized. Let us bound the cost of the directed cut
from S to S̄, in expectation. We have

E

 ∑
e∈δ+(S)

c(e)
 (a)=

∑
e∈E

c(e) P
[
e ∈ δ+(S)

] (b)
≤
∑
e∈E

c(e)ye = (Min-Metric) (10.3)

Here (a) is by linearity of expectation. The key inequality, (b), is based on the shortest
path metric.

output the cut at 0

ts

nnmmvw
0 l 2.3.4.5.6.7.8.91 co

0

minimum capacity

E capacity of cut
of any fractional cut

e
cePrTe cut EECeye

linear'Iation EEE
s e

m

o a 6Eatye 6k shortest
pathsFor an edge e = {u, v}, we have e ∈ δ+(S) iff αu ≤ θ ≤ αv, which happens with

probability at most αv − αu. Consider the shortest path from s to u w/r/t y, which
has length αu. Concatenating the shortest path from s to u with the edge e,

s
αu⇝ u

ye→ v,

gives a walk of length αu + ye, hence αv ≤ αu + ye.
Consider now the inequality obtained in (10.3),

E

 ∑
e∈δ+(S)

c(e)
 ≤ (Min-Metric).

We have generated a randomized (discrete) cut that is on average no worse than the
minimum fractional minimum cut. By the probabilistic method, there exists a value
θ where the (s, t)-cut has value at most this average. If not, then the average would
have to be higher. This establishes the existence of a minimum cut with cost equal to
the (s, t)-minimum cost metric, and establishes the max-flow min-cut theorem. To
extract the cut, one can simply scan θ over the interval (0, 1) and check all n − 1
possible cuts. (In fact any θ ∈ (0, 1) will work; see exercise 10.1.)

10.2 Sparsest cut

Let G be undirected, and let b :
(

V
2

)
→ R≥0 be a set of nonnegative demands. Given

a set S, the sparsity of S is defined as the ratio

c(δ(S))∑
u∈S,v /∈S b(u, v) .
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(For S = ∅ or S = V , we treat the sparsity of S as +∞). The sparsest cut problem
is to compute the set S of minimum sparsity. An important special case is uniform
sparsest cut where the demands are uniformly b(u, v) = 1. Then the sparsity has the
simpler form

c(δ(S))
|S||S̄|

.

To minimize the uniform sparsity, we (of course) want to minimize the numerator
and maximize the denominator. Minimizing the numerator is to find small cuts (as
usual). The denominator (by AM-GM) is maximized by choosing |S| ≈ n/2. So the
uniform sparsest cut is lookingfor a tradeoff between the capacity of the cut and how
“balanced” the cut is. (In fact, sparsest cut is used as a subroutine for the balanced
cut problem, as we will discuss.)

To drive this point further, observe that

1
n
· c(δ(S))

min{|S|, |S̄|} ≤
c(δ(S))
|S||S̄|

≤ 2
n
· c(δ(S))

min{|S|, |S̄|}

because n/2 < max{|S|, |S̄|} ≤ n. That is, up to a constant factor, we are trying to
minimize the ratio

c(δ(S))
min{|S|, |S̄|} .

Here we clearly see the expense of choosing a very small set S.
In this chapter, we describe a very influential result of Leighton and Rao [LR99]

that obtains a deterministic O(log(n)) approximation ratio for the uniform sparsest cut
problem. Their algorithm is based on applying region growing to the metric induced
by the dual LP. Given our interest in randomized algorithms, we first present an
alternative, randomized O(log(n)) approximation algorithm for general demands based
on ℓ1-metric embeddings. We will also discuss lower bounds and some applications of
sparsest cut.

10.2.1 The LP

Leighton and Rao’s algorithm [LR99], as well as the randomized algorithm via metric
embeddings, are both based on rounding an LP relaxation of the sparsest cut problem.
However, since the sparsest cut optimizes a ratio, obtaining the linear relaxation is
not as obvious. As a step in this general direction, consider the following (nonlinear)
relaxation of the sparsest cut problem.
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Compute a metric d : V × V → R≥0 minimizing the ratio∑
e={u,v} c(e)d(u, v)∑
{u,v} b(u, v)d(u, v) .

Now, we can scale the distances up or down with no effect on the ratio. In particular,
we can fix the denominator to be 1, which gives the following optimization problem
which is a linear program.

Find the minimum c-cost metric such that the b-weighted sum of distances
is at least 1.

That is:

minimize
∑

e={u,v}∈E

c(e)d(u, v)

over all metrics d : V × V → R≥0

s.t.
∑
{s,t}

b(s, t)d(s, t) ≥ 1.

(10.4)

10.2.2 The dual LP and concurrent flow

To obtain the dual, it is helpful to rewrite (10.4) as a pure covering problem. Recall
the correspondence between metrics and edge lengths, via shortest path distances.
Then (10.4) is the same as:

Find the minimum cost edge lengths such that the b-weighted sum of
shortest path distances is at least 1.

To make this more explicit, for s, t ∈ V , let Ps,t denote the family of all (s, t)-paths.
Let us define a path bundle as a collection of paths P consisting of an (s, t)-path
Ps,t ∈ Ps,t for every pair (s, t). We let P∗

def= ∏
{s,t}Ps,t denote the family of all path

bundles. Then we can express the problem above as follows.

minimize
∑
e∈E

c(e)y(e) over y : E → R≥0

s.t.
∑
{s,t}

b(s, t)
∑

e∈Ps,t

y(e) ≥ 1 for all P ∈ P∗.
(10.5)

We can separate this LP by computing the shortest (s, t)-path for every pair (s, t),
and verifying the covering constraint for this bundle of shortest paths.
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(10.5) covers path bundles with edges; thus, the dual packing LP packs path
bundles into edges.

maximize
∑

P ∈P∗

x(P ) over x : P∗ → R≥0

s.t.
∑

P ∈P∗

x(P )
∑

{s,t}:e∈Ps,t

b(s, t) ≤ c(e) for all e ∈ E.
(10.6)

In (10.6), each path bundle P represents a choice of paths for every (s, t)-pair to
concurrently route the demands b. So (10.6) is trying to concurrently route b as much
as possible subject to the capacity constraints. This problem is called concurrent flow
or demand multicommodity flow.

10.3 Rounding via L1-metric embeddings

We now analyze an approach to rounding the sparsest-cut metric based on randomized
embeddings. This version readily generalizes to general demands b :

(
V
2

)
→ R≥0.

Let d be any metric that is a feasible solution to LP (10.4). Our goal is to convert
d to a cut with sparsity comparable to the cost of d.

10.3.1 Rounding line embeddings

We first observe that some special cases of metrics are very easy to round – namely,
those related to line embeddings. Suppose there is a function f : V → R such that

d(u, v) = |f(u)− f(v)| for all u, v ∈ V.

(Such a function f , placing V on the real line, is called a line embedding.) Rescaling and
translating (which does not effect the sparsity), we may assume that minu f(u) = 0,
and maxv f(v) = 1.

Consider the following random cut S (which we have seen before in proving
the max-flow min-cut theorem). Pick θ ∈ (0, 1) uniformly at random, and let
S = {u : f(u) ≤ θ}. Observe that for each edge e = {u, v}, we have

P[e ∈ δ(S)] = |f(u)− f(v)| = d(u, v).

Thus we can rewrite the sparsity of d as

(sparsity of d) =
∑

{u,v}∈E c(u, v)d(u, v)∑
{s,t} d(s, t)b(s, t) =

E
[∑

e∈δ(S) c(e)
]

E
[∑

s∈S,t∈S̄ b(s, t)
] . (10.7)
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Note that the RHS is not the expected sparsity of S. The expected sparsity of S is
the quantity

E[sparsity of S] = E
[ ∑

e∈δ(S) c(e)∑
s∈S,t∈S̄ b(s, t)

]
,

which is not the same as the quantities in (10.7). This is in contrast to our proof of
max-flow min-cut, where S is a minimum (s, t)-cut on average, and the existence of a
minimum (s, t)-cut follows immediately from the probabilistic method.

Still the probabilistic approach can be salvaged with a little more work. Observe
that S can only be one of n − 1 different sets S1, . . . , Sn−1 where ∅ ⊊ S1 ⊂ S2 ⊂
S3 · · · ⊂ Sn−1 ⊊ V . For each i, let pi = P[S = Si]. Then

(10.7) =
∑n−1

i=1 pi
∑

e∈δ(Si) c(e)∑n−1
i=1 pi

∑
s∈Si,t∈S̄i

b(s, t)
.

Now we apply the following elementary fact. (The proof is left as exercise 10.3.)

Lemma 10.4. Let a1, . . . , ah, b1, . . . , bh > 0. Then

min
i

ai

bi

≤
∑

i ai∑
i bi

≤ max
i

ai

bi

.

It follows that for some Si, the sparsity of Si is at most the sparsity of d. In
conclusion, we have shown the following.

Lemma 10.5. Let d :
(

V
2

)
→ R be a metric induced by a line embedding. Then one

can partition the vertices into two sets (S, S̄) such that∑
e∈δ(S) c(e)∑

s∈S,t∈S̄ b(s, t) ≤
∑

{u,v}∈E c(u, v)d(u, v)∑
{s,t} d(u, v)b(s, t) .

Rounding L1-metrics So much for metrics given by line embeddings. How about
a metric obtained as a sum of line metrics? Recall that the L1-metric on Rh is defined
by

∥x− y∥1 =
h∑

i=1
|xi − yi|.

Suppose d was the L1-metric of an embedding f : V → Rh.That is,

d(u, v) = ∥f(u)− f(v)∥1 =
h∑

i=1
|fi(u)− fi(v)|
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for a function f : V → Rh. We can think of this as the sum of h line metrics f1, . . . , fh.
The sparsity of d expands out to

(sparsity of d) =
∑h

i=1
∑

e={u,v} c(e)|fi(u)− fi(v)|∑h
i=1

∑
{u,v} b(u, v)|fi(u)− fi(v)|

.

Applying lemma 10.4 again, we see that one of these line embeddings, say fj, has
sparsity no worse then d. From the line embedding fj : V → R, we can extract a cut
with sparsity at most that of fj. This establishes the following.

Lemma 10.6. Let d :
(

V
2

)
→ R be the L1-metric over an explicit embedding of V .

Then one can partition the vertices into two sets (S, S̄) such that∑
e∈δ(S) c(e)∑

s∈S,t∈S̄ b(s, t) ≤
∑

{u,v}∈E c(u, v)d(u, v)∑
{s,t} d(u, v)b(s, t) .

To sum up: L1 metrics can be rounded without loss. We can find an L1-metric
with sparsity within a factor α of the sparsest metric d, then we can covert that into
an α-approximate sparsest cut.

10.3.2 Randomized L1-metric embeddings

We now know that L1-metrics can be rounded to sparse cuts without any loss. But
the LP for sparsest cut produces a generic metric d, that is not an L1-metric.

Our new strategy, given a generic metric d, is to try to find an L1-metric d1 with
sparsity comparable to d. We then invoke lemma 10.6 to round obtain a sparse cut
from d1. Our L1-metric d1 will be defined by a mapping f : V → Rh (for some h ∈ N),
so that

d1(u, v) = ∥f(u)− f(v)∥1.

We will prove the following theorem.

Theorem 10.7. Let d :
(

V
2

)
→ R≥0 be a metric and δ ∈ (0, 1). For h =

O(log(n) log(1/δ)), one can construct a randomized embedding f : V → Rh such
that for all u, v ∈ V , we have

∥f(u)− f(v)∥1 ≤ O(log(1/δ))d(u, v)

deterministically, and

P[∥f(u)− f(v)∥1 ≤ d(u, v)] ≤ δ (10.8)
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For δ = 1/ poly(n) and h = O
(
log2 n

)
, we can apply the union bound to (10.8)

over all pairs u, v. This gives the following theorem.

Corollary 10.8. Let d :
(

V
2

)
→ R≥0 be a metric and δ ∈ (0, 1). For h = O

(
log2(n)

)
,

one can construct a randomized embedding f : V → Rh such that with high probability,
for all u, v ∈ V ,

d(u, v) ≤ ∥f(u)− f(v)∥1 ≤ O(log n)d(u, v).

The embedding f : V → Rh described in corollary 10.8 is said to be a O(log n)-
distortion metric embedding as it maps points in one metric space into another while
preserving all distances up to a O(log n)-multiplicative factor.

The O(log n)-distortion embedding into L1 is the last ingredient for the following
algorithm for sparsest cut.

1. Solve the LP (10.4) to obtain a sparsest metric d.
2. Invoke corollary 10.8 to obtain a O(log n)-distortion embedding f :(

V
2

)
→ Rh from d into the L1-metric. The L1-metric via f has sparsity

at most a O(log n) factor greater than d.
3. Invoke lemma 10.6 to round the L1-metric to a cut with sparsity at

most the metric, which is a factor O(log n) greater than the sparsity of
d (and the optimum of (10.4)).

This algorithm is due to Linial, London, and Rabinovich [LLR95], and establishes the
following.

Theorem 10.9. There is a O(log n) randomized approximation to (non-uniform)
sparsest cut (on undirected graphs).

Actually, Linial, London, and Rabinovich [LLR95] observed that one can do slightly
better when there are demands for only k commodity pairs. (i.e., k pairs (u, v) with
b(u, v) > 0.)

Theorem 10.10. There is a O(log k) randomized approximation to sparsest cut,
where k is the number of commodity pairs with nonzero demand.

This approximation factor is obtained by building on the ideas in ??, and left as
exercise 10.4.

Now we describe the randomized algorithm of Linial, London, and Rabinovich
[LLR95] that computes the embedding in theorem 10.14. We note that previously
Bourgain [Bou85] had obtained a deterministic embedding but the output dimension
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random-Fréchet(d : V × V → R≥0)

1. for i = 1, . . . , ⌈log n⌉
A. let Si sample each v ∈ V independently with probability 2−i

B. for each v ∈ V

1. fi(v)← mins∈Si
d(s, v)

2. return f : V → R⌈log n⌉
≥0

Figure 10.1: A O(log n) dimension, randomized Frechét embedding with O(log n) distortion
in expectation

Figure 10.2: Level sets by distance from a set of points S, encoding one coordinate of a
Frechét embedding.

h was exponential. Linial, London, and Rabinovich’s algorithm [LLR95] can be
interpreted as an efficient randomized implementation of Bourgain’s embedding
[Bou85].

The algorithm, which we call random-Fréchet, is extremely simple. We generate
⌈log n⌉ coordinates. For i = 1, . . . , n, we sample a set Si where each point is sampled
independently with probability 1/2i. For each vertex v, we find the distance between
v and (the closest point in) Si. This gives the ith coordinate of v. Pseudocode is
described in fig. 10.1.

Each coordinate of the randomized embedding is given by distances from a set.
There is a name for this class of embeddings: Fréchet embeddings. fig. 10.2 attempts
to visualize a single coordinate generated in this manner.
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10.3.3 Low-distortion in expectation

We now turn to proving theorem 10.14. Consider an instance of the random-Frechet

algorithm, which computes a randomized embedding f : V → RO(log(n))
≥0 .

For ease of notation, for a vertex v and coordinate i, we let vi
def= fi(v) denote the

ith coordinate of the embedding of v.

Lemma 10.11. For u, v ∈ V and i ∈ N, |ui − vi| ≤ d(u, v).

Proof. By the triangle inequality, we have both
d(s, u)− d(s, v) ≤ d(u, v) and d(s, v)− d(s, u) ≤ d(u, v).

for all s ∈ Si.

lemma 10.11 immediate implies the ∥u− v∥1 ≤ O(log n)d(u, v), since there are
O(log n) dimensions and each can contribute at most d(u, v). The harder part
is showing the lower bound: informally, we want to show that ∥u− v∥1 ≥ d(u, v), up
to constant factors. This lower bound is too strong; instead, we settle for the same
inequality but only in expectation.

Lemma 10.12. For u, v ∈ V , we have E[∥u− v∥1] ≥ cd(u, v) for some constant
c > 0.

Proof. For ease of notation, let δ = d(u, v). For each i, let ri be the minimum length r
such that there are at least 2i points at distance ≤ r from u, and 2i points at distance
≤ r from v; i.e.,

ri = arg min
r>0

{
|{x : d(u, x) ≤ r}| ≥ 2t, |{x : d(v, x) ≤ r}| ≥ 2t

}
We claim that

For each index i, we have

|ui+1 − vi+1| ≥ (min{ri, δ/2} −min{ri−1, δ/2})

with constant probability c > 0.
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Before proving the claim, suppose it holds true. Let k be the largest index such that
rk−1 ≤ δ/2 (for which the claim applies). We have

E[∥u− v∥1] ≥
k∑

i=0
E[|ui+1 − vi+1|]

(a)
≥ c

k∑
i=0

(min{ri, δ/2} −min{ri−1, δ/2})

(b)
≥ cδ

4 ,

as desired. Here (a) applies the claim and (b) is by telescoping sums and recalling
that rk+1 > δ/2.

It remains to prove the claim. We have two cases: (a) ri ≤ δ/2, and (b)
ri−1 < δ/2 ≤ ri. We assume without loss of generality that ri is defined by u;
i.e., |{x : d(u, c) < ri}| < 2i.
Case 1: ri ≤ δ/2. Let U = {x : d(u, x) < ri}, and let V = {x : d(v, x) ≤ ri−1}. We
have |U | < 2i and |V | ≥ 2i−1. Since ri−1 < ri ≤ δ/2, U and V are disjoint.

 

M V

zz
I I

2 i

Si+1 samples each point with probability 2−i−1. By direct calculation, Si+1 samples
no points from U with constant probability, and at least one point from V with constant
probability. Since U and V are disjoint, whether any point from U is sampled and
whether any point from V is sampled is independent. Thus Si+1 samples a point from
V and no points from U simultaneously with some constant probability c > 0. In this
event, we have ui+1 ≥ ri and vi+1 ≤ ri−1, so ui+1 − vi+1 ≥ ri − ri−1. In expectation,
we have

E[|ui+1 − vi+1|] ≥ c(ri − ri−1),

as desired.
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Case 2: ri > δ/2 > ri−1. Let U = {x : d(u, x) ≤ δ/2} (with δ/2 in place of ri) and
let V = {x : d(u, v) ≤ ri−1/2}.

U V

it
2 22
2 i

By the same argument as above, we have that Si+1 samples a point from V and
no points in U with some constant probability c > 0. In this event, ui+1 − vi+1 ≥
δ/2− ri−1.

Theorem 10.13. randomized-Frechet embeds V into R⌈log n⌉ such that

∥u− v∥1 ≤ ⌈log n⌉d(u, v) and E[∥u− v∥1] ≥ cd(u, v) for all u, v ∈ V ,

for some absolute constant c > 0.

10.3.4 Amplification

Theorem 10.13 shows that a single instance of randomized-Fréchet obtains O(log n)
distortion “in expectation”, so to speak, for each pair of vertices. In particular the
embedded distance is bounded above deterministically but below only in expectation.
We want to strengthen this so that the lower bound holds with high probability.

Theorem 10.14. With probability of error 1/ poly(n), the average of O(log n) em-
beddings produced by randomized-Frechet is an embedding V into RO(log2 n) such
that

cd(u, v) ≤ ∥u− v∥1 ≤ C log(n)d(u, v) for all u, v ∈ V

for absolute constants c, C > 0.

Proof sketch. Fix u, v ∈ V . We treat each coordinate difference |ui − vi| (for O
(
log2 n

)
coordinates over O(log n) independent calls to random-Frechet) as an independent
random variable bounded above by d(u, v). The expected sum of the |ui − vi|’s is
Ω(n log(n)). By standard Chernoff inequalities, the sum is strongly concentrated at
the mean; scaling down by log n (from averaging) gives the desired result.
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10.4 Rounding via region growing (for uniform demands)

Before the randomized approach of section 10.3 was discovered, Leighton and Rao
[LR99] addressed the setting of uniform demands b = 1, as well as “product demands”
where the demands are of the form b(u, v) = π(u)π(v) for a fixed vector π ∈ RV

≥0. In
this section we assume uniform demands, b = 1. Then the sparsity of a set S has the
cleaner form of

c(δ(S))
|S||S̄|

.

Let d be an optimum metric to the metric relaxation (10.4). For uniform demands we
may assume that d(u, v) ≤ 1 for all u, v. The goal is to compute a set of vertices S
with

c(δ(S))
|S||S̄|

≤ O(log(n))Opt(10.4).

Our analysis is divided into two cases. The first, dubbed the “concentrated” case,
is when there is a high concentration of points within a small ball of radius r0 ≈ 1/n2.
The second “non-concentrated” case is when this does not occur. In the concentrated
case we show that the line embedding from the center of the concentrated ball induces
a sparse cut. In the non-concentrated case we partition the graph into pieces with a
region-growing technique; the non-concentrated setting implies that these pieces are
individually small enough to be reassembled to give a sparse cut.

For the remainder of this section, let r0 = 1/2n2.

10.4.1 Concentrated case.

First we consider the concentrated case.

Lemma 10.15. Suppose there exists a vertex s such that |B(s, r0)| ≥ 2n/3. Then
there exists r ≥ r0 such that B(s, r) has sparsity O(1)OptL.

Proof. Suppose not. Then for all q > 0, we have

c(δ(B(s, r0 + q))) ≥ cOptL|B(s, r0 + q)||V \B(s, r0 + q)|
(a)
≥ cnOptL

3 |V \B(s, r0 + q)|

for a fixed universal constant c > 0 (to be determined). Here (a) observes that
|B(s, r0 + q)| ≥ |B(s, r0)| ≥ 2n/3.
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Define a region-growing weight function W (r) differentially by

W (0) = 0
W ′(0) = c(δ(B(s, r)))

W (r) is nondecreasing, bounded below by 0, and bounded above OptL (by a similar
calculation as in multicut). Now, we have

1 ≥ W (1)−W (r0)
OptL

=
∫ 1−r0

0

c(δ(B(s, r0 + q)))
OptL

dq

≥ cn

3

∫ 1−r0

0
|V \B(s, r0 + q)| dq

(b)= cn

3

 ∑
v∈V \B(s,r0)

d(v, s)− r0


(c)
≥ cn

3
∑
v∈V

(d(v, s)− r0) = cn

3
∑
v∈V

d(v, s)− cnr0

3 . (10.9)

(b) implicitly interchanges changes. In (c), the inequality holds because the sum is
extended only by nonpositive terms.

We also have

1
(d)
≤
∑

{u,v}
d(u, v)

(e)
≤
∑

{u,v}
d(u, s) + d(s, v) < n

∑
v

d(v, s),

where (d) is by the distance constraint in the LP and (e) is by the triangle inequality.
Plugging back into (10.9), we have 1 > c/6. For c ≥ 6, then, we have a contradiction.

10.4.2 Non-concentrated case.

Now we address the remaining non-concentrated case.

Lemma 10.16. Suppose |B(s, r0)| ≤ 2n/3 for all s ∈ V . Then one can compute, a
cut with sparsity O(log n)OptL.

Proof. We will apply a region growing technique (similar to multicut) to partition V
into sets S1, . . . , Sk ⊂ V such that

1. c(⋃i δ(Si)) ≤ O(n2 log n)OptL.

2. |Si| ≤ 2n/3 for all i.
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Assuming this holds, then, we obtain the desired sparse cut as follows. Since |Si| ≤
2n/3 for all i, we can group the Si’s into two sets T ⊂ V and T̄ = V \ T such that
n/3 ≤ |T |, |T̄ | ≤ 2n/3. Then T has sparsity

c(δ(T ))
|T ||T̄ |

≤ c(⋃i δ(Si))
(2n/3)(n/3) ≤ O(log n)OptL.

It remains to obtain the sets S1, . . . , Sk. As alluded to above, we will use region
growing to iteratively remove sets of the form B(s, r); the key is to show that there
are always “good” radii r.

Fix a center vertex s ∈ V . Consider the region-growing weight function W (r)
defined differentially by

W (0) = OptL/n

W ′(r) = c(δ(B(s, r))).

W (r) is nondecreasing in r and bounded by the range [OptL/n, (1 + 1/n)OptL].
Consequently, for a sufficiently large constant c0, there always exists a radius r < r0
such that

W ′(0) ≤ c0n
2 log(n)W (r),

since otherwise the differential inequality W ′(0) ≥ c0 log(n)n2W (r) implies that

W (r0) ≥ ec0n2 log(n)r0(OptL/n) > (1 + 1/n)OptL,

a contradiction. Thus there exists a radius r ≤ r0 that, in particular, satisfies

c(δ(B(s, r))) = W ′(r) ≤ O
(
n2 log(n)

)
W (r)

≤ O
(
n2 log(n)

)OptL/n +
∑

v∈B(s,r)

∑
e∈δ(v)

yece

.

Moreover, by assumption, we have |B(s, r)| ≤ 2n/3.
We repeat the following steps until V is empty. Here we let i be the index of the

iteration.

1. Pick si ∈ V arbitrarily.
2. Find ri ∈ [0, r0] such that

c(δ(B(s, r))) ≤ O
(
n2 log n

)OptL

n
+

∑
v∈B(s,r)

∑
e∈δ(v)

c(e)y(e)
.
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3. Set Si = B(s, r) and V = V \ Si.

We claim that these steps produce sets S1, . . . , Sk satisfying the two requirements
above.

Clearly we have |Si| ≤ 2n/3. We also have

c

(⋃
i

δ(Si)
)
≤
∑

i

c(δ(Si))

≤ O
(
n2 log n

)OptL +
∑

i

∑
v∈Si

∑
e∈δ(v)

c(e)y(e)


= O
(
n2 log(n)

)OptL +
∑
v∈V

∑
e∈δ(v)

c(e)y(e)


= O
(
n2 log(n)

)
OptL,

which completes the proof.

10.4.3 Putting it all together.

Theorem 10.17 (Leighton and Rao [LR99]). The region-growing algorithm described
above gives a O(log n)-approximation to the uniform sparsest cut.

Proof. Let y be an optimum solution to (10.5). It is easy to identify if y falls
in the concentrated or non-concentrated case. For the former, we obtain a O(1)-
approximation; for the latter, a O(log n)-approximation.

10.5 Application: Minimum bisection

A bisection is a partition of the vertices V into (S, S̄) of (essentially) equal size:
⌊n/2⌋ ≤ |S|, |S̄| ≤ ⌈n/2⌉. Alternatively a bisection can be defined in terms of cuts
as a set of edges whose removal leaves the graph with connected components of at
most ⌈n/2⌉ vertices each. In any case the minimum bisection problem is to compute
a vertex set S ⊂ V of size |S| = ⌊n/2⌋ minimizing the cost of the cut, c(δ(S)).

There is a natural connection between minimum bisection and the sparsest cut
– the minimum bisection problem can be recast as the restricting the sparsest cut
problem to vertex sets with exactly half the vertices.

The following algorithm uses a O(log n)-approximation for uniform sparsest to
obtain a bicriteria-approximation algorithm. In particular, it returns a (1/3)-balanced
partition (S, S̄) – that is, n/3 ≤ |S| ≤ 2n/3 – with cost at most O(log n) times the
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cost of the minimum bisection. The algorithm is very simple. It repeatedly computes
the sparsest cut and removes the smaller side from the graph, until the number of
vertices removed is at least n/3 (and necessarily at most 2n/3).

1. For i = 1, 2, . . .

A. Si ← smaller side of a O(log n)-approximate uniform sparsest cut.
B. If |S1| ∪ · · · ∪ |Si| ≥ n/3

1. return (S1 ∪ · · · ∪ Si, V − (S1 ∪ · · · ∪ Si)).
C. Else remove Si and all incident edges form the graph, and repeat.

It is (relatively) easy to see why the algorithm returns a (1/3)-balanced cut; it
remains to show that the cost is comparable to that of the minimum bisection. The
intuition is as follows. Suppose for simplicity we have an exact algorithm for the
sparsest cut. The sparsest cut is very close to the minimum (weighted) expansion,
which we recall is the cost of the cut divided by the number of vertices on the smaller
side of the cut. In particular this ratio for the sparsest cut is no worse than that of
the minimum bisection. If the sparsest cut is balanced, then its cost is comparable to
the minimum cost bisection. While its not balanced, we can interpret the sparsest
cut as removing some vertices from the graph at the cost of the edges being cut. The
ratio of vertices removed per unit cost – the bang-for-buck, so to speak – is at least as
good. So we are gradually removing vertices while paying a favorable rate compared
to the minimum cost bisection.

There are some additional details to take care of – for one, the minimum bisection
in the input graph may no longer be a minimum bisection in the residual graphs,
although it will still be somewhat balanced as long as we haven’t removed n/3 vertices
yet. Also we only have a O(log n)-approximation for the sparsest cut, which will imply
that we pay an additional O(log n) factor throughout the argument. Exercise 10.5
guides the reader through a formal proof of the argument.

Theorem 10.18. In polynomial time, one can compute (1/3)-balanced cut with total
cost at most a O(log n)-factor greater than the minimum bisection.

10.6 Additional notes and materials

One can do better than a O(log n) approximation for uniform sparsest cut – Arora,
Rao, and Vazirani [ARV09] gave a O

(√
log n

)
via semi-definite programming and

ideas from high-dimensional geometry. We may discuss this result later in the course;
in the meantime we refer the reader to lecture notes by Rothvoss [Rot16].
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We refer to Spielman [Spi19] and Trevisan [Tre16] for further background on
expanders, especially in the context of spectral graph theory. ?? follows the proof in
[Tre16].
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

10.7 Exercises

Exercise 10.1. Recall the randomized rounding based proof of the max-flow min-cut
theorem. Recall that we analyzed a random cut which was based on a threshold
θ ∈ (0, 1) chosen uniformly at random. Prove that for all θ ∈ (0, 1), the corresponding
cut is a minimum {s, t}-cut.

Exercise 10.2. In most textbooks, max flow is presented as the following LP, which
in particular has polynomial size in the input graph G.

maximize
∑

e∈δ+(s)
ze −

∑
e∈δ−(s)

ze over z : E → R≥0

s.t. ze ≤ c(e) for all e ∈ E∑
e∈δ+(v)

ze =
∑

e∈δ−(v)
ze for all v ∈ V \ {s, t}.

(10.10)

The second set of constraints are called flow conservation constraints. Show that the
above LP is equivalent to the (fractional path packing version of) (Max-Flow) in the
following sense.

1. Show that for every (feasible) fractional path packing P , there is a feasible
solution z to (10.10) with the same objective value.

2. Show that for every feasible solution z to (10.10), there is a feasible path packing
P with the same objective value.8

Exercise 10.3. Prove lemma 10.4.

8The second problem is trickier than the first. One should be able to prove it using only the ideas
and results in this chapter (without retracing the flow algorithms of ensuing chapters).
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Exercise 10.4. Recall the randomized O(log n) approximation algorithm for sparsest
cut based on L1-embeddings. Note that this is also logarithmic in the number of
demand pairs,

(
n
2

)
. We consider the case where the demands are sparse; more

precisely, where there are at most k commodities (i.e., pairs) {s, t} with nonzero
demand b(s, t) > 0.

Show how to adjust the algorithm and analysis to obtain a randomized O(log k)
approximation factor where k is the number of commodities with nonzero demand.
Exercise 10.5. Recall the bicriteria approximation algorithm for the minimum
bisection problem from section 10.5.

1. Show that the algorithm returns a 1/3-balanced cut.

2. For each iteration i, w/r/t the graph remaining at iteration i, we have
c(δ(Si))
|Si|

≤ O(log(n))Opt
n

.

3. Combine the two parts above to prove that the algorithm returns a 1/3-balanced
cut of size O(log n)Opt.

Exercise 10.6. One generalization of uniform sparsest cut is to directed graphs. Here
one is given a directed graph G with edge costs c; the (directed, out-) sparsity of a
set S is defined

c(δ+(S))
|S||S̄|

where we recall that δ+(S) is the directed cut of edges leaving S. The directed uniform
sparsest cut problem to find the set S minimized the directed sparsity just defined.
Extend Leighton and Rao’s algorithm [LR99] to obtain a O(log n) approximation for
the directed uniform sparsest cut9.
Exercise 10.7. One can also consider the bisection problem in directed graphs. Here
the goal is to find a vertex set S of size ⌊n/2⌋ ≤ |S| ≤ ⌈n/2⌉ minimizing the cost
of the directed cut c(δ+(S)). Suppose one had access to a O(log n) approximation
algorithm for uniform directed sparsest cut (as described in exercise 10.6). Using
this as a subroutine, design and analyze an algorithm that obtains a bicriteria
approximation algorithm for the minimum directed bisection problem with essentially
the same approximation bicriteria for the undirected setting: compute a set S with
n/3 ≤ |S| ≤ 2n/3 with cost c(δ+(S)) at most a O(log n)-factor greater than that of
the minimum directed bisection.

9This is not an easy exercise.
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Exercise 10.8. Prove that any graph G with constant expansion has diameter
O(log n).
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Chapter 11

Tree Metrics

11.1 Introduction

Many flow and cut problems are ultimately about paths, whether packing paths in
flow, cutting paths in cuts, evaluating shortest paths in fractional cuts, etc. Obviously
there are many paths between any two points in a graph and this makes all these
problems nontrivial. An extremely simple setting, then, would be a graph where
there is a unique path between any two vertices: by definition, a tree. Many graphs
problems become trivial in a tree. Here we will study a bold approach to graph
algorithms based on this idea: process the input graph G to produce a tree T that
preserves its salient properties, solve the problem on T , and lift the solution back
to G. Of course a tree T cannot preserve all of G, so we will only preserve specific
properties and only approximately at that, in such a way that is appropriate to the
problem at hand.

In this discussion, we will focus on preserving the shortest path metric of a graph.
Let G be an undirected graph, and let dG denote the shortest path metric in G. Let T
be a spanning tree of T (with the same edge weights), and let dT denote the shortest
path metric in T . (Of course, the shortest path in T is also the only path.) Ideally,
we want dT (u, v) to resemble dG(u, v) as much as possible for each edge e = {u, v}.
In general, we have

dG(u, v) ≤ dT (u, v) for all u, v ∈ V

simply because T is a subgraph of G. For an edge e = {u, v}, we say that the stretch
of e is defined as the ratio

(stretch e) def= dT (u, v)
dG(u, v) .

We say that dT has uniform stretch (at most) α, for α ≥ 1, if every edge has stretch
at most α.
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A natural goal is to obtain a spanning tree with small uniform stretch. However
the n-vertex cycle Cn presents a lower bound of n− 1. Indeed, any spanning tree T
of Cn is obtained by dropping one edge e; this edge e is stretched around the cycle, so
to speak, and has stretch n− 1.

The n-vertex cycle Cn indicates that we cannot, in the worst-case, find spanning
trees with uniform stretch better than n− 1. (We leave it as exercise 11.1 to obtain a
matching upper bound.) The rest of this chapter discusses two different approaches
that obtain better bounds for relaxations of this problem. (In the lecture, we only
discuss the second, randomized one in detail.)
Low-stretch spanning trees. Alon, Karp, Peleg, and West [AKPW95] showed
how to compute a spanning tree T where the average stretch among all edges is no(1),
in the sense that

1
|E|

∑
e∈E

(stretch e) ≤ no(1)

Dominating tree metrics. Bartal [Bar96; Bar98] ignored the requirement that T
is a spanning tree of G; more generally he sought auxiliary trees T where the vertex
of G correspond to the leaves of G, while retaining the property T that dT ≥ dG. He
produced randomized trees where for each edge the average stretch was polylog(n):

E
T

[(stretch e)] ≤ O(polylog(n)) for all e ∈ E.

Note that this a different sense of “average stretch” then above. We will present
an algorithm of [FRT04] building on [Bar98] to obtain (per-edge) average stretch of
O(log n).

11.2 Low-Stretch Spanning Trees

We first present the low-stretch spanning trees of [AKPW95]. Here we recall that we
want to compute a spanning tree with low stretch on average over all the edges.

Suppose our goal was to obtain average stretch (roughly) D for a parameter D > 0.
Let us partition the graph in vertex-disjoint subgraphs each with radius at most D/2
from some center vertex, and compute a shortest path tree from each center. Then
every edge within a neighborhood has stretch at most D; it remains to address the
edges that are cut by the partition. We can try to address these edges recursively
by contracting every subgraph/subtree into a single vertex, leaving a multigraph G′

consisting of the cut edges, and recursing on this graph. This produces a tree T ′ on
the contracted multigraph G′; expanding out the vertices of T ′ by the underlying
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[AKPW95] algorithm for mo(1)-average stretch spanning trees:

1. Compute a low diameter decomposition: repeatedly, until no vertices remain:
A. Select a remaining vertex v and compute a shortest path tree of v in the

remaining graph.
B. Remove the set Cv all vertices (remaining) in V within some distance

R′ ≤ R such that

|δ(Cv)| ≤ O(log(m))(1 + |E[Cv]|)

where E[Cv] denotes the set of all (remaining) edges incident to some
vertex in v.

2. Recurse: Let G′ be the multi-graph obtained from the input graph by
contracting each Cv to a single vertex. Recurse on G′ to obtain a spanning
tree T ′, and return the tree T obtained by replacing each Cv with the
corresponding shortest path tree.

shortest path trees gives a spanning tree T . Recursively, we might expect that every
edge cut edge e has stretch O(R) in T ′, but this expands out to stretch O(R2) with
respect to T because passing through a vertex in T ′ actually corresponds to traversing
a path of length O(R) in the underlying tree.

So we have a problem where each step of the recursion induces an additional factor
of R. Now, recall that we want to preserve average stretch. Let f(m) be the stretch
obtained by the recursive approach. We have

f(m) ≤ D(# internal edges) + (D + 1)f(# external edges).

Studying this recursion, we can see that if the number of external edges was extremely
small, then we might hope that it can offset the extra factor of D. How can we
minimize the number of exteneral, or cut, edges? Region growing! Low diameter
decompositions!

If we partition the graph by region growing techniques, we can ensure that

(# external edges) ≤ O(log m)
R

m.

This revises the recursive bound as

f(m) ≤ Dm + (D + 1)f(c log(m)m/D)
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for a constant c > 0. For D = e
√

log(m)/ log log m the recursion is bounded by f(m) =

e
O

(√
log m log log m

)
. (The calculations are given below.)

Theorem 11.1. The AKPW algorithm returns a spanning tree with average stretch

e
O

(√
log m log log m

)
.

Solving the recurrence. We have

f(m) ≤ Dm + (D + 1)f(c0 log(m)m/D)

where ϵ = c0 log(m)/D for a constant c0. The height of the recursion is

h = O
(
logD/c0 log(m) m

)
= O(log(m)/ log(D/c0 log(m))) = O

(
log(m)
log(D)

)

assuming D = Ω(log m). Unrolling the recursion gives

f(m) ≤ O(Dm)
h∑

i=0
((1 + 1/D)c0 log(m))i ≤ DmeO(h log log m).

To minimize the RHS, we can instead minimize the logarithm of the RHS, log(m) +
log(D) + O(h log log m). Choosing D to make the last two terms (roughly) equal, we
have

log(D) = log(m) log log(m)
log(D) ,

hence

log(D) =
√

log(m) log log(m).

Then D = e
√

log(m) log log(m) gives

f(m) ≤ me
O

(√
log(m) log log(m)

)
,

as desired.
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11.3 Hierarchical Tree Metrics

The [AKPW95] algorithm was able to obtain low stretch in total. This means that a
few unlucky edges might have extremely high stretch. In this section we want every
edge to have low stretch, in some sense. Unfortunately we already know that it is
impossible to guarantee o(n) stretch for every edge simultaneously. But a different
possibility open up when we allow for randomization. Perhaps we can output a
randomized tree T , such that for each edge e, the expected stretch of e is o(n). Such
a claim does not contradict the lower bound for the n-vertex cycle; in fact, one can
get constant expected stretch for the cycle which we leave as exercise 11.2.

To build some intuition, let us start from the [AKPW95] algorithm for inspiration
(even though ultimately we will not produce a spanning tree). A high level goal is to
inject randomization so that every edge has a decent chance at having low stretch.
To this end there are at least two natural ways to introduce randomization into
[AKPW95].

1. We can make the radii of the clusters randomized, instead of a deterministic
function of the total number of edges cut.

2. Second, the order of vertices that center the clusters can be randomized, which
would seem most equitable.

Both of these ideas will be reflected at a high level in the following algorithm which
we now present.

The algorithm we present will produced a randomized hierarchical tree metric over
V . This means that the tree T will be rooted, with V at the leaves, and the edges
between height i and height i−1 have length αi for a fixed constant α. Here we choose
α = 4 to simplify calculations, though we note that α = 2 is more common, and the
analysis can be adjusted to accommodate any fixed constant. The convenience of
a hierarchical tree T is that the tree distance dT (u, v) is entirely determined by the
height of their least common ancestor, and within a constant factor of the biggest
edges at the top of the corresponding subtree. This additional structure turns out to
be useful for several other problems.

We now present [FRT04]’s randomized algorithm. We assume the input is an
edge-weighted graph where the minimum edge length is normalized to 1. We let
D = maxu,v d(u, v) denote the diameter of the graph. Below we describe the algorithm
in detail and first we give a high level description. For every radius of the form α4i,
we are randomly scooping out balls of size α4i, where α ∈ [1, 2] is drawn uniformly
at random, and the vertices at the center of the balls are in random order. A key
and subtle point is that we use the same (random) α and ordering for every i. the
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intersections of these balls (across i’s) induce a laminar family of sets over V which
are arranged as a tree.

[FRT04]’s algorithm producing a randomized hierarchical tree
metric.

1. Let v1, . . . , vn be a uniformly random ordering of V . Let L = ⌈log4 D⌉.
Let α ∈ [1, 2] be drawn uniformly at random.

2. For i from L down to 0,
(a) For each vertex vj in order,

i. Let Ci,j be the set of vertices at distance at most α4i−1 from
vj, excluding any vertex already included by the cluster of a
previous Ci,j.

3. We use the Ci,j’s to arrange the vertices as leaves in a tree T hier-
archically as follows. For each intermediate node x at height i, the
leaves in the subtree rooted at x corresponds to a set of vertices with
diameter at most 4i. The root at height L + 1 corresponds to V .
The nodes at height L correspond to the clusters CL,j. In general,
for a node x at height i corresponding to a set S ⊆ V , its children
correspond to the (nonempty) intersections of S with clusters Cℓ,j.
(Here a cluster center vj may not be in S.) Observe the leaves (at
height 0) each correspond to a single vertex V because C0,j = {vj}
for all j. Each edge descending from height i is given weight 4i.

So much for the algorithm. Here, then, is the key claim.

Theorem 11.2. [FRT04]’s algorithm produces a randomized hierarchical tree T such
that for each edge e, E[(stretch e)] ≤ O(log n).

To prove the theorem, fix an edge e = {u, v}. Recall that dT (u, v) is decided,
up to a constant factor, by the height k where u and v are first separated. (Then
d(u, v) = O

(
4k
)
.) When this occurs, u and v are separated in particular by a cluster

of radius α4k centered at some vertex w; in this event, we say that w “contributes”
4k to d(u, v) (which upper bounds the diameter of the remaining vertices). By this
terminology, we have

dT (u, v) ≤
∑
w

O(1)(contrib. of w to dT (u, v)). (11.1)

188



11. Tree Metrics
11.3. Hierarchical Tree Metrics

Kent Quanrud
Fall 2022

Now, fix a vertex w. Suppose that w was the ℓth closest vertex to u or v (i.e., with
respect to min{d(w, u), d(w, v)}). The key lemma, which we analyze below, is that

E[contrib. from w to dT (u, v)] ≤ O(1/ℓ)d(u, v).

Taking expectations of eq. (11.1) and applying the bound above to each w gives
O(log n) stretch, as desired.

It remains to prove the key lemma, as follows.

Lemma 11.3. Let w be the ℓth closest vertex to u or v. Then

E[contrib. from w to dT (u, v)] ≤ 4d(u, v)/ℓ.

Proof. We assume without loss of generality that w is closer to u than v (i.e., d(u, w) ≤
d(v, w)). We first observe that w contibutes to dT (u, v) only if the following two
events both occur.

E1: d(w, u) ≤ α4k ≤ d(w, v) for some k.

E2: w is ordered before any of the ℓ− 1 vertices that are closer to u or v.

Indeed, the necessity of the first condition is clear. The second is necessary because if
any closer vertex would otherwise cluster either u or v (or both) before w.

We also observe that the above conditions are independent, since the first event
depends (only) on α and the second event depends on the random ordering, which
are independent. It is also clear that the second event E2 occurs with probability 1/ℓ.
It remains to analyze E1. We have two cases.
Case 1: d(u, v) ≥ 4d(w, u). Then for any k satisfying the inequality in E1, this
inequality and the triangle inequality imply that

4k+1 ≤ 2d(w, v) ≤ 2(d(w, u) + d(u, v)) ≤ (5/2)d(u, v).

Thus the contribution from w is at most O(d(u, v)). It follows that

E[contrib. from w to dT (u, v)] ≤ 2.5d(u, v) P[E2] = 2.5d(u, v)/ℓ,

as desired.
Case 2: d(u, v) ≤ d(w, u). We first note that there may not be any k in item E1
satisfying inequality E1; if not, then the claim is immediate. Henceforth we assume

189



11. Tree Metrics
11.4. Additional notes and materials

Kent Quanrud
Fall 2022

such a k exists. We claim that the choice of k is unique. Indeed, suppose there exists
some choice of k and α ∈ [1, 2] such that the inequality in E1 holds. We have

d(w, u)
(a)
≥ d(w, v)− d(u, v) (b)

> 4k − 4k/2 > 2 · 4k−1

which rules out smaller values of k. Here (a) is by the the triangle inequality and (b)
is by assumption on α. To rule out larger values of k, we have

d(w, v) ≤ d(w, u) + d(u, v) < 4k+1

by similar reasoning.
Thus the choice of k in E1 is unique; fix k as such. Now we have

P[E1] ≤
|[d(w, u), d(w, v)]|
|[4k, 2 · 4k]|

(c)
≤ d(u, v)

4k

by (c) the triangle inequality. Thus

E[contrib. from w ...] ≤ 4k+1 P[E1] P[E2] ≤ 4d(u, v)/ℓ,

as desired.

11.4 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

11.5 Exercises

Exercise 11.1. Design and analyze an algorithm that computes a spanning tree with
uniform stretch n− 1 (matching the lower bound induced by the cycle).

Exercise 11.2. For the n-vertex cycle Cn, describe a randomized tree metric where
each edge has expected stretch O(1).

Exercise 11.3. Recall that the low-stretch spanning tree of [AKPW95] obtained
average stretch no(1). We consider extensions to the weighted average. Let w(e) ∈ R>0
be a positive weight for every edge, and let W = ∑

e∈E w(e) be the total weight. We
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assume for simplicity that the weights are between 1 and poly(n). We still treat the
edges as unit length edges. Design and analyze and algorithm to compute a spanning
tree T such that

1
W

∑
e∈E

w(e)(stretch e) ≤ no(1).

Exercise 11.4. Show how to use the randomized tree metric to randomly round the
sparsest cut LP and obtain O(log n)-approximation for sparsest cut.1

Exercise 11.5. Prove that the O(log n) bound is tight for tree metrics (up to
constants).

1Try to prove tree metrics are also L1-metrics.
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Sampling geometric range spaces

12.1 Introduction

Many problems in computational geometry take place in the context of a range space.
A range space (P, R) consists of a collection of points P and a family of ranges R,
which are subsets of points. (P and R need not be distinct or finite.) For example, P
may be a collection of n points in R2, and R may be the family of all closed discs in
R2. Typical queries, for a given r ∈ R, include:

1. Is r empty?

2. How many points does r contain?

3. Does r contain at least an ϵ-fraction of P , for given ϵ?

Extensions of this model include weighted points and ranges, or a distribution over
points instead of a finite set. We focus on the unweighted and discrete setting for
simplicity.

For a fixed range space (P, R) with P finite, we define the measure µ(r) of a range
r ∈ R as the fraction of all the points it contains:

µ(r) = |r ∩ P |
|P |

.

One can interpret µ(r) as the probability that a random point from P likes in r.
This chapter is about small random samples from P that still approximately

preserving the measure of every range r ∈ R, for a broad and geometrically natural
class of “low complexity” range spaces (to be defined later). To formalize this, for a
set of points Q, let µQ denote the measure with respect to Q:

µQ(r) = |r ∩Q|
|Q|

.
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We say that Q is an ϵ-sample for (P, R) if it approximates the measure up to an
ϵ-additive error; that is,

|µ(r)− µQ(r)| ≤ ϵ for all r ∈ R.

Q is an ϵ-net if it hits all ranges with measure at least ϵ:

µQ(r) > 0 for all r ∈ R with µ(r) > ϵ.

Note that an ϵ-sample is stronger than an ϵ-net. ϵ-nets are useful in situations where
you want to identify “heavy-hitter” range spaces.

Computing a small ϵ-sample is impossible with no restriction on R. For example,
suppose R = 2P is the family of all subsets of P . Then for any proper subset Q ⊆ P
with |Q| < (1− ϵ)|P |, Q cannot be an ϵ-sample because in particular it will fail for
the range r = P \ Q. For the same reason, any ϵ-net Q of P must have at least
(1− ϵ)|P | points.

For a subset of points Q ⊆ P , let

R ∧Q = {r ∩Q : r ∈ r}

denote the family of subsets of Q induced by R. For many natural range spaces,
especially in low-dimensional geometry, R ∧Q is a very small subset of 2Q. Above we
mentioned the setting of disks in the plane. The intersection of a disk with the point
set Q gives a subset of Q, but in general, disks cannot induce all possible subsets of
a set of points. In fact, consider 4 points arranged in a square. It is impossible to
take a disk and overlay it so that it only covers two opposite corners of the square.
Thus disks are inherently of limited complexity, and we hope to leverage this when
sampling.

One way to model this complexity is via the growth function. The growth function
g : N→ N models the maximum cardinality of R ∧Q as a function of |Q|. For k ∈ N,
g(k) is defined by

g(k) def= max{|R ∧Q| : Q ⊆ P, |Q| ≤ k}.

(P, R) is said to have polynomial growth of degree d if

g(k) ≤ O
(
kd
)
.

For example, disks in the plane have polynomial growth of degree 3 (as we prove in
section 12.3). The family of closed halfspaces in Rd have polynomial growth of degree
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d + 1. There are several ways to establish whether a range space has polynomial
growth, via parameters such as the VC-dimension (section 12.3) and the shattering
dimension (see [Har18b]).

Now, let (P, R) be a range space with growth function g(n). Let ϵ, δ ∈ (0, 1), and
let Q ⊂ P be a random sample of P . We want to understand how big Q should be so
that it is either an ϵ-sample or an ϵ-net with probability at least 1− δ.

A straightforward approach to this question is to apply the following additive
Chernoff bound.

Theorem 12.1. Let X1, . . . , Xn ∈ [0, 1] be independent, µ = E[X1 + · · ·+ Xn]/n and
ϵ > 0. Then

P
[

1
n
(X1 + · · ·+ Xn) ≥ µ + ϵ

]
P
[

1
n
(X1 + · · ·+ Xn) ≤ µ− ϵ

]
 ≤ e−2ϵ2n.

The proof, which is similar to that of the multiplicative Chernoff bound, is deferred
to section 12.A.

Suppose we want an ϵ-sample for the range space (R, P ) with growth function
g(n). Let Q ⊂ P be a random sample (with repetition) of k points and let µQ be the
corresponding measure. Fix a range r and consider µQ(r). We have E[µQ(r)] = µ(r).
Write

µQ(r) = 1
k

(X1 + · · ·+ Xk)

where Xi = 1 if the ith sampled point lies in r, and 0 otherwise. Thus

P[|µQ(r)− µ(r)| ≥ ϵ] = P
[∣∣∣∣1k (X1 + · · ·+ Xk)− µ(r)

∣∣∣∣ ≥ ϵ
]
≤ 2e−ϵ2k.

Now, there are effectively at most |R ∧ P | ≤ g(|P |) distinct ranges we want to preserve.
For a given parameter δ ∈ (0, 1), and k = log(g(|P |)/2δ)/ϵ2 we have

P[Q is not an ϵ-sample]
(a)
≤

∑
r∈R∧P

P[|µQ(r)− µ(r)| ≥ ϵ] ≤ |R ∧ P | · δ

g(|P |) ≤ δ

by (a) the union bound. That is, log(g(|P |)/2δ)/ϵ2 points suffice to give an ϵ-sample
with probability at least 1− δ. For example, for disks in the plane, we need to sample
O(log(|P |)/2ϵ2) points to obtain an ϵ-sample with constant probability.

Meanwhile, for ϵ-nets, one can show a random sample of size O(log(g(|P |))/ϵ)
is an ϵ-net with constant probability in a relatively straightforward fashion. (See
exercise 12.1.)
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It turns out that one can do much better than these initial bounds, and surprisingly,
remove the dependence on |P | entirely. These stronger sampling bounds, called the
ϵ-sample theorem and ϵ-net, are the main topic of this chapter. For ϵ-samples we have
the following [VC71].
Theorem 12.2. Let (P, R) be a range space with growth function g(n), and let
ϵ, δ ∈ (0, 1) be given. Let ℓ ∈ N such that

ℓ ≥ C log(g(2ℓ)/δ)/ϵ2

for a universal constant C. Then a random sample of ℓ points with repetition from P
is an ϵ-sample with probability at least 1− δ.

We prove theorem 12.2 in section 12.2. Note that |Q| is independent of |P |. For
ϵ-nets an even smaller sample suffices [HW87]:
Theorem 12.3. Let (P, R) be a range space with growth function g(n), and let
ϵ, δ ∈ (0, 1) be given. Let ℓ ∈ N such that

ℓ ≥ C log(g(2ℓ)/δ)/ϵ

for a universal constant C. Then a random sample of ℓ points with repetition from P
is an ϵ-sample with probability at least 1− δ.

The proof of theorem 12.3 is similar to the proof of theorem 12.2, and left to the
reader in exercise 12.2.

We mention that the theorems above can be formulated in a continuous setting,
where instead of a finite point set P , we have a distribution D of points. Here the
measure µ(r) of a range r is the probability of a point drawn from D lying in r. The
proofs of the ϵ-sample and ϵ-net theorems presented here extend immediately to these
settings. We focus on the discrete setting as it captures the essential ideas while being
simpler to discuss.

12.2 Proof of the ϵ-sample theorem

In the section we prove the ϵ-sample theorem. We first restate the theorem for the
reader’s convenience.
Theorem 12.2. Let (P, R) be a range space with growth function g(n), and let
ϵ, δ ∈ (0, 1) be given. Let ℓ ∈ N such that

ℓ ≥ C log(g(2ℓ)/δ)/ϵ2

for a universal constant C. Then a random sample of ℓ points with repetition from P
is an ϵ-sample with probability at least 1− δ.
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Proof. Let A be the event that Q1 is incorrect for some r ∈ R.

A
def= the event that |µ1(r)− µ(r)| > ϵ for some r.

We want to show that P[A] < δ.
Let Q2 be a second, independent random sample of the same size. Define B by

B
def= the event that |µ2(r)− µ1(r)| > ϵ/2 for some r ∈ R.

Define C as the event where the conditions of events A and B hold simultaneously
for the same r ∈ R. That is, let C be the event that |µ1(r)− µ(r)| > ϵ and
|µ1(r)− µ2(r)| > ϵ/2 for some r ∈ R.

We claim that P[A] ≤ 2 P[B]. To this end, we first write

P[B] ≥ P[C] = P[A, C] = P[C |A] P[A]. (12.1)

Now, in event A, a range r is incorrectly measured by Q1 by more than ϵ. That
particular range r is correctly measured by Q2 to within ϵ/2 with probability at least
1/2 by the additive Chernoff inequality. In this case we have

|µ1(r)− µ2(r)| ≥ |µ(r)− µ1(r)| − |µ(r)− µ2(r)| > ϵ− ϵ/2 = ϵ/2,

hence event C. Thus P[C |A] ≥ 1/2, which gives P[B] ≥ P[A]/2 when plugged into
(12.1).

Thus an upper bound on P[B] gives an upper bound on P[A] up to a factor of 2.
To upper bound P[B], suppose we generate Q1 and Q2 alternatively as follows.

1. Sample 2k points Q0 from P .
2. Randomly partition Q0 in half. Let Q1 be one half and let Q2 be the

other.

Since

P[B] =
∑
Q0

P[Q0] P[B |Q0] ≤ max
Q0

P[B |Q0],

it suffices to upper bound the probability of B conditional on Q0.
Fix Q0. Observe that the restricted range space (Q0, R) has at most m

def= g(2ℓ)
distinct ranges over Q0 (!).

Let µ0 be the measure with respect to Q0. For each r, we have

P[|µ1(r)− µ0(r)| ≥ ϵ/4] ≤ δ

4m
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as well as

P[|µ2(r)− µ0(r)| ≥ ϵ/4] ≤ δ

4m

by the additive Chernoff inequality. By taking the union bound over all m distinct
ranges over Q0 we have |µ1(r)− µ0(r)| ≤ ϵ/4 and |µ2(r)− µ0(r)| ≤ ϵ/4 for all r ∈ R
with combined probability of error at most δ/2. In this case we have

|µ1(r)− µ2(r)| ≤ |µ1(r)− µ0(r)|+ |µ2(r)− µ0(r)| = ϵ/2

for all r ∈ R; i.e., event B does not occur. Thus P[B] ≤ δ/2, completing the proof.

12.3 VC dimension

We have shown that very few points are needed for ϵ-samples and ϵ-nets when the
range system (P, R) has small (e.g., polynomial) growth g(n). But how do we bound
the growth function to begin with? One way to do this is via a property called the
VC dimension of (P, R), and this is the topic of this section.

For Q ⊂ P , we say that R shatters Q if the family of projections R ∧Q induces
all 2|Q| subsets of Q.

The VC dimension of (P, R) is the maximum cardinality |Q| of any shattered
subset Q ⊂ P .
Intervals. Let P be the real line R, and R the family of intervals on R. Any two
points can be shattered by intervals, but given any three points a < b < c, it is
impossible to induce the set {a, b} with an interval.
Disks Let P be the plane R2, and let R be the family of closed disks. Any three
points can be shattered by disks. Consider a set Q of four points. We have two cases.

In one case, one of the four points is contained in the convex hull of the others.
Then it is impossible to find a disk that covers the three outer points without including
the point in their convex hull, since disks are convex. (In general, any set of points
that are not in convex position cannot be shattered by range spaces of convex shapes.)

Now suppose all four points are in convex position. Call these points {a, b, c, d}
in order along the convex hull. If we had two disks D1 and D2 that induced the
“opposite” pairs {a, c} and {b, d}, respectively, then the boundaries of D1 and D2
would intersect at four points. But two circles can only intersect at two points.
Halfspaces. Let P = Rd, and let R be the set of closed halfspaces:

R =
{{

x ∈ Rd : ⟨a, x⟩ ≤ b
}

: a ∈ Rd, b ∈ R
}
.

Here we have the following fact.
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Theorem 12.4 (Radon’s theorem). Let Q be a set of d + 2 points in Rd. Then one
can partition Q into two sets S1 ∪ S2, such that conv(S1) ∩ conv(S2) ̸= ∅.

Radon’s theorem implies that the VC-dimension is at most d + 1. Indeed. if Q
had d + 2 points, then partition Q = S1 ∪ S2 as in Radon’s theorem. If a halfspace H
contains S1, then it also contains a point in the convex hull of S2. But then it H must
also contain at least one point from S2. Thus it is impossible to have H ∩Q = S1. To
show that VC-dimension is exactly d + 1, one verifies that the regular simplex in Rd

with d + 1 vertices can be shattered by half spaces.

12.3.1 Sauer’s lemma

Theorem 12.5. Let (P, R) be a range space of VC-dimension dvc. Then (P, R) has
growth function

g(n) ≤
dvc∑
i=0

(
n

i

)
≤ ndvc .

Proof. Define f(dvc, n) = ∑dvc
i=0

(
n
i

)
. Clearly g(n) ≤ f(dvc, n) when n = 0 or dvc = 0.

Let Q ⊂ P have n points and let p ∈ Q. Without loss of generality we may assume
that each range is a subset of Q, that is,

r ⊆ Q for all r ∈ R.

(Otherwise replace R with R ∧Q.) Define two subsets of ranges by:

Rp
def= {r − p : r ∈ R, r + p ∈ R, r − p ∈ R}

Rp def= {r − p : r ∈ R}.

Here we adopt the shorthand r + p
def= r ∪ {p} and r − p = r \ {p}. We claim that

|R| = |Rp|+ |Rp|. To see this, observe that for a range r ∈ R, we have one of three
cases:

1. p /∈ r and r ∪ {p} /∈ R, in which case r is in Rp.

2. p /∈ r and r ∪ {p} ∈ R, in which case r ∈ Rp and r ∈ Rp.

3. p ∈ r and r \ {p} ∈ R, in which case r /∈ Rp and r ∈ Rp.
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Note that for each range r of the second type, which is double-counted, the range
r ∪ {p} appears in the third type which is omitted. (And vice versa.) This proves the
claim.

The range space (Q− p, Rp) has VC-dimension at most dvc − 1, since if S ⊂ P
can be shattered by Rp, then S ∪ {p} can be shattered by R. Meanwhile, the range
space (Q− p, Rp) has VC-dimension at most dvc. By induction, we have

|R| = |Rp|+ |Rp| ≤ f(dvc − 1, n− 1) + f(dvc, n− 1).

Moreover,

f(dvc − 1, n− 1) + f(dvc, n− 1) =
dvc−1∑

i=0

(
n− 1

i

)
+

dvc∑
i=0

(
n− 1

i

)

≤
dvc∑
i=0

(
n− 1
i− 1

)
+

dvc∑
i=0

(
n− 1

i

)
(a)
≤

dvc∑
i=0

(
n

i

)
= f(dvc, n),

as desired. To see (a), observe that the RHS counts the number of subsets of size i
from a universe of n points. The LHS counts the same collection by counting the
number of such sets that contains a given point in the first sum, and counting the
number of such sets that omits a given point in the second sum.

12.4 Additional notes and materials

See [Har11; Har18b] for additional background on geometric sampling and complexity,
including another notion of geometric complexity called the shattering dimension
which is omitted here. [Har11; Har18b] also describes an interesting connection
between geometric sampling and discrepancy.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

12.5 Exercises

Exercise 12.1. Provide directly (and without leveraging the techniques from sec-
tion 12.2) that sampling O(log(g(|P |))/1ϵ2) points gives an ϵ-net with constant prob-
ability.
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Exercise 12.2. This exercise asks you to prove the ϵ-net theorem, theorem 12.3. One
can prove it similarly to the ϵ-sample theorem, theorem 12.2. Below we define the
events A and B for you to get you started, and ask you to complete the proof (in full
detail).

Let Q1 and Q2 be two random samples of points (of appropriate size, TBD
by you) inducing measures µ1 and µ2, respectively. Define the events A
and B by:

A
def= the event that Q1 ∩ r = ∅ and µ(r) ≥ ϵ for some r ∈ R.

B
def= the event that Q1 ∩ r = ∅ and µ2(r) > ϵ/2 for some r ∈ R.

12.A Proof of the additive Chernoff bound

In this section we prove the additive Chernoff bound. First we required the following
upper bound on the moment generating function of a bounded random variable with
mean 0.

Lemma 12.6. Let X ∈ [−1, 1] be a bounded random variable with mean E[X] = 0.
Then for all t ∈ R,

E
[
etX

]
≤ et2/2.

Proof. Observe that for all x ∈ [−1, 1], we have

x = 1 + x

2 − 1− x

2 ,

hence by convexity of f(x) = etx, we have

etx ≤
(1− x

2

)
e−t +

(1 + x

2

)
et.

Consequently

E
[
etX

]
≤ E

[(1−X

2

)
e−t +

(1 + X

2

)
et
]

= et + e−t

2 .
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Moreover, by the Taylor expansion of ex, we have

1
2
(
et + e−t

)
= 1

2

((
1 + t + t2

2 + t3

3! + · · ·
)

+
(

1− 1 + t2

2 −
t3

3! + · · ·
))

= 1 + t2

2! + t4

4! + t6

6! + · · ·

≤ 1 + t2

2 + (t2/2)2

2! + (t2/2)3

3! + · · ·

= et2/2,

as desired.

We now prove the additive Chernoff bound, which we first restate for the reader’s
convenience.

Theorem 12.1. Let X1, . . . , Xn ∈ [0, 1] be independent, µ = E[X1 + · · ·+ Xn]/n and
ϵ > 0. Then

P
[

1
n
(X1 + · · ·+ Xn) ≥ µ + ϵ

]
P
[

1
n
(X1 + · · ·+ Xn) ≤ µ− ϵ

]
 ≤ e−2ϵ2n.

Proof. We only prove the first bound; the second bound follows from the first by
considering the variables Yi = 1 − Xi. We also prove the inequality for a weaker
constant of 1/2 in the exponent instead of 2. Obtaining the factor of 2 requires more
calculations and we refer the reader to [Har18a] for this proof.

The high-level proof idea is similar to the multiplicative proof idea – we exponentiate
and apply Markov’s inequality, and leverage independence to reduce the analysis to
analyzing the moment generating function of each Xi separately.

For each Xi, let µi = E[Xi]. Thus nµ = µ1 + · · ·+µn. Let t ∈ (0, 1) be a parameter
TBD. We have

P
[ 1
n

(X1 + · · ·+ Xn) ≥ µ + ϵ
]

= P[X1 + · · ·+ Xn ≥ µ1 + · · ·+ µn + ϵn]

= P
[
et(X1+···+Xn) ≥ et(µ1+···+µ2+ϵn)

]
≤ E

[
et(X1+···+Xn−µ1−···−µn−ϵn)

]
(a)= e−ϵtn

n∏
i=1

E
[
et(Xi−µi)

]
.
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(a) is by the independence of the Xi’s. For each i, Xi − µi is bounded in [−1, 1] and
has mean 0. By lemma 12.6, we have

E
[
et(Xi−µi)

]
≤ et2/2.

Plugging back in, we have

P[· · ·] ≤ ent2/2−ϵtn.

The RHS is minimized by setting t = ϵ, hence

P[· · ·] ≤ eϵ2n/2.
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Chapter 13

PAC learning

In this chapter we discuss foundations of learning theory particularly as it relates to
randomized analysis. We start from the consistent learning model, which is appealingly
simple but does not capture generalization error. This leads to the probabilistic
approximately correct (PAC) learning model, which crucial incorporates randomization
to correct this deficiency. From there we explore the notion of generalization error and
study its correspondence to concentration inequalities that we have already studied.

13.1 The consistency model

In this chapter we are interested classification algorithms that assign labels to unlabeled
data, generally based on previous experience analyzing a limited set of labeled training
data. Instead of the design and analysis of such algorithms, we focus on developing
models that allow us to more sensibly declare if such an algorithm is really “learning”
or not.

Our first model of learning is called the consistency model. Let X denote the space
of all possible examples, also called the domain. We consider binary classification
problems where each x ∈ X is labeled 0 or 1. A mapping c : X → {0, 1} from
examples to labels is called a concept. We assume that X is labeled by an unknown
concept c from a known collection of concepts C ⊆ 2X , also called a concept class.

The high-level goal is to identify the underlying true concept c given access to a
limited set of data. More precisely, the input concepts of a set of labeled examples

(x1, y1), . . . , (xm, ym)

where xi ∈ X and yi = c(xi) ∈ {0, 1}. A concept c′ is consistent if c′(xi) = yi for all i.
A learning algorithm in the consistency model is one that, given the labeled examples
above, either

(a) outputs a concept c′ ∈ C consistent with the examples, or
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(b) decides that no such concept exists.
The concept class C is learnable in the consistency model if there is a learning algorithm
in the consistency model for it.

Of course we are only interested in efficient learning algorithms. The concept class
C is typically extremely large or even infinite, so directly inspecting all concepts in C
is too slow.

It is obviously desirable to be able to identify a concept c′ ∈ C that agrees with all
the labeled input data. However, the consistency model does not ask c′ to agree the
true concept c beyond the labeled data. This can lead to some undesirable behavior,
such as overfitting, as in the following examples.
Example: disjunctions. Recall that a boolean formula f(x1, . . . , xn) is a disjunc-
tion if it is the disjunction (∨) of xi’s and x̄i’s. Let X = {0, 1}n, and let C be the
class of disjunctions over n-variables. That is, each c ∈ C corresponds to a disjunction
fc(x1, . . . , xn) = xi1 ∨ x̄i2 ∨ · · · ∨ x̄ik

, where c(x) = 1 iff fc(x) = true.
Given a set of labeled points {(xi, yi)} in Rd, we can define a disjunction

f(x1, . . . , xn) = xj1 ∨ · · · ∨ xjk
where we include:

(a) Variable xj iff xi,j = 0 for all samples xi with yi = 0.

(b) Negated variable x̄j iff xi,j = 1 for all samples xi with yi = 1.
Observe that f will correctly label all of the data in the sample, and the algorithm
to construct f is efficient. Thus this concept class is efficiently learnable in the
consistency model.

In general, if f ⋆(x1, . . . , xn) is the disjunction defining the true concept c⋆, then
the function f we construct is a “superset” of f ⋆ in terms of the symbols xi and x̄i

it contains. Therefore if f is much larger than f ⋆, then it will overfit the training
sample and generally label many more x’s as true than f ⋆.
Example: rectangles. Let X = [0, 1]2, and let C be the set of concepts defined by
rectangles in [0, 1]2. That is, each c ∈ C is associated with a rectangle Rc = [a, b]×[c, d],
and c(x) = 1 iff x ∈ Rc.

Given a set of labeled points {(xi, yi)}, it is easy to identify the smallest rectangle
R1 containing all (and only) the xi’s labeled yi = 1. Likewise one can identify the
largest rectangle R2 containing the same xi’s. So by outputting either R1 or R2 (or
anything in between), (X, C) is efficiently learnable in the consistency model.

All we know about the true concept is that it is induced by a rectangle R⋆ such
that R1 ⊆ R⋆ ⊆ R2. If the difference between R1 and R2 is very big (particular when
the data is limited and/or not uniformly spread), then neither R1 nor R2 may be a
very good classifier on real data.
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13.2 The PAC learning model

The problem with the consistency model is that it does not incorporate generalization
beyond the given training examples. This weakness is address in our next model,
called the probably approximately correct (PAC) learning model and introduced in
[Val84a; Val84b].

The PAC learning model is an extension of the consistent learning model. We
retain the same setup where X denotes the space of examples, {0, 1} the set of labels,
and C the concept class. The new ingredients are as follows. First, we assume that
the training examples are independently and identically distributed from a fixed (but
unknown) distribution D. Second, we define a second family of labeling functions,
H ⊆ 2X , called the hypothesis class. (Possibly H = C.) Our algorithms output a
hypothesis h ∈ H that, ideally, agrees as much as possible with the unknown concept
c. The classification error of a hypothesis h is measured by

err(h) def= P
x∼D

[h(x) ̸= c(x)].

We now define a PAC learning algorithm for (C,D). Let ϵ, δ ∈ (0, 1) be fixed
parameters. A PAC learning algorithm takes as input m = poly(1/ϵ, 1/δ) (labeled)
samples drawn from D, and produces a hypothesis h. The output hypothesis h is
randomized since it reflects a randomized training set; besides, the algorithm itself is
allowed to use additional randomization. To meet the criteria of PAC learning, the
hypothesis h must have classification error at most ϵ with probability 1 − δ. This
requirement can be stated compactly as:

P
h

[err(h) ≤ ϵ] = P
h

[
P

x∼D
[h(x) ̸= c(x)] ≤ ϵ

]
≥ 1− δ. (13.1)

(13.1) is a mathematical expression of generalization. Unlike the consistency
model of learning, PAC learning does not require h to be particularly accurate on the
sample set. (13.1) is only concerned with h’s performance with respect to the entire
distribution D.
Example: rectangles. Recall the earlier example where the concepts are induced
by rectangles in [0, 1]2. There we observed that we have efficient consistent learning
algorithms by outputting either the smallest rectangle R1 or largest rectangle R2
containing all of the positively labeled examples. We also observed that the true
rectangle R⋆ lied somewhere between R1 and R2, which is a weak guarantee if R1 and
R2 differ greatly.

Suppose D drew points x ∈ [0, 1]2 uniformly from [0, 1]. As the number of samples
m grows large, we expect points that our closer and closer to each side of the boundary
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of R⋆, and R1 and R2 should converge over time. One can show that this concept is
PAC learnable by directly calculating the generalization error for either the smallest or
largest enclosing rectangle. We will prove this later (perhaps with weaker constants)
when we more generally analyze concept classes based on their VC dimension.

13.3 Generalization for finite hypothesis classes

We first analyze the generalization error for a learning algorithm in the consistent
learning model, as a function of the number of hypotheses, |H|. In particular these
bounds only hold when H is finite. In the following theorem, we need m to be
proportional to ln(|H|) to guarantee low generalization error.

Theorem 13.1. Let ϵ, δ ∈ (0, 1) and consider a training set of size m drawn from D.
If m ≥ ln(|H|/δ)/ϵ, then with probability at least 1− δ, every consistent hypothesis
h ∈ H has true error err(h) ≤ ϵ.

Proof. Call a hypothesis h ∈ H good if err(h) ≤ ϵ, and bad if err(h) > ϵ. It suffices to
show that with probability at least 1− δ, all bad hypotheses are inconsistent with the
training data.

Fix a bad hypothesis h. For each sample (xi, yi) ∼ D, we have P[h(xi) = yi] < 1−ϵ.
The probability that h agrees on all m independent samples (x1, y1), . . . , (xm, ym) is

(1− ϵ)m ≤ e−ϵm ≤ δ

|H|
.

By the union bound, the probability that some bad hypothesis h is consistent is at
most ∑

h bad
P[h consistent] ≤ |H| · δ

|H|
≤ δ,

as desired.

Uniform convergence. For a training set S = {(x1, y1), . . . , (xm, ym)} and hypoth-
esis h, let

err(h |S) = 1
m
|{i : h(xi) ̸= yi}|

denote the empirical or training error rate of h with respect to S. Most learning
algorithms try to select h ∈ H minimizing the training error err(h |S), in the hopes
that it would minimize err(h) as well. Here we run two kinds from risk when the
empirical error err(h |S) deviates from the true error err(h).
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1. A very good hypothesis h with low err(h) may have err(h |S) much larger than
err(h), dissuading the algorithm from selecting h.

2. A very bad hypothesis h with high err(h) may have err(h |S) much smaller than
err(h), tempting the algorithm from selecting h.

Thus, for minimizing err(h |S) to be a good strategy for minimizing err(h), we need
err(h |S) to be close to err(h) for all the hypotheses h. This is given by the following
guarantee.

Theorem 13.2. Let ϵ, δ ∈ (0, 1) and consider a training set S of size m. If m ≥
ln(2|H|/δ)/2ϵ2, then with probability at least 1− δ,

|err(h)− err(h |S)| ≤ ϵ

for all h ∈ H.

Proof sketch. We apply the additive Chernoff bound to each h ∈ H, and take the
union bound.

Example: disjunctions Recall the concept class C of disjunctions over X = {0, 1}n.
Let H = C, and recall that we have a consistent learning algorithm for C. We have
|H| = |C| = 3n since each disjunction f is defined by selecting, for each i ∈ [n],
whether xi, x̄i, or neither appears in f . By ??, for m = O((n + log(1/δ))/ϵ2), the
algorithm produces a hypotheses h with err(h) ≤ ϵ with probability at least 1 − δ.
That is, for fixed n, the class of disjunctions is PAC-learnable.

13.4 Occam’s razor

Occam’s razor refers the general principle that one should prefer simpler explanations.
It has been echoed by many thinkers in history; for example:
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• Aristotle: “Nature operates in the shortest way possible.”

• William of Occam: “Plurality is never to be posited without necessity.”

• Isaac Newton: “We are to admit no more causes of natural things than such
as are both true and sufficient to explain their appearances. Therefore, to the
same natural effects we must, as far as possible, assign the same causes.”

• Bertrand Russell: “Whenever possible, substitute constructions out of known
entities for inferences to unknown entities.”

• Albert Einstein: “Everything should be made as simple as possible, but not
simpler.”

• Richard Feynman: “The truth always turns out to be simpler than you thought.”

• The Big Aristotle: “If you don’t stick to simplicity, you’ll die a horrible death.”

For learning algorithms, one way to measure the complexity of a hypothesis class
H is via its descriptive bit complexity. Fix some system by which hypotheses h ∈ H
are encoded in bit strings. For a hypothesis h ∈ H, let |h| denote the number of bits
needed to describe h. The descriptive complexity of H is defined as the maximum
number of bits, |h|, need to describe any hypothesis h ∈ H. The following gives
generalization bounds in terms of the bit complexity of H.

Corollary 13.3. Let H be a family of hypotheses of descriptive complexity b. Let
ϵ, δ ∈ (0, 1) and consider a training set S of size m.

(i) If m ≥ (b ln(2) + ln(1/δ))/ϵ, then with probability at least 1− δ, all consistent
hypotheses h ∈ H have err(h) ≤ ϵ.

(ii) If m ≥ (b ln(2) + ln(2/δ))/2ϵ2, then with probability at least 1− δ, all hypotheses
h ∈ H have |err(h |S)− err(h)| ≤ ϵ.

Proof. We have |H| ≤ 2b because b bits can describe at most 2b hypothesis.

Regularization by bit complexity. Corollary 13.3 says that hypothesis classes
of low bit complexity have better generalization error. Another way to express this
theme is to say that every hypothesis h ∈ H has generalization error proportional to
its bit complexity, as follows.
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Corollary 13.4. Let ϵ, δ ∈ (0, 1) and consider a training set of size m drawn from D.
With probability at least 1− δ, we have

|err(h)− err(h |S)| ≤ O
(√
|h|+ ln(1/δ)/m

)
for all h ∈ H.

Proof. For i ∈ N, let Hi be the subset of hypothesis of bit complexity between 2i−1

and 2i:

Hi
def=
{
h ∈ H : 2i−1 < |h| ≤ 2i

}
.

Let δi = δ/2i. By corollary 13.3, for each Hi, we have

|err(h)− err(h |S)| ≤ O
(√

ln(|Hi|) + ln(δi)/m
)

= O
(√

ln(2i) + ln(2i/δ)/m
)

= O
(√

(|h|+ ln(1/δ))/m
)

for all h ∈ Hi with probability of error at most δi. Taking the union bound over all i,
the probability of error over all of H = ⋃

iHi is ∑i δi = δ
∑

i 1/2i = δ.

13.5 Stronger generalization bounds via growth rate

Many learning algorithms select from a hypothesis class H that is geometrically fairly
simple. A recurring example has been a simple consistent learner for the concept
class of rectangles, which of course generalizes to higher dimensions. The perceptron
algorithm looks for a hyperplane that the data. This algorithm is particularly useful
when combined with techniques such as the kernel trick that first embed the data
into a higher-dimensional space where the labeled data becomes linearly separable.

Recall the previous chapter that the measure of simple geometric objects is
particularly well-concentrated under random sampling. Applying those techniques –
namely, ϵ-nets and ϵ-samples – to learning gives the following generalization bounds.

To extend the notion of a growth function to a hypotheses class H, we interpret
H as a family of ranges corresponding to the positively labeled sets,{

h−1(1) : h ∈ H
}
.

Recall that the growth function g(n) of H is the maximum number of distinct subsets
that can be induced by H over a set of n points.
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Theorem 13.5. Let H be a family of hypotheses with growth function g(n). Let
ϵ, δ ∈ (0, 1). Consider a data set of size m.

(i) If m ≥ O(ln(g(2m)/δ)/ϵ), then with probability at least 1 − δ, all consistent
hypotheses h ∈ H have err(h) ≤ ϵ.

(ii) If m ≥ O
(
ln(g(2m)/δ)/ϵ2

)
, then all h ∈ H have |err(h |S)− err(h)| ≤ ϵ.

Proof. For each hypothesis h, let h̄ (x) = 1 − h(x) denote the complementary hy-
pothesis. Increasing |H| and the growth function g(n) by at most a factor of 2 (why?),
we assume that that H contains the complement h̄ of each hypothesis h ∈ H.

Consider the (possibly infinite) point set

P = X × {0, 1} = {(x, y) : x ∈ X, y ∈ {0, 1}}

We associate each hypothesis h ∈ H with the range

rh = {(x, 1− h(x))} ⊆ P.

The distribution D induces a measure µD,

µD(rh) = P
(x,y)∼D

[(x, y) ∈ rh]

The measure of a range rh equals the true error of h:

µD(rh) = P
(x,y)∼D

[(x, y) ∈ rh] = P
(x,y)∼D

[h(x) ̸= y] = err(h).

Let RH = {rh : h ∈ H}. Let f(m) denote the growth rate of RH. The key claim
is that

f(m) ≤ g2(n). (13.2)

Assuming (13.2) is true, the theorem follows from the ϵ-net and ϵ-sample theorems
from chapter 12, as we now explain.

For result (i), call a hypotheses bad if err(h) > ϵ; we want to show that for a
sample of the claimed size m, with probability at least 1− δ, every bad hypotheses
is inconsistent with the data. Here we observe that since err(h) = µD(rh), this is
equivalent to saying that the sample set is an ϵ-net. The claim now follows from
theorem 12.3.

For result (ii), observe that err(h) = µD(rh), and for a training set S, err(h |S) =
µS(rh). Thus result (ii) is equivalent to saying that S is an ϵ-sample with probability
at least 1− δ. The sufficient bounds for m now follow from theorem 12.2.
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It remains to prove (13.2). Fix a S set of m labeled points {(x1, y1), . . . , (xm, ym)}.
Let S ′

0 = {xi : (xi, 1) ∈ S} denote the set of input points labeled 0 and let S0 = S0×{0}
denote the corresponding labeled pairs. Likewise let S ′

1 = {xi : (xi, 1) ∈ S} and
S1 = S1 × {1} be the corresponding sets for label 1.

The total number of intersections induced by RH on S, |RH ∧ S|, is bounded above
by

|RH ∧ S| ≤ |RH ∧ S0| · |RH ∧ S1|,

since any two intersections in |RH ∧ S| must differ on either S0 or S1. We claim that
both of the terms on the RHS are bounded above by g(m), which proves the claim.

Consider |RH ∧ S0|. For any h ∈ H, we have

rh ∧ S0 = {(x, 0) ∈ S : h(x) = 1} =
(
h−1(1) ∧ S ′

0

)
× {0}.

That is,

|RH ∧ S0| = |H ∧ S ′
0| ≤ g(m).

Similarly, for |RH ∧ S1|, for each hypothesis h we have

rh ∧ S1 = {(xi, 1) ∈ S : h(xi) = 0} =
(
h̄ −1(1) ∧ S ′

1

)
× {1}.

Consequently

|RH ∧ S1| = |H ∧ S ′
0| ≤ g(m).

This completes the proof of the claim, hence the proof of the theorem.

Example: rectangles. Consider the concept class C of rectangles in R2. We have
a consistent learning algorithm by outputting any rectangle that contains only the
positively labeled points of the training set.

Rectangles have constant VC-dimension, hence polynomial growth g(n) = nO(1)

(cf. Sauer’s lemma, theorem 12.5). So we need O(ln(1/δ)/ϵ) to guarantee that with
probability at least 1− δ, the rectangle we output has true error at most ϵ. That is,
rectangles are PAC-learnable.

More generally, any concept class with fixed VC-dimension and a consistent
learning algorithm is PAC-learnable.

13.6 Additional notes and materials

These notes are based on the first 10 lectures of [Sch19] and sections 5.1–5.7 of
[BHK20]. We refer the interested reader to [Sch19] for additional background on these
and other topics in learning theory.
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Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

13.7 Exercises

Exercise 13.1. The definition of PAC learning requires finding a low-error hypothesis
with probability at least 1 − δ for aribtrary δ > 0. Consider the following weaker
definition of PAC learning where we drop the requirement on δ: let us say that an
algorithm is a weak PAC learner if for any ϵ > 0, with a training set of size poly(1/ϵ),
and in randomized polynomial time, it produces a hypothesis with error at most ϵ
with probability at least 1/2. Design and analyze a system that takes as input a
weak PAC learning algorithm and produces a PAC learning algorithm (in the original
sense).
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Chapter 14

Entropy and error-correcting codes

14.1 Coding theory

Coding theory concerns the very practical problem of digitial communication over
imperfect lines of communication. Here we consider one particular model adopted by
Shannon. In this model, we imagine two locations, A and B. We want to transmit a
bit string x ∈ {0, 1}m from point A to point B. While points A and B are connected
by some kind of connection, this connection is imperfect. When sending a bit string
from point A to point B, every bit gets flipped independently with some probability
p. The goal is to reliably communicate bit strings even in the presence of this faulty
connection.

It is not impossible to communicate over a bad connection, as anyone who uses a
phone knows. Suppose you are calling a friend, and the reception is not very good.
You say something. Your friend ‘replies, ‘sorry, I couldn’t hear you”. So you say
it agian. Your friend again suggests that they didn’t understand you. So you say
it again and again and again and eventually you start yelling. Ultimately, you are
adding redundancy to try to communicate your point.

The goal of coding theory is to add enough redundancy to reliably communicate,
but otherwise minimize the amount of redundancy. In particular, we have two
functions, an encoder C : {0, 1}m → {0, 1}n and a decoder D : {0, 1}n → {0, 1}m. The
encoder takes the input message from x ∈ {0, 1}m and maps to to a longer message
{0, 1}n, where n ≥ m. The encoded message C(x) is transmitted. On the other
end, the decode receivers a noise version y ∈ {0, 1}n of C(x) and decodes it to some
D(y) ∈ {0, 1}m.

To model the noisy transmission, let N : {0, 1}n → {0, 1}n be a random function
that flips each bit independently with probability p. We can diagram the entire
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transmission process as follows.

x
(Rm)

encode−−−→C(x)
(Rn)

bits flip w/ prob. p−−−−−−−−−−→N (C(x))
(Rn)

decode−−−→D(N (C(x)))
(Rm)

The rate of transmission is the ratio

rate of transmission = m

n
= # input bits

# output bits .

The average error rate is the probability

P[D(N (C(x))) ̸= x]

over the randomness in N and over x ∈ {0, 1}m chosen uniformly at random. We
want high rate of transmission and low average error rate.
Entropy Before introducing Shannon’s theorem for codes, we have to introduce one
more character: entropy.

Definition 14.1. Let X ∈ X be a discrete random variable. The entropy of X,
denoted H(X), is defined as

H(X) =
∑
x∈X
−P[X = x] log(P[X = x]),

where the convention that 0/0 = 0, and that log denotes the logarithm base 2.
For p ∈ (0, 1), H(p) is defined as the entropy H(X) of the binary variable X ∈

{0, 1} with P[X = 1] = p. That is,

H(p) = p log
(

1
p

)
+ (1− p) log

(
1

1− p

)
.

We will do a more thorough investigation of entropy later on in this article.
We briefly mention a very helpful identity that relates entropy to sums of binomial

coefficients. Entropy enters the analysis of Shannon’s upper bound via this lemma.

Lemma 14.2. Let n ∈ N and p ∈ (0, 1). Then
pn∑
i=0

(
n

i

)
≤ 2H(p)n.

We will prove lemma 14.2 below in section 14.2 where we discuss entropy in greater
detail.
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Shannon’s theorem. At last we state Shannon’s theorem for codes.

Theorem 14.3 ([Sha48]). Consider transmission over a noisy channel where each bit
is flipped independently with probability p ∈ (0, 1/2).

1. For all δ > 0, and n sufficiently large, there is a coding scheme that has
transmission rate at least 1−H(p)− δ and average error rate at most δ.

2. For all fixed δ > 0, and n sufficiently large any coding scheme with transmission
rate at least 1−H(p) + δ has average error rate greater than δ.

14.1.1 Shannon’s Upper Bound

In this section, we prove Shannon’s upper bound - the first claim in theorem 14.3. We
first state the part that is relevant.

Theorem 14.4. For all δ > 0, there exists a coding scheme

(C : {0, 1}m → {0, 1}n,D : {0, 1}n → {0, 1}m)

that has average error ≤ δ and transmission rate ≥ 1−H(p)− δ.

Proof. Let n ∈ N be a large parameter TBD, and let m = (1−H(p)− δ)n. Rather
than propose a specific code, we define C : {0, 1}m → {0, 1}n to be a uniformly random
function. Define D : {0, 1}n → {0, 1}m by setting D(y) to be the point x closest to
C(x), breaking ties arbitrarily.

Since H(p) is continuous, we can choose ϵ > 0 sufficiently small such that

|H((1 + ϵ)p)− H(p)| ≤ δ

2 .

We claim the following for each fixed x ∈ {0, 1}m.

1. For sufficiently large n, with probability of error ≤ δ/2, no other point x′ ∈
{0, 1}m, x′ ̸= x has its codeword C(x′) within (1 + ϵ)pn bits of N (C(x)).

2. For sufficiently large n, with probability of error ≤ δ/2, the noisy transmission
N (C(x)) flips at most (1 + ϵ)pn bits in C(x).

Suppose the above holds and let n be sufficiently large. Then with combined probability
of error ≤ δ, C(x) is the only point within (1 + ϵ)pn bits of C(x). That is, when we
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consider all of the randomness over the random of choice of x ∈ {0, 1}m, the random
encoding function C : {0, 1}m → {0, 1}n, and the noise N (C(x)), we have

P
x,C,N

[D(N (C(x))) ̸= x] ≤ δ. (14.1)

Inequality (14.1) above seems similar to the low average error guarantee we seek.
Subtly, however, the claim we want to prove is that there exists a fixed (and no longer
random) code C with low average error, where as the LHS (14.1) is also randomized
over all possible codes C. To isolate a specific code C with average error δ, we rewrite
(14.1) as

E
C

[average error of C] = E
C

[
P

x,N
[D(N (C(x))) ̸= x]

]
≤ δ.

To dramatically complete the proof: by the probabilistic method, there exists an
encoding C : {0, 1}m → {0, 1}n such that the average error is ≤ δ.
Claim 1. For sufficiently large n, with probability of error ≤ δ/2, no other point
x′ ∈ {0, 1}m, x′ ̸= x is within (1 + ϵ)pn bits of N (C(x)).

We prove the claim conditional on y = N (C(x)); the unconditional claim imme-
diately follows. Fix y = N (C(x)). Consider any other input point x′ ∈ {0, 1}m. By
construction, C(x′) is selected uniformly at random from {0, 1}n. Therefore

P[∥C(x′)− C(x)∥0 ≤ (1 + ϵ)pn] = 2−n
(1+ϵ)pn∑

i=0

(
n

i

)
≤ 2(H((1+ϵ)p)−1)n.

By the union bound, we have

P[∥C(x′)− C(x)∥0 ≤ (1 + ϵ)pn for some x′ ̸= x] ≤ 2m+(H((1+ϵ)p)−1)n.

The RHS is ≤ δ/2 iff

m ≤ (1−H((1 + ϵ)p))n− 1− log(1/δ),

which occurs iff

(transmission rate) = m

n
≤ 1−H((1 + ϵ)p)−O

(
log(1/ϵ)

n

)
.

By choice of ϵ, we have

1−H((1 + ϵ)p)−O

(
log(1/ϵ)

n

)
≥ 1−H(p)− δ/2−O

(
log(1/ϵ)

n

)
≥ 1−H(p)− δ

for n sufficiently large. The claim now follows from the choice of m.
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Claim 2. Fix y ∈ {0, 1}n. For sufficiently large n, with probability of error ≤ δ/2, a
noisy transmission N (y) flips at most (1 + ϵ)pn bits in y.

We have

lim
n→∞

P[(# bits flipped) ≥ (1 + ϵ)pn]
(a)
≤ lim

n→∞
e−ϵ2pn/2 = 0.

where (a) applies the Chernoff inequality.

14.1.2 Lower bounds for Shannon’s capacity

Theorem 14.5. Let δ > 0. For n sufficiently large, no coding scheme
(C : {0, 1}m → {0, 1}n,D : {0, 1}n → {0, 1}m) can have transmission rate

Proof. Let (C : {0, 1}m → {0, 1}n,D : {0, 1}n → {0, 1}m) be a coding scheme with
transmission rate > 1−H(p) + δ. We claim that this code has error rate > δ. In fact,
will show that error rate can be made arbitrarily large for sufficiently large n.

Let ϵ > 0 be a parameter TBD. Let E be the event that N (C(x)) differs in at
least (1− ϵ)pn bits from C(x) and no more than (1 + ϵ)pn bits from C(x). Let Ē be
the complementary event.

We have

(average correctness rate) ≤ P
[
Ē
]

+ P
x,C

[D(N (C(x))) = x |E].

For the first term, we have

P
[
Ē
]

= P[∥N (C(x))− C(x)∥0 < (1− ϵ)pn] + P[∥N (C(x))− C(x)∥0 > (1 + ϵ)pn]

≤ 2e−ϵ2pn/3

by Chernoff bounds. In particular, for fixed ϵ > 0,

lim
n→∞

P
[
Ē
]

= 0.

To bound the second term, for each x, let

Yx =
{
y ∈ D−1(x) : (1− ϵ)pn ≤ ∥x− y∥0 ≤ (1 + ϵ)pn

}
.

For fixed x, under event E, Yx represents all the possible points for N (C(x)) that
would be decoded to x. We have

P
x,N

[D(N (C(x))) = x |E] = 1
2m

∑
x∈{0,1}m

∑
y∈Yx

P[N (C(x)) = y].
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For each x, and for each y ∈ Yx, we have

P
N

[N (C(x)) = y]
(a)
≤ p(1−ϵ)pn(1− p)(1−(1−ϵ)p)n = 2− H(p)n

(
1− p

p

)ϵpn

Here (a) is because because y differs in at least (1− ϵ)pn bits. We now have

P
x,N

[D(N (C(x))) = x |E] ≤ 1
2m

∑
x∈{0,1}m

e− H(p)n
(

1− p

p

)ϵpn

|Yx|

(b)
≤ 2(1−H(p))n−m

(
1− p

p

)ϵpn

(c)
≤ 2−δn

(
1− p

p

)ϵpn

= 2(ϵ log( 1−p
p )−δ)n.

Here (b) is because the sets Yx partition {0, 1}n, so their cardinalities sum to at most
2n. (c) is by assumption on the transmission rate. For ϵ > 0 sufficiently small, the
RHS tends to 0 as n→∞.

14.2 Entropy

In this section, we explore the some of the many interesting properties of entropy. We
restate the definition for the reader’s convenience.

Definition 14.1. Let X ∈ X be a discrete random variable. The entropy of X,
denoted H(X), is defined as

H(X) =
∑
x∈X
−P[X = x] log(P[X = x]),

where the convention that 0/0 = 0, and that log denotes the logarithm base 2.
For p ∈ (0, 1), H(p) is defined as the entropy H(X) of the binary variable X ∈

{0, 1} with P[X = 1] = p. That is,

H(p) = p log
(

1
p

)
+ (1− p) log

(
1

1− p

)
.

For an alternative definition of the entropy of X ∈ X , let X ′ be an independent
and identically distributed copy of X. Then

H(X) = E
X

[
log
(

1
P[X ′ = X]

)]
.
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Put another way, given a discrete random variable X ∈ X , let us define1 the shock
of X, SX > 0, as the random variable that, if X = x, takes the value

SX = 1
P[X = x] .

Here P[X = x] refers to the a priori probability of X equaling x. Then the entropy
of X is

H(X) = E[log(SX)].

14.2.1 Concavity and the maximality principle.

Recall that a function f : [a, b]→ R is concave if for all x, y ∈ [a, b] and p ∈ [0, 1], we
have

pf(x) + (1− p)f(y) ≤ f(px + (1− p)y).

By induction, we can extend this to finite convex combinations of points. Let
x1, . . . , xn ∈ [a, b] and p1, . . . , pn ≥ 0 with p1 + · · ·+ pn = 1. Then we have

p1f(x1) + · · ·+ p2f(xn) ≤ f(p1x1 + · · ·+ pnxn). (14.2)

Let f : [a, b]→ R be a function and let X ∈ [a, b] be a discrete random variable taking
on a finite number of valuesq. Say X takes on n values x1, . . . , xn with probabilities
p1, . . . , pn respectively. Then (14.2) is the same as saying that

E[f(X)] ≤ f(E[X]).

We can extend this to continuous distributions of X by approximation by finite
distributions. Thus we have Jensen’s inequality, which is basically rewriting the
definition of concavity.

Lemma 14.6. Let X ∈ [a, b] be a random variable, and let f : [a, b]→ R by concave.
Then

E[f(X)] ≤ f(E[X]).

Proof. Suppose X takes on only two values, a and b, with probability p and (1− p)
respectively. Then

E[f(X)] = pf(a) + (1− p)f(b) = f(pa + (1− p)b) = f(E[X]).

We can extend the argument to any finite number of values by induction.
1This is not a standard terminology.
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Lemma 14.7. Over all discrete distributions over n values, entropy is maximized by
the uniform distribution, which has entropy is log(n).

Proof. Suppose X takes on at most n different values x. Then

H(X) = E[log(SX)]
(a)
≤ log(E[SX ]) (b)= log(|X |)

(a) is by Jensen’s inequality. (b) is because

E[SX ] =
∑

x

P[X = x]
P[X = x] = n.

On the other hand, if X is the uniform distribution over n values x1, . . . , xn, then

H(x) =
∑

i

P[X = xi] log
( 1

X = xi

)
=
∑

i

1
n

log(n) = log(n).

14.2.2 Conditional entropy

Let (X, Y ) be jointly distributed random variables. Conditional on X, Y is a random
variable with a well defined entropy H(Y ) (given X).

Definition 14.8. The conditional entropy of Y on X is defined as

H(Y |X) = E
X

[H(Y ) |X]

In terms of “shocks”, we let SY |X be the shock value of the conditional variable Y
given X. To be precise, conditional on X = x and Y = y, SY |X takes the value

SY |X = 1
P[Y = y |X = x] ,

where P[Y = y |X = x] is the a priori probability given only X = x. Then

H(Y |X) = E
X

[
E
Y

[
log
(
SX|Y

)]]
= E

X,Y

[
log
(
SX|Y

)]
We have the following identity that breaks the joint entropy into two entropy

terms.

Lemma 14.9. H(X, Y ) = H(Y |X) + H(X)
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Proof. Observe that conditional on X = x and Y = y, we have

SX,Y = 1
P[X = x, Y = y] = 1

P[X = x] P[Y = y |X = x] = SXSY |X .

Thus
H(X, Y ) = E

X,Y
[log(SX,Y )] = E

X,Y

[
log
(
SY |X

)
+ log(SX)

]
= H(Y |X) + H(X),

as desired.

14.3 Principle of Independence

The following lemma observes that taking conditioning on another variable can only
decrease the entropy. This is called the principle of independence.
Lemma 14.10. Let (X, Y ) be jointly distributed. Then H(Y |X) ≤ H(Y )
Proof. We have

H(Y |X) = E
X,Y

[
log
(
SY |X

)]
= E

Y

[
E
X

[
log
(
SY |X

) ∣∣∣Y ]]
(a)
≤ E

Y

[
log
(

E
X

[
SY |X

∣∣∣Y ])] (b)
≤ H(Y ).

(a) is by Jensen’s inequality. (b) is because, conditional on Y = y, we have

E
X

[
SY |X

∣∣∣Y ] =
∑

x

P[X = x |Y = y]
P[Y = y |X = x]

(c)=
∑

x

p(x)
p(y) = 1

p(y) .

(c) substitutes Bayes’ law:
P[X = x |Y = y] P[Y = y] = P[X = x, Y = y] = P[Y = y |X = x] P[X = x].

Combining the principle of independence with lemma 14.9 gives the following
principle called maximality of independence.
Lemma 14.11. Fix marginal probabilities over two finite sets X and Y. Over all
joint distributions of (X, Y ) ∈ X × Y, the entropy of (X, Y ) is maximized by taking
X and Y to be independent.

Maximality of independence is also captured by following inequality, also called
the subadditivity property of entropy.
Lemma 14.12. Let (X, Y ) be a joint distribution of discrete random variables. Then

H(X, Y ) ≤ H(X) + H(Y ).
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14.3.1 Bounding sums of binomial coefficients

Finally, let us prove lemma 14.2 which we recall was the key to the proof of Shannon’s
upper bound.
Lemma 14.2. Let n ∈ N and p ∈ (0, 1). Then

pn∑
i=0

(
n

i

)
≤ 2H(p)n.

Proof. Let M denote the sum on the LHS. We interpret M as the number of subsets of
[n] with ≤ αn elements. Define a discrete random variable X as a uniformly random
set with ≤ αn elements. X has entropy

H(X) = log(M)
by the maximality principle. We can identify X with the joint distribution (Y1, . . . , Yn),
where Yi indicates whether element i appears in X. Each Yi (taken alone) is a Bernoulli
variable with probability p. Then

H(X) ≤
n∑

i=1
H(Xi) = nH(p).

Thus log(M) = nH(p), as desired.

14.3.2 What is entropy, really?

We close with a quote from Shannon [TM71].
My greatest concern was what to call it. I thought of calling it “infor-

mation”, but the word was overly used, so I decided to call it “uncertainty”.
When I discussed it with John von Neumann, he had a better idea. Von
Neumann told me, “You should call it entropy, for two reasons. In the
first place your uncertainty function has been used in statistical mechanics
under that name, so it already has a name. In the second place, and more
important, nobody knows what entropy really is, so in a debate you will
always have the advantage”.

14.4 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
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14.5 Exercises

Exercise 14.1. In section 14.1, we discussed coding schemes for achieving low average
error rates. Recall that an average error rate of δ means that the transmission failure
probability is averaged over all x ∈ {0, 1}m:

average error = E
x

[
P
N

[D(N (C(x)))] ̸= x
]

= P
x,N

[D(N (C(x))) ̸= x].

By contrast, a uniform error of δ means that for every x ∈ {0, 1}m, the transmission
failure probability is at most δ: that is,

uniform error def= max
x

P
N

[D(N (C(x))) ̸= x] ≤ δ.

Prove Shannon’s upper bound (theorem 14.3) for uniform error instead of aver-
age error. That is, show that for all fixed δ > 0, there exists a coding scheme
(C : {0, 1}m → {0, 1}n,D : {0, 1}n → {0, 1}m) (for m, n sufficiently large) with uni-
form error δ and transmission rate at least 1− H(p)− δ.2

Exercise 14.2. In section 14.1, we develop redundant codes that are extremely
efficient w/r/t their transmission rate. Another problem, moving in sort of the
opposite direction, is compression.

Here we consider compression in the following model. Let Σ be a finite alphabet
of n letters. Our goal is to efficiently assign bit strings (codes) to each letter in Σ
so that messages, composed of sequences of letters in Σ, are as efficient as possible.
More specifically, we are only allowed to use prefix-free codes, which are mappings

C : Σ→ {0, 1}∗

assigning bit strings (of varying length) to letters such that no code C(x) (x ∈ Σ) is a
prefix to another code C(y) (y ∈ Σ). Prefix codes are particularly easy to decode. As
we scan the bits of an encoded message, as soon as we see a string that matches the
code of a letter, we immediately decode that the scanned bits to the letter. We then
continue to scan the rest of the bits as the beginning of the code of a new letter.

For example, the most straight forward prefix code would be to assign each letter
in Σ a different bit string with ⌈log n⌉ bits.

2Hint: Given a code with average error rate δ, how many of the input words x have transmission
failure probability greater than 2δ?
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Prefix codes can be identified with binary trees where each branch represents a 0
or 1 bits, and the leaves correspond to a letter where the root to leaf path gives the
encoding of a letter.

We assume that not all letters in Σ are distributed frequently. (This is where we
have some opportunity for compression) Let p ∈ ∆Σ be a fixed distribution over Σ.
For each letter in x ∈ Σ, px represents the average frequency of the letter x in these
messages.

Given an encoding C : Σ→ {0, 1}∗, the average number of bits per letter is∑
x∈Σ

px|C(x)|,

where |C(x)| denotes the length of the bit string C(x).
For this problem, consider a special case where every probability px is a power

of 2, of the form 1/2ix for some integer ix ∈ N. Show that there exists a prefix code
C : Σ→ {0, 1}∗ where the average length is exactly H(p), where H(p) is the entropy
of the random letter drawn from Σ in proportion to p:

H(p) =
∑

x

p(x) log
(

1
p(x)

)
.

Here’s a harder follow up question: can one do better than the entropy H(p)? Either
prove that H(p) is optimal, or give a counter example where the probabilities are
powers of 2 and one can achieve better than H(p) average bits per letter.

As an example, the following tree defines a prefix code over a distribution of
7 letters {A, B, C, D, E, F, G} with probabilities {1/4, 1/4, 1/8, 1/8, 1/8, 1/16, 1/16},
respectively. One can see that the average length matches the entropy of the distribu-
tion.
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A
1/4

B
1/4

C
1/8

D
1/8

E
1/8

F
1/16

G
1/16

{F,G}

{E,F,G} {C,D}

{A,B} {C,D,E,F,G}

{A,B,C,D,E,F,G}

0 1

1

1

1

1

1 0

0

0

0

0
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Chapter 15

Lovász local lemma and resampling

15.1 Resampling k-SAT

Recall that in the k-SAT problem, we are given a CNF formula f(x1, . . . , xn) with
m clauses C1, . . . , Cm and k (distinct) variables per clause. In max k-SAT, the goal
is to satisfy as many clauses as possible, and previously we showed that a random
assignment satisfies (1− 2−k)m clauses in expectation. More precisely we showed that
each clause is satisfied with probability 1− 2−k.

Now suppose m < 2k. By the union bound, we have

P[f(x1, . . . , xn) = false] ≤
m∑

i=1
P[ith clause is unsatisfied] = m

2k
< 1.

Therefore, f must be satisfiable!
Of course, when m > 2k, a simple union bound does not show that f is satisfiable.

In this chapter, we explore a probabilistic technique called the local lemma, that offers
an alternative criteria for proving that a k-SAT formula is satisfiable, independent of
m.

The theorem we unveil below is constructive and comes with a simple randomized
algorithm for k-SAT which we now describe. The algorithm is called the (random-
ized) resampling algorithm and was described by [Mos09]. Given a k-SAT formula
f(x1, . . . , xn), we first assign x1, . . . , xn ∈ {true, false} independently and uniformly
at random. Then, as long as there is a clause C that is unsatisfied, we resample all
the variables in C independently and uniformly at random. The algorithm continues
to resample unsatisfied clauses until all clauses are unsatisfied. (A priori it seems
that the algorithm may never terminate.)

Surprisingly, under certain conditions independent of m and n, and which are
easy to verify, f always has a satisfying assignment, and the resampling algorithm
described above terminates in polynomial time in expectation. Below, we say that two
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clauses Ci and Cj of f intersect if there is a variable xk appearing (as is, or negated)
in both Ci and Cj.

Theorem 15.1. Let f(x1, . . . , xn) be a k-SAT CNF with m clauses, such that each
clause intersects at most d other clauses. If d ≤ 2k/e − 1, then f is satisfiable.
Moreover, a satisfying assignment can be computed by the resampling algorithm while
sampling at most m/d clauses in expectation.

The most striking feature of theorem 15.1 is that the criteria for satisfiability —
d ≤ 2k/e− 1 where d bounds the number of clauses overlapping with a single clause —
is local. It is easy to inspect a CNF formula and compute d and see if theorem 15.1
applies.

15.2 The Lovász Local Lemma

The k-SAT result described above is just one example of a more general technique
called the Lovász local lemma (LLL) [EL75]1. It applies in a more abstract setting
where we have a family of events we want to avoid, and assuming dependency among
the events is limited in a particular way.

Formally, let A1, . . . , An denote events in an arbitrary probability space. We write
Ai ∼ Aj when Ai and Aj are not mutually independent, and Ai ≁ Aj otherwise.
The question is whether it is possible for none of the events A1, . . . , An to occur
simultaneously; i.e., if P[Ā1, . . . , Ān] > 0. [EL75] gave the following sufficient condition
which depends only on the local dependencies of each event Ai to other events Aj.

Theorem 15.2 ([EL75]). Suppose there exists values x(A1), . . . , x(An) ∈ (0, 1) such
that for all events Ai,

P[Ai] ≤ x(Ai)
∏

Aj∼Ai

Aj ̸=Ai

(1− x(Aj)). (15.1)

Then P[Ā1, . . . , Ān] > 0.

A simpler (“symmetric”) version of theorem 15.2 that applies to the k-SAT problem
is as follows.

Corollary 15.3. Suppose that each event Ai is mutually independent of all but at
most d other events Aj, and P[Ai] ≤ p for all events Ai. If ep(d + 1) ≤ 1, then
P[Ā1, . . . , Ān] > 0.

1Erdös attributes the technique to Lovász and helped popularize the name. LLL is also referred
to as just the local lemma in the literature.

227



15. Lovász local lemma and resampling
15.2. The Lovász Local Lemma

Kent Quanrud
Fall 2022

Proof. The claim follows from theorem 15.2 for x(Ai) = 1/(d + 1).

This establishes the fact that any k-SAT formula with at most 2k/e dependencies
per clause is satisfiable. Theorem 15.2 has many other applications both in computer
science and combinatorics, such as in proving extremal graph coloring bounds (e.g.,
[AS16; MR02]). For k-SAT, however, it does not provide an algorithm for actually
computing such an assignment.

Developing an algorithmic LLL was an important open question. Progress on
this question starts in 1991 when [Bec91] analyzed an algorithm for a hypergraph
2-coloring problem that can also be addressed by LLL. Subsequent developments
followed in [Alo91; CS00; MR98; Sri08].

In 2009, a breakthrough by Moser [Mos09] proved theorem 15.1 up to a constant
factor in the bound for d. This work proposed the simple resampling algorithm
described above and also a surprising proof technique now called the “entropy com-
pression argument”. This was followed up by [MT10] which extended the techniques
to the more general setting of theorem 15.2 (via a related but different proof), and
obtained tight bounds.

To present the constructive version of theorem 15.2 we assume a more concrete
setting where the events are driven by an underlying set of independent random
variables. Let V be a finite collection of mutually independent random variables in
a fixed probability space. Let A1, . . . , An be a set of events where each event Ai is
determined by a subset of variables Si ⊆ V . (For k-SAT, V corresponds to the boolean
variables x1, . . . , xn, and each clause Ci is associated with the event Ai where Ci is
not satisfied.) The concrete goal is to compute a configuration of V so that none of
the events A1, . . . , An occur.

The resampling algorithm extends to this more general setting as follows. We
initially sample each variable X ∈ V independently from their respective distributions.
While there is an event Ai induced by the current sample of variables, we resample
the variables in Si. The algorithm terminates when none of the events A1, . . . , An

occur.
The following theorem from [MT10] states that the resampling algorithm gives an

algorithmic LLL.

Theorem 15.4. Given the setting of theorem 15.2, the resampling algorithm computes
an assignment of values to V inducing Ā1, . . . , Ān, while resampling each event Ai at
most x(Ai)/(1− x(Ai)) times in expectation.

The rest of this chapter is focused on proving theorems 15.2 and 15.4 in the more
concrete setting with variables V. We follow the proof of [MT10]. We mention that
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theorem 15.2 can be proven without the existence of V and we refer to [AS16, §5.1]
for this proof (which is shorter).

15.3 Analysis of the resampling algorithm

The high-level goal is to bound the total number of resampling steps taken by the
resampling algorithm, in expectation.

Recall that the algorithm selects events to sample in arbitrary order. For the sake
of analysis we fix any deterministic or randomized mechanism to select these events.
Each instance of the resampling algorithm can be associated with a log where we
list the sampled events in chronological order. Note that a single event may occur
multiple times in the log. Let L ∈ Z≥0 ∪ {∞} denote the (randomized) length of the
log. We want to bound the expected length of the log, E[L].
Witness trees. Moser and Tardos’s [MT10] argument is based on analyzing auxiliary
rooted trees called witness trees. A witness tree is defined as a (nonempty) rooted
tree where each node is labeled by an event Ai. We only consider witness trees with
the following additional properties.

(a) If a node labeled Ai is a child of a node labeled Aj, then Ai ∼ Aj.

(b) If two nodes labeled Ai and Aj have the same depth, then Ai ≁ Aj.

For each prefix of the log, containing (say) i entries, we associate a witness tree
Ti constructed as follows. Let Ai1 , . . . , Aii

be the event labels of the first i entries in
the log, where i ≤ L. We process the events in reverse order. First, we create a root
labeled by Aii

. Then, for j = i− 1 down to 1, if Aij
shares variables with an event

labeling of a node N in the tree, then N be the node of greatest depth, and create a
new child of N labeled by Aij

. (If Aij
is independent of all nodes in the tree, then we

do not create a node for Aij
.)

This process produces a rooted tree with at most i nodes. We see that the tree
satisfies property (a) above because a node with label Ai is made a child of a node
with label Aj only if Ai and Aj share at least one variable. Property (b) follows
from the fact that when introducing a node n with Ai, we always make n a child of
the node n′ with maximum depth among those labeled by an event Aj that share a
variable with Ai.

We highlight one observation about this construction that will be particularly
useful later on.

Observation 15.5. Consider a prefix of the log with witness tree T . Let e1 and e2 be
two entries in the log with e1 listed before e2, labeled by events Ai1 and Ai2, respectively.
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If Ai1 ∼ Ai2, and e2 is a node in the witness tree T , then e1 is also a node in the
witness tree at depth strictly greater than e1.

For i = 1, 2, . . . , when i ≤ L, let Ti be the tree certificate associated by the first i
events A1, . . . , Ai in the log. For indices i > L, we let Ti denote a null value ∅ (not
equal to any witness tree). We can express the expected length of the log in terms of
the probabilities of each tree arising at each prefix of the log, as follows:

E[L] =
∑
i∈N

∑
T

P[Ti = T ], (15.2)

where the inner sum is over all certificate trees.

Lemma 15.6. For all distinct i, j ∈ [L], Ti ̸= Tj.

Proof. Let i < j. To have Ti = Tj, the ith and jth entry of the log must correspond
to the same event Ak.

Suppose that is the case. Then every node added to Ti, including the node
corresponding to the ith entry, will also be added to Tj . Since Tj also includes a node
for the jth entry, this shows that |Tj| > |Ti|, hence Tj ̸= Ti.

The fact the all Ti’s are distinct allows us to simplify (15.2) to

E[L] ≤
∑
T

P[T = Ti for some i].

Next we analyze the probability that a fixed certificate tree T arises (anywhere)
in the log. For a tree certificate T , let

p(T ) =
∏

labels Ai in T

P[Ai],

where the product ranges over all events Ai labeling nodes in T , with multiplicity.

Lemma 15.7. P[Ti = T for some i] ≤ p(T ).

Proof. Consider the following random procedure which we call checking T . Let
Ai1 , Ai2 , . . . , Aik

list the labels of T in decreasing order of depth (starting with a leaf,
and ending at the root). For each Aij

in order, we resample Sij
. We say that this

procedure of checking T passes if for each Aij
, resampling Sij

induces Aij
.

The probability that T passes the check is exactly p(T ). We want to show that
the probability of T occurring in the log is bounded above by the probability that T
passes the check.
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Recall that the algorithm resamples the variables V repeatedly, and each variable
is sampled independently. We imagine generating, for each variable, an entire (infinite)
sequence of samples ahead of time, and then running the resampling algorithm on
these fixed sequences of samples. Here the first sample of each variable is used for the
initialization. In this scheme, we can associate to each log-entry e, corresponding to
resampling for an event Ai, the set of values for Si before resampling that induced Ai.
Observe that these corresponding sets of values for the log entries are disjoint subsets
of the fixed set of samples, and each set of values induces the event corresponding to
that entry.

Now fix a set of samples which induces a particular log. Whenever T occurs on
the log, we check T using the same fixed set of samples. That is, when the check
processes Aij

and resamples Sij
, for each variable in Sij

, we use the next sample for
that variable not used from processing other events previously in the check. We will
show that T occurs in the log only if T passes the check (with respect to the fixed
sample). This implies that the probability that T occurs in the log is bounded above
by the probability that T passes the check, and completes the proof.

Fix a node N in the tree T which corresponds to a fixed entry e in the log. Let Ai

be the label of N and e, and let X ∈ Si be any variable in its support. We want to
show that both the value for X associated with the event e, and the value of X drawn
by the checking procedure when processing n, corresponds to the same sample of X.
Now, the resampling procedure uses the jth sample of X where j is the number of
entries in the log up to and including Ai labeled by an event that depends on X. The
tree check uses the kth sample of X where k is the number of events chronologically
before and including Ai in the checking process that has X in its support. If j = k,
then since we know that the sample corresponding to e induces Ai, we know that the
checking procedure will also induce Ai and processing the node n. Taken over all
nodes n, we conclude that the T passes the check.

To show that j = k, consider any log entry e′ that (a) comes before e and (b) is
labeled by an event Aj that also depends on X. As observed above, the construction
of the tree certificate implies that there is also a node N ′ corresponding to e’, and N ′

has depth strictly greater than N . Meanwhile any entry e′ that (a) comes after e and
(b) is labeled by an event depending on X either not in the tree or appearing at a
depth strictly less than n. This implies that j = k in the sense described above, and
completes the proof.

It remains to bound the sum of p(T ) over all witness trees T . We break this down
by the event labeling the root.
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Lemma 15.8. Let Ti be the family of witness trees with root labeled by Ai. Then
∑

T ∈Ti

p(T ) ≤ x(Ai)
1− x(Ai)

.

Proof. Consider the following Galton-Watson branching process producing a tree in
Ti.

In the first round we introduce a root labeled Ai. Each round, for each node N
introduced in the previous round labeled by an event Aj , we do the following. For each
event Ak with Ak ∼ Aj (including Ak = Aj), with probability x(Ak), we introduce a
child of N labeled by Ak.

The process terminates when no new vertices are introduced in a single round.
(The process may not necessarily terminate).

Fix a particular tree T ∈ Ti. Let qT denote the probability that T is produced by
the Galton-Watson process. For each node n ∈ T , let An denote the event labeling
n. Let Bn denote the set of events Ak such that Ak ∼ An, but the process did not
produce a child of n with label Ak. We have

qt = 1
x(Ai)

∏
n∈T

x(An)
∏

Ak∈Bn

(1− x(Ak)).

Now, we have

∏
n∈T

∏
Ak∈Bn

(1− x(Ak)) = (1− x(Ai))
∏

n∈T

∏
Ak:Ak∼Aj

(1− x(Ak))∏
n∈T (1− x(Ak))

since every Ak omitted from Bn appears as the label of another distinct node, and
these omitted events cover all the nodes except the root. This leads to the cleaner
bound,

qt = 1− x(Ai)
x(Ai)

∏
n∈T

x(An)
1− x(An)

∏
Ak∼An

(1− x(Ak))

= 1− x(Ai)
x(Ai)

∏
n∈T

x(An)
∏

Ak∼An
Ak ̸=An

(1− x(Ak)).

Now, by plugging in the inequality (15.1) assumed in the theorem, we have

p(T ) =
∏

node n∈T

P[An] ≤
∏
n∈T

x(An)
∏

Aj∼An

Aj ̸=An

(1− x(Aj)) = x(Ai)
1− x(Ai)

qt.
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Summing over all T ∈ Ti, we have

∑
T ∈Ti

p(T ) ≤ x(Ai)
1− x(Ai)

∑
T ∈Ti

qT ≤
x(Ai)

1− x(Ai)
,

where the last inequality observes that the Galton-Watson produces at most one tree,
hence all probabilities qT sum to at most 1.

Now we complete the proof of theorem 15.2. For the expected length of the log,
we now have

E[L] ≤
∑
T

P[Ti = T for some i] ≤
∑
T

p(T ) =
n∑

i=1

∑
T ∈Ti

p(T ) ≤
n∑

i=1

x(Ai)
1− x(Ai)

.

To more precisely bound the expected number of times we resample an event Ai, we
observe that Ai is resampled only if a tree T ∈ Ti, with root labeled by Ai, is produced
by the log. Thus

E
[ # times Ai

is resampled

]
≤
∑

T ∈Ti

P[Ti = T for some i] ≤
∑

T ∈Ti

p(T ) ≤
n∑

i=1

x(Ai)
1− x(Ai)

,

as desired.

15.4 Additional notes and materials

We refer the reader to [MT10] for extensions including parallelization, a lopsided
LLL condition, and derandomization. Additional applications of the local lemma
can be found in [AS16]. We refer to [Tao09] for an alternative, information-theoretic
perspective on Moser’s [Mos09] original proof technique.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

15.5 Exercises

Exercise 15.1. A hypergraph is a generalization of an undirected graph where each
edge may have more than 2 endpoints. A hypergraph has uniform rank k if every
edge contains exactly k points. A hypergraph is k-regular if each vertex is incident to
exactly k edges.
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Design and analyze an algorithm that, for k sufficiently large2, takes as input a
k-regular hypergraph of uniform rank k and either: (a) outputs a vertex coloring such
of 2 colors so that no edge is monochromatic, or (b) declares that no such coloring
exists.

Exercise 15.2. Recall that a proper vertex coloring of an undirected graph G is
one where no two adjacent vertices have the same coloring. Here we consider vertex
list-coloring, where each vertex v is given a finite list Lv of colors, and we want a
proper vertex coloring where each vertex is assigned a color from a list.

Design and analyze an algorithm that, given an undirected graph G = (V, E) with
maximum degree ∆, and lists of colors Lv for each vertex v of size |Lv| ≥ 10∆, either
computes a proper vertex list-coloring or declares that no such coloring exists.

2That is, the algorithm should work for for all k ≥ c for some universal constant c. c = 9 is
possible.
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A Linear Map of the Web

Figure 16.1: Map of a small part of the world wide web around wikipedia.org [CW].
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16.1 Ranking the web

The world wide web is a large and messy place. As of March 2022, http:
//worldwidewebsize.com estimates that there are 2.97 billion indexed webpages.
Even more amazing is that modern search engines, starting with Google, are able to
process, organize and index this nearly unbounded corpus and make it useful. You
can query for a topic of interest, and the search engine returns a long list of relevant
websites, almost immediately. More often than not, you find what you are looking for
within the first few listed results. This is utterly amazing, and we basically take it for
granted.

It is one thing to identify all the web pages containing (or relevant to) a search
query. This requires crawling the internet, and building a huge index that roughly
identifies which keywords appear where. Some of the randomized data structures
discussed earlier may be helpful for managing this task. But even within a search
query, there seems to be an unlimited number of pages about a given topic, and a lot
of it is junk. There is still another challenge to identify the best pages for the query.
How do we separate the good websites from the bad? We should keep in mind the
scale of the world wide web. It is pointless to try to evaluate the websites individually.
This is a large scale ranking problem.

Modern search engines are based on the idea that the link structure of the world
wide web reveals some sense of importance among the websites. When we write a
paper, we cite the references that support or inform our argument. Likewise, web
sites link to other websites and thereby implicitly bestow some approval. Another
appeal of analyzing links is that we can model everything in basic graph theory, where
we have good algorithms and sound analysis. The link structure gives a good starting
point for our first idea for ranking webpages.

Idea 1. Score each website equal to the number of other webpages linking to it.

score1(v) =
∑

(u,v)∈E

1.

One feature of score1 is that every link out of a vertex u is worth 1 point. But if u
has many outgoing links, shouldn’t that dilute the “approval” bestowed by u? As an
analogy, suppose we have two lists of movies. One lists the top 10 movies of all time,
and the other lists the top 100 movies of all time. Shouldn’t it be worth more to be
on the first list? Our next proposal for ranking scales down the value of a link (u, v)
by the number of outgoing edges of u, so that the total sum of links leaving u is 1.

Let d+(u) denote the number of edges leaving a vertex u, a.k.a. the out-degree.
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Idea 2. Score each website v as the sum, over all other webpages u linking to v, of 1
divided by the number of outgoing links from u:

score2(v) =
∑

u:(u,v)∈E

1
d+(u) .

Unfortunately score2 can be manipulated as follows. To promote a website v, one
need only create many fake websites u with a link to v to drive up score2(v). This
suggests that, when evaluating a link (u, v), we should consider whether u is much of
an authority to begin with.

Idea 3. Score each website v equal to the weighted sum, over all other webpages u
linking to it, of the score of u divided by the number of outgoing links from u:

score3(v) =
∑

u:(u,v)∈E

score3(u)
d+(u) .

score3(v) attain a sort of self-consistent nirvana. For example, the weight of a link
(u, v), in attributing authority to v, is adjusted in proportion to the authority of u.
The total authority distributed by a webpage u is exactly equal to u’s own authority,
score3(u).

While this recursive relationship is appealing, there is no reason, a priori, why
such scores should exist.

Today’s discussion is about how {score3(v), v ∈ V } does exist, and the structure
and interpretations thereof. This happy miracle is entirely due to the fact that
the values {score3(v), v ∈ V } satisfy a particularly well-structured linear system of
equations. As such, our discussion will soon be translated into linear algebra. An
important part of the structure comes from a probabilistic interpretation of the linear
system.1

The goal of this discussion is to prove the following theorem (in more general
terms). Recall that ∆V =

{
x ∈ RV

≥0 : ∑v∈V xv = 1
}

denotes the set of probability
vectors over V .

Theorem 16.1. There exists a vector x ∈ ∆V such that

xv =
∑

u:(u,v)∈E

xu

d+(u) (16.1)

for all v ∈ V . If G is strongly connected, then this vector is unique and strictly
positive.

1Naturally, the mathematics we discuss existed long before search engines and similar ideas had
been applied elsewhere.
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To try to understand where such an x comes from — and in particular, how we
can assert that it describes a distribution over B — consider the following random
walk on G. At each step, you are on some vertex u. You choose an outgoing edge
(u, v) ∈ E uniformly at random, and step to v. This may send you walking chaotically
all over the graph. On the world wide web, this is like randomly surfing the web
where you keep following randomly chosen links. If the links tend to point to useful
websites, then over time your random walk should stumble upon good web sites more
often then a uniformly random sample of the web. Now, depending on where you
start, after some number of k steps, there are different probabilities of where you
would end up. As k increases, we might hope this reaches some kind of equilibrium,
where the distribution is the same or close to the same between to kth and (k + 1)th
step for sufficiently large k. This brings us to the notion of a stationary distribution.
Definition 16.2. Fix a random walk on a set of vertices V . A set of probabilities
x ∈ ∆V is a stationary distribution for the random walk if taking a random step from
the distribution x produces the same distribution x.

Consider again theorem 16.1, and consider the recursive relations satisfied by
x ∈ ∆V :

xv =
∑

u:(u,v)∈E

xu

d+(u)

for all v ∈ V . In our random walk, from a given vertex u, we choose an outgoing
edge (u, v) with probability 1/d+(u). In particular, if u is chosen from a random
distribution x ∈ ∆V , then the probability of then stepping to a particular vertex v is∑

u:(u,v)∈E

xu

d+(u) .

For the vector x asserted by theorem 16.1, this sum equals xv. That is, x is the
stationary distribution of a random walk on G. We can restate theorem 16.1 as follows.
Theorem 16.1, restated. Every random walk on a directed graph G has a stationary
distribution. If G is strongly connected, then this distribution is unique.

16.1.1 PageRank

The actual PageRank algorithm proposed in [PBMW99] is slightly different. We
augment the random walk thought experiment described above with a small probability
α of restarting the walk from a page chosen uniformly at random. Otherwise (with
the remaining probability 1− α), we continue the random walk as described above.
The same conclusion holds for this random walk.
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Figure 16.2: An example of PageRank on an 11 vertex graph [Wika].

Theorem 16.3. Let G = (V, E) be a directed graph, and let α ∈ (0, 1). There exists
a unique vector x ∈ ∆V such that for all v ∈ V ,

xv = (1− α)
∑

u:(u,v)∈E

xu

d+(u) + α

n
.

The PageRank formulation has some additional convenient properties compared to
general random walks. First, the vector x is guaranteed to be unique, and has strictly
positive coordinates. (Implicitly, it is the stationary distribution on the directed graph
augmented by weighted edges between all pairs, which by theorem 16.1 is unique.)
Second, it can be calculated more directly. We will come back to this point at the
end of our discussion in section 16.6.

16.2 A linear map of the web

Recall that a function f : Rn → Rn is linear if it satisfies the following:

f(x + y) = f(x) + f(y)

Let A : RV → RV be the linear map encoding the directed edges as follows. For a
vertex v, let ev ∈ {0, 1}V be the vector with 0’s everywhere except for 1 in the vth
coordinate. We define A by setting (Aev) ∈ {0, 1}V to indicate the outgoing neighbors
of v. More explicitly, A is defined by

⟨ew, Aev⟩ = (Aev)w =

1 if (v, w) ∈ E

0 otherwise.
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Figure 16.3: The adjacency vector (Aev) of a vertex v.

See also fig. 16.3. Note that the graph G is undirected iff A is symmetric.
More generally, we might have weights on the edges of the graph. Then we would

define A : RV → RV by

⟨ew, Aev⟩ = (Aev)w =

weight of the edge (v, w) if (v, w) ∈ E

0 otherwise.

Let us rehash our discussion on scoring websites in terms of the linear map. We
have

score1(v) = ⟨ev, A1⟩ =
∑
w

(Aev)w.

We also have

d+(u) = ⟨1, Aeu⟩.

Let D = diag(d+) ∈ RV ×V be the diagonal matrix induced by D. That is, for any
vector x and vertex v, we have

(Dx)v = d+(v)xv.
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Then we can write score2(v) as

score2(v) =
∑

u:(u,v)∈E

1
d+(u) = (AD−11)v =

〈
ev, AD−11

〉
.

As for the stationary distribution (score3), we see that the stationary distribution x
must satisfy the equation

x = Rx for the linear map R = AD−1 : RV → RV .

The map R has the property that Rx ∈ ∆V for any x ∈ ∆V . Any linear map
A : Rn → Rn mapping ∆n to ∆n is called a stochastic linear function.

16.3 Eigenvectors

Let A : Rn → Rn be a linear map. An eigenvector of A is a nonzero vector x ̸= 0 such
that

Ax = λx

for some scalar value λ ∈ C. The scalar λ is called an eigenvalue of A, and here it is
the eigenvalue corresponding to the eigenvector x.

Alternatively, a value λ ∈ C is an eigenvalue iff the linear map (A−λI) : Rn → Rn

is not invertible. Indeed, any eigenvector x corresponding to λ gives a second vector
(besides 0) such that (A− λI)x = 0.

Lemma 16.4. The set of eigenvectors corresponding to an eigenvalue λ form a vector
space.

The dimension of the subspace corresponding to an eigenvalue λ is called the
multiplicity of the eigenvalue. For any eigenvalue λ of A : Rn → Rn, the multiplicity
of λ is equal to n− rank(A− λI).
Existence of eigenvectors. A priori, it is not clear why every matrix should have
an eigenvector.

Lemma 16.5. Let A : Rn → Rn be a linear map. Then A has an eigenvalue λ ∈ C
and an eigenvector x ∈ Cn.

Proof. Fix any nonzero vector v. Recall that any set of n + 1 vectors in Rn is
linearly dependent. In particular, the set v, Av, . . . , Anv is linearly dependent. Put
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alternatively, there is a nonzero, degree k ≤ n polynomial p(x) = αkxk + · · ·+ α0 such
that

p(A)v = 0.

By the fundamental theorem of algebra, the polynomial p(x) can be expressed as

p(x) = (x− r1)(x− r2) · · · (x− rk)

where r1, . . . , rn ∈ C are complex roots of p(x). Then

p(A)v = (A− r1I)(A− r2I) · · · (A− rkI)v = 0

imples that some A− riI maps a nonzero vector to 0. The corresponding root ri is
an eigenvalue.

Tranposing and Eigenvalues The eigenvalues and eigenvectors of a matrix A and
its transpose AT are closely related. This is primarily because A and its transpose
AT have the same rank, and eigenvalues are ultimately concerned with values λ for
which A− λI is not full rank.

Lemma 16.6. Let A : Rn → Rn be a linear map. Then A is invertible iff AT is
invertible.

Proof. Suppose A is invertible. We claim that AT is invertible with inverse (A−1)T .
Indeed, for any two points x, y, we have〈

x, (A−1)T AT y
〉

=
〈
A−1x, Ay

〉
=
〈
AA−1x, y

〉
= ⟨x, y⟩.

Since this holds for all x and y, we have that (A−1)T A = I. That is, (A−1)T is an
inverse for A. This proves the “only if” whereas we claim “if and only if”; the “if”
follows symmetrically as (AT )T = A.

Lemma 16.7. Let A : Rn → Rn be a linear map.. Then A and AT have the same
eigenvalues with the same multiplicities.

Proof. Recall that for any map L : Rn → Rn, L is invertible iff LT is invertible, and
(LT )−1 = LT . Now suppose that λ is an eigenvalue of A. Then A−λI is not invertible,
hence (A − λI)T = AT − λI is not invertible, and so λ is an eigenvalue of A. The
multiplicities are equal because the

rank(A− λI) = rank
(
(A− λI)T

)
= rank(A− λI).
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Lemma 16.8. Let A : Rn → Rn be a linear map.. Let x be an eigenvector of A and
let y be an eigenvector of AT corresponding to distinct eigenvalues. The ⟨x, y⟩ = 0.

Proof. Let x have corresponding eigenvalue λ and let y have corresponding eigenvalue
µ. We have

λ⟨x, y⟩ = ⟨Ax, y⟩ =
〈
x, AT y

〉
= µ⟨x, y⟩.

If λ ̸= µ, then ⟨x, y⟩ = 0.

Let us now restate theorem 16.1 in our new language of eigenvectors and eigenvalues.
Theorem 16.1, in terms of eigenvectors and eigenvalues. Let G = (V, E)
be a directed graph and let R : RV → RV be the map corresponding to the linear
map corresponding to the random walk on G. Then R has an eigenvector x ∈ ∆V

with eigenvalue 1. If G is strongly connected, then x is the unique eigenvector (up to
scaling) with eigenvalue 1.

16.4 The Perron-Frobenius theorem

Definition 16.9. Let A : Rn → Rn be a linear map. A is positive if ⟨x, Ay⟩ > 0 for
all x, y ∈ Rn

≥0 with x, y ̸= 0.

The following theorem is called the Perron-Frobenius theorem.

Theorem 16.10. Let A : Rn → Rn be a positive linear map. Then A has an eigenvalue
λ1 with eigenvector x1 with the following properties.

1. λ1 > 0 and x1 > 0.

2. x1 is the unique (generalized) eigenvector of λ1.

3. x1 is also the unique nonnegative vector such that Ax1 ≥ λ1x1 (up to scaling).

4. Any other eigenvalue µ has |µ| < λ1.2

5. Any other eigenvector of A has at least one negative entry.

Proof. Let

L = {λ > 0 where Ax ≥ λx for some x ∈ ∆n}.

We will argue that the the supremum of L is the desired value λ1. To this end, we
first make the following claims about L.

2We will only prove that |µ| ≤ λ1.
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1. L is nonempty.

2. L is bounded.

3. L is closed.

For claim 1, let x ∈ ∆n with x > 0. The Ax will have strictly positive coordinates
because the graph is strongly connected, and so there is some λ > 0 such that
Ax > λx.

For claim 2, we observe that for λ ∈ L, with (say) Ax ≥ λx with x ∈ ∆n, we have

⟨1, A1⟩
(a)
≥ ⟨1, Ax⟩

(b)
≥ ⟨1, λx⟩ (c)= λ.

(a) is because A is monotonic and 1 ≥ x. (b) is by choice of x and λ. (c) is because
x ∈ ∆n.

For claim 3, let λ1, λ2, . . . be any sequence of points in L that converges to some
λ̄. We want to show that λ̄ ∈ L. For each i, let xi ∈ ∆n with Axi ≥ λixi. Since ∆n

converges, the xi’s converge to some x̄ ∈ ∆n. We have

Ax̄ = A
(

lim
n→∞

xi

)
(d)= lim

n→∞
Axi ≥ lim

n→∞
λixi = λx̄.

(d) invokes continuity of A to pass through the limit.
We have now shown that L is a closed and bounded set with at least one positive

number. Any nonempty closed and bounded set L has a finite supremum, λ1, which is
contained in L. By definition of L, there is also a vector x1 ∈ ∆n such that Ax1 ≥ λ1x1.
We claim that Ax1 = λ1x1.

Let y ≥ 0 be such that Ax1 = λ1(x1 + y). Then Ax1 = λ1x1 ⇐⇒ y = 0. Suppose
by contradiction that y ̸= 0. Choose ϵ ∈ (0, 1) sufficiently small that

ϵ

1− ϵ
≤ ⟨1, y⟩.

Observe that

(1− ϵ)x1 + ϵ

⟨1, y⟩
∈ ∆n.

Moreover, we have

A

(
(1− ϵ)x1 + ϵ

⟨1, y⟩
y

)
(e)
> (1− ϵ)Ax1

(f)= (1− ϵ)λ(x1 + y)
(g)
≥ λ

(
(1− ϵ)x1 + ϵ

⟨1, y⟩
y

)
.
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Here (e) is because Ax > 0 for all x ≥ 0 with x ̸= 0. (f) is by choice of y. (g) is by
choice of ϵ. The strict inequality obtained above implies that there is a larger value
than λ in L, a contradiction. Thus we must have Ax1 = Aλ1 after all.

Note also that x1 is strictly positive, as x1 = λ−1Ax1 > 0. More generally, any
eigenvector of A associated with a positive eigenvalue is strictly positive.

Next we claim that x1 is the unique (simple) eigenvector for λ1 (up to scaling).
Indeed, suppose Ay = λ1y for vector y. As mentioned above, we must have y > 0. If
y is not proportional to x, then let z = x− αy where α > 0 is such that z ≥ 0, z ̸= 0,
and zi = 0 for some coordinate i. Then z would be an eigenvector of A that is not
strictly positive, a contradiction.

Now we claim that x1 is the unique generalized eigenvector for λ1, as well. If not,
then there would a vector y not spanned by x1 such that

(A− λ1I)2y = 0.

Then (A− λ1I)y is a simple eigenvector of A with eigenvalue λ1, so

Ay = λ1y + cx1 (16.2)

for some c ̸= 0. By flipping the sign of y if necessary, we may assume that c > 0.
Increase y by a multiple of x1 if necessary, we may assume that y > 0. If y > 0 and
c > 0, then (2) that there is a value larger than λ1 in L, a contradiction. Thus x1 is
the unique generalized eigenvector for λ1.

Take any other eigenvalue µ of A, with eigenvector y. Scale y such that Then

|µ||y| = |µy| = |Ay| ≤ A|y|,

where |y| denotes the coordinate-wise absolute value of y. Thus |µ| ∈ L, and therefore
|µ| ≤ x1.

If |µ| = λ, then we would have |y| = x1 (after scaling) by uniqueness of x1. This,
combined with |Ay| = A|y|, implies (by known facts about complex numbers, which
we omit) that y = eiθx1 for some fixed θ. Thus y ∈ span(x1) and µ = x1.

For the last claim, observe that AT also satisfies the hypothesis. Indeed, if x, y ≥ 0
and neither x nor y equals zero, then〈

AT x, y
〉

= ⟨x, Ay⟩ > 0.

Thus AT has (the same) dominant eigenvalue λ1, with a positive eigenvector y1 ∈ Rn
>0.

Now, any eigenvector x of A corresponding to an eigenvalue other than x1 must be
orthogonal to y1. If y1 is has strictly positive coordinates and ⟨x, y1⟩ = 0, then x must
have at least one negative coordinate.

The above proof is essentially due to Bohnenblust; see [Bel97; Lax07].
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16.5 Perron-Frobenius for strongly connected random walks

We now extend theorem 16.10 to random walks. In particular, we will show that there
is always a stationary distribution, and that this stationary distribution is unique if
the underlying graph is strongly connected.

Theorem 16.11. Let A : RV → RV be the linear map of a random walk on a strongly
connected graph.

1. There is an eigenvector x ∈ ∆n with eigenvalue 1 and x > 0.

2. x is the unique eigenvector with eigenvalue 1.

3. x is the only eigenvector of A with no negative entries.

4. Any other eigenvalue µ has |µ| ≤ 1.

Proof. We first note that A has eigenvalue 1. Indeed, because A models a random
walk, we have

AT 1 = 1,

as can be verified directly. Thus 1 is an eigenvalue of AT and thereby an eigenvalue of
A as well. Now, let x be any eigenvector of A, rescaled so that ⟨1, x⟩ = 1. We claim
that x ∈ ∆n.

Consider the matrix B = 1
n

∑n
i=0 Ai. We can interpret B as the random walk on

V induced by the following two steps:

1. Choose i ∈ {0, . . . , n− 1} uniformly at random.

2. Take i steps of the random walk A.

Observe that any eigenvalue µ of A corresponds to an eigenvalue of B with value

1
n

n−1∑
i=0

µi,

with the same eigenvectors. In particular, 1 is an eigenvector of x with eigenvalue 1.
Because G is strongly connected, there is a path of at most n− 1 edges from any

point a ∈ V to any point b ∈ V . Thus B models a random walk with strictly positive
transition probabilities for all pairs of vertices. In particular, B satisfies the positive
assumptions of theorem 16.10.
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Let λ1 > 0 and x1 ∈ ∆n be the “dominant” eigenvector and eigenvalue. We claim
that λ1 = 1 and x1 = x. To this end, consider BT . BT has the same dominant
eigenvalue λ1, with a corresponding eigenvector that is also the only eigenvector with
no negative corodinates. We also know that 1 is an eigenvalue of BT with eigenvector
1. So λ1 = 1. Theorem 16.10 then implies that x is the unique eigenvector for
eigenvalue 1, and all the coordinates of x are strictly positive.

Let µ be any other eigenvalue of A. We claim that |µ| ≤ 1. For ϵ ≥ 0, let
Aϵ = (1− ϵ)A + ϵB. Let

µϵ = µ + ϵ

n

n−1∑
i=1

µi.

µϵ is an eigenvalue of Aϵ for all ϵ ≥ 0. Note that for all ϵ > 0, theorem 16.10 applies
to Aϵ and in particular Aϵ has dominant eigenvalue 1, and |µϵ| ≤ 1. Moreover,
limϵ→0 µϵ = µ. Thus |µ| ≤ 1.

Any eigenvector other than x is an non-dominant eigenvector of B, and thus has
negative coordinates.

16.6 Computing PageRank

The PageRank vector x satisfies the equation

x = (1− ϵ)Rx + ϵ

n
1,

where R = AD−1 models the random walk on the directed graph, and where 1 ∈ RV

is the all-1’s vector. We can rewrite this as(( 1
1− ϵ

)
I −R

)
x = ϵ

(1− ϵ)n1.

Recall that the maximum eigenvalue of R is 1; in paricular, 1/(1 − ϵ) is not an
eigenvalue. Thus (1/(1− ϵ)I −R) is invertible. We have

x =
(

ϵ

(1− ϵ)n

)( 1
1− ϵ

I −R
)−1

1 = ϵ

n
(I − (1− ϵ)R)−11.

We can write (I − (1− ϵ)R)−1 as the infinite series

(I − (1− ϵ)R)−1 = lim
k→∞

k∑
i=0

((1− ϵ)R)i.
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Thus

x = ϵ

(1− ϵ)n lim
k→∞

k∑
i=0

((1− ϵ)R)i1.

The series on the RHS converges quickly for moderate ϵ, so in practice one only has
to compute a few terms in the sum.

16.7 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

16.8 Exercises

Exercise 16.1. Let G = (V, E) be a directed graph, not necessarily strongly connected.
Recall that the strongly connected componentsm for a directed acyclic graph. A sink
component is a strongly connected component with no out going edges; i.e., a sink in
the DAG of strongly connected components. Suppose G has a unique sink component
S ⊂ V . Show that the random walk on G has a unique stationary distribution x ∈ ∆V

and that xv > 0 iff v ∈ S.

Exercise 16.2. Let G = (V, E) be an simple3, unweighted, directed, and strongly
connected graph. We proved in theorem 16.1 that the random walk G has a unique
and strictly positive stationary distribution x ∈ ∆V . Prove that for all v ∈ V ,
xv ≥ n−(n+1).

3Simple means that there are no parallel edges.
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Chapter 17

Discrepancy via Gaussian random walks













































































Balanced coloring
color points red blue sit all sets have same of each

discrepancy of set I blue red l

goal minimize max discrepancy
17.1 Balanced coloring

Let S1, . . . , Sm ⊆ [n] be a collection of m sets of a universe of n points. We would
like to color all the points in one of two colors so that each set has the same number
of points of each color, or as close to the same as possible.

More formally, we encode colorings as vectors x ∈ {−1, 1}n where −1 indicates
one color and +1 indicates the other. For a set Si, let

x(Si) def=
∑
j∈Si

xj

denote the sum over the coordinates in Si. The discrepancy of Si is defined as absolute
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difference between the number of points of each color,

|x(Si)| =

∣∣∣∣∣∣
∑
j∈Si

xj

∣∣∣∣∣∣.
The goal is to color the points as to minimize the maximum discrepancy:

min
x∈{−1,1}n

max
Si

|x(Si)|.

The additive Chernoff bound and union bound imply that a uniformly random
z ∈ {−1, 1}n has maximum discrepancy at most O

(√
n log(m)

)
. (Exercise 17.1.)

Surprisingly, for the special case m = n, Spencer [Spe85] showed that there exists
a coloring z ∈ {−1, 1}n with discrepancy

O
(√

n
)
,

erasing the logarithmic factor. For m > n the bound becomes

O
(√

n log(m/n)
)

However the proof was existential in nature and it remained an open to find such a
coloring efficiently.

In 2010, Bansal [Ban10] discovered an algorithm that achieves discrepancy
O(
√

n log(m/n)); in particular this gives O(
√

n) for the symmetric setting m = n.
Subsequent work by Lovett and Meka [LM12] gave an elegant randomized polynomial
time algorithm achieving the more general bound of O

(√
n log(m/n)

)
. This second

algorithm is the main topic of this lecture. Formally, we will prove the following.

Theorem 17.1. Given m sets S1, . . . , Sm over n points, there exists a vector z ∈
{−1, 1}n such that z(Si) ≤ O

(√
n log(m/n)

)
for all i. This vector z can be computed

in randomized polynomial time in expectation.

17.2 Reduction to partial coloring

A fractional coloring is defined as a vector x ∈ [−1, 1]n. The algorithm maintains
a fractional coloring x ∈ [−1, 1]n, initially set to x = 0, that meets the discrepancy
bound |x(Si)| ≤ O

(√
n log(m/n)

)
for all i, at all times. Progress is made by having

the coordinates xj approach the integral extremes {−1, 1} over time.
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Let ϵ = 1/n. We say that a coordinate xj is ϵ-tight, or simply tight, if |xj| ≥ 1− ϵ.
Otherwise we say that xj is free. We say that x is tight if all the coordinates are tight.
If x is tight, then it is easy to see that we can deterministically round x to a proper
coloring in {−1, 1}n without significantly increasing the discrepancy. Thus the task is
reduced to computing a tight fractional coloring x.

We break down this task further into partial coloring problems, where the goal is
to obtain a fractional coloring x with good discrepancy and where half the coordinates
are tight. The tight coordinates are then fixed forever, and in the next iteration we
apply the partial coloring procedure to the remaining free coordinates. Each iteration
of partial coloring decreases the number of variables by half. The following lemma
describes the guarantees of a partial coloring subroutine which we describe and analyze
in the following section.

Lemma 17.2. Let S1, . . . , Sm ⊆ [n], and let x0 ∈ [−1, 1]n. Let ϵ > 0 be sufficiently
small. Then there is a randomized algorithm that, in expected polynomial time,
computes a point x ∈ [−1, 1]n such that

(i) |x(Si)− x0(Si)| ≤ O
(√

n log(m/n)
)

for all j.
(ii) At least half of the coordinates are tight.

We now explain at a high level how the partial coloring bounds of lemma 17.2
lead to a tight fractional covering with good discrepancy. Consider the first iteration.
We apply partial-coloring and obtain a vector x(1) that (a) respects all of our
desired discrepancy bounds and (b) makes at least half the variables tight. For all
tight coordinates i, x(1)

i is forever fixed. Henceforth we restrict our attention to the
remaining free variables V(1), which has half as many variables as before. Consider now
the second iteration. We apply partial-coloring in V(1), now using x(1) (restricted
to V(1)) as the initial point x0. Now we obtain a fractional coloring x(2) over V(1)

where at least half the variables are tight, and where x(2) − x(1) satisfies the desired
discrepancy bound. This time, though, n is divided by half, which improves the
discrepancy bound::

|x(2)(Si)− x(1)(Si)| ≤ O
(√

n log(m/n)/2
)

.

Continuing in this fashion, we repeatedly color and remove half the free variables.
Each iteration pays a geometrically decreasing cost in the discrepancy, so the overall
discrepancy for each set Si remains O

(√
n log(m/n)

)
.

Pseuduocode for this iterative algorithm is given in fig. 17.1. The following lemma
and proof formalizes the high-level argument above.
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iterative-partial-coloring(S1, . . . , Sm)

1. Let x(0) = 0 and y(0) = 0.
2. For t = 1, 2, . . . :

A. Let V(t) = {i : y(t−1)
i ∈ (1− ϵ, 1 + ϵ)}.

B. If V(t) is empty then return y(t−1).
/* Otherwise partially color the loose vertices V(t) with starting point given by

y(t−1) restricted to V(t). */

C. Let x(t) = partial-coloring(S1 ∩ V(t), . . . , Sm ∩ V(t),V(t)),

D. Set y(t)
i = y(t−1)

i for i /∈ V(t) and y(t)
i = x(t)

i for i ∈ V(t).
Figure 17.1: Iteratively applying the partial-coloring procedure to obtain a tight
fractional coloring. See lemma 17.3.

Lemma 17.3. In expected polynomial time, iterative-partial-coloring returns a
fractional coloring y ∈ [−1, 1]n such that:

(a) All coordinates yj are tight.
(b) All sets Si have |y(t)(Si)| ≤ O

(√
n log(m/n)

)
.

Proof. Let T be the (random) number of iterations completed by iterative-partial-
coloring; that is, iterative-partial-coloring returns y(T ).

For each iteration t, we have

|y(t)(Si)| ≤ |x(t)(Si ∩ V(t))− y(t−1)(Si ∩ V(t))|+ |y(t−1)(Si)|,

hence

|y(T )(Si)| ≤
T∑

t=1
|x(t)(Si ∩ V(t))− y(t−1)(Si ∩ V(t))|.

We also have, for each iteration t,

|x(t)(Si ∩ V(t))− y(t−1)(Si ∩ V(t))| ≤ O
(√
|V(t)| log(m/|V(t)|)

)
.

Recall that |V(t)| ≤ n/2t, and observe that
n

2t
log
(
m/(n/2t)

)
= n

2t
log(m/n) + n

2t
t ≤ O

(
n

1.9t
log(m/n)

)
.
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Plugging back in we have

|y(T )(Si)| ≤ O
(√

n log(m/n)
) T∑

t=1
1.9−t = O

(√
n log(m/n)

)
,

as desired.

Now we are prepared to prove theorem 17.1, modulo the proof of lemma 17.2
which we prove next.

Let y ∈ [−1, 1]n be as described in lemma 17.3. Let z ∈ {−1, 1}n be the integral
coloring obtained from y by deterministically setting zi ∈ {−1, +1} to the closer value
to yi. This increases the discrepancy by at most ϵn ≤ 1 for each set Si. This completes
the proof.

17.3 Partial coloring by random walks: proof of lemma 17.2

The partial coloring algorithm We now describe the algorithm underlying
lemma 17.2. Let λ = c

√
n log(m/n) for a sufficiently large constant c. Let

P = {x ∈ [−1, 1]n : |x(Si)− x0(Si)| ≤ λ for all Si}.

Our goal is to find a fractional coloring x ∈ P where at least half the coordinates are
tight.

We analyze an algorithm that can loosely be described as a high-dimensional
random walk inside P. The algorithm starts at x(0) = x0. Each iteration we move
from x(t−1) to a random point x(t) ∈ P where the step x(t) − x(t−1) is sampled from a
carefully chosen, high-dimensional Gaussian distribution.

As x(t) moves randomly through P , x(t) may approach some of the boundaries of
P. For example, a coordinate x(t)

j may become tight, or the discrepancy of a set Si

may approach its limit λi. In this case the walk is constrained to avoid violating these
critical constraints.

Towards a more formal description, let

δ = ϵ/ poly(m, n).

δ controls average step size of the random walk. Let T = O(1/δ2) = poly(m, n)/ϵ.
The algorithm runs for T iterations. We want to show that at termination, x(T ) is a
tight coloring in P .
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After t iterations, we say that a coordinate x(t)
j is tight if

∣∣∣x(t)
j

∣∣∣ ≥ 1− ϵ (like before).
We say that a set Si is tight if

|⟨Si, x(t) − x0⟩| ≥ λ− ϵ.

The next random step, x(t+1) − x(t), is restricted to ensure that the tight coordinates
and sets are not further violated, as follows.

Let S(t) be the subspace orthogonal to all tight sets and coordinates with respect
to x(t):

S(t) def= {y ∈ Rn : yj = 0 for all tight xj, y(Si) = 0 for all tight Si}.

Note that all the constraints are linear equations, so S(t) indeed describes a subspace.
The step x(t+1) − x(t) is sampled as a Gaussian vector from the subspace S(t).

To implement such a sample, let k = dim(S(t)), let c1, . . . , ck be an orthonormal
basis for S(t), and let U ∈ Rn×k be the matrix where the ith column is ci. Let
g(t) ∼ N k be a vector of k independent, normal Gaussian variables. We set

x(t+1) = x(t) + δUg(t).

Observe that since Ug(t) ∈ S(t), x(t+1) will have the same relationship with the variables
and sets that were tight with respect to x(t); in particular, these tight inequalities will
not get worse.

The following two lemmas help us understand the random vector Ug(t).

Lemma 17.4. ∥Uw∥2 = ∥w∥2 for all w ∈ Rk and
∥∥∥UTv

∥∥∥2
≤ ∥v∥2 for all v ∈ Rk.

Proof. We have

Uw =
k∑

i=1
wici.

Since c1, . . . , ck is an orthonormal basis, we have

∥Uw∥2 =
〈

k∑
i=1

wici,
k∑

i=1
wici

〉
=
∑
i=1

k∑
j=1

wiwj⟨ci, cj⟩ =
k∑

i=1
w2

i = ∥wi∥2.

For the second claim, observe

∥∥∥UTv
∥∥∥2

=
k∑

i=1
⟨c1, v⟩2.
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To interpret the RHS, extend c1, . . . , ck to an orthonormal basis c1, . . . , cn of Rn. The
vector y ∈ Rn defined by

yi = ⟨ci, v⟩ i = 1, . . . , n

is simply a change of coordinates of x to the new orthonormal basis, so

∥x∥2 = ∥y∥2 =
n∑

i=1
⟨ci, v⟩2.

Clearly the sum in the RHS is greater than the previous sum for
∥∥∥UTv

∥∥∥2
.

Lemma 17.5. Let k = dim(S(t)). For any vector v, ⟨v, Ug(t)⟩ ∼ N (0, σ2) where
σ2 ≤ ∥v∥2.

Proof. Let b = UTv. We have

⟨v, Ug(t)⟩ =
〈
UTv, g(t)

〉
= ⟨b, g(t)⟩.

As we know, ⟨b, g(t)⟩ is distributed as a Gaussian with mean 0 and variance ∥b∥2. We
have ∥b∥2 =

∥∥∥UTv
∥∥∥2
≤ ∥v∥2 be lemma 17.4.

In particular, lemma 17.5 implies that for each set i,

x(t+1)(Si)− x(t)(Si) = δ⟨1Si
, Ug⟩

is distributed as a Gaussian with mean 0 and variance at most

δ2|Si| ≤ δ2n.

(Here 1Si
denotes the {0, 1}-indicator variable for Si.) Lemma 17.5 also implies that

each coordinate j ∈ [n],

(x(t+1) − x(t))j = δ(Ug)j

is distributed as a Gaussian with mean zero and variance at most δ2. Now recall that
for a Guassian random variable g with mean zero and variance σ2,

P[|g| ≥ λσ] ≤ 2e−λ2/2

for all λ. Consequently we have

P[|x(t+1)(Si)− x(t)(Si)| ≥ ϵ] ≤ e−ϵ2/2δ2 = e− poly(m,n)
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for each Si and similarly

P
[∣∣∣x(t+1)

j − x(t)
j

∣∣∣ ≥ ϵ
]
≤ e− poly(m,n)

for each coordinate j. Meanwhile the quantities are always 0 for tight constraints and
tight coordinates because x(t+1) − x(t) ∈ S(t).

Taking the union bound over all sets and variables, if x(t) ∈ P, then with high
probability, we have x(t+1) ∈ P. Taking the union bound over all T iterations gives
the following.

Lemma 17.6. With high probability, x(t) ∈ P for all t ∈ [T ].

The remaining task is to show that at least half the variables are tight after T
iterations.

Lemma 17.7. E
[
∥x(T )∥2

]
≥ T E[dim(S(T ))].

Proof. Each iteration t, we have

∥x(t)∥2 = ∥x(t−1)∥2 + 2⟨x(t−1), δU (t)g(t)⟩+ δ2∥U (t)g(t)∥2.

When we take expectations, we have

E[⟨x(t−1), δU (t)g(t)⟩] = δ E
[〈

(U (t))Tx(t−1), g(t)
〉]

= 0

because
〈
(U (t))Tx(t−1), g(t)

〉
is a mean 0 Gaussian. We also have

E
[
∥U (t)g(t)∥2

]
= E

[
∥g(t)∥2

]
= dim(S(t−1)).

since ∥g(t)∥2 is the sum of squares of dim(S(t)) standard Gaussians. Thus

E
[
∥x(t)∥2 − ∥x(t−1)∥2

]
= δ2 E[dim(S(t−1))].

Unrolling, we have

E
[
∥x(T )∥2

]
≥

T∑
t=1

E
[
∥x(t)∥2 − ∥x(t−1)∥2

]
≥

T∑
t=1

dim(S(t−1)).

Finally, we observe that dim(S(t)) ≥ dim(S(T )) since S(t) only shrinks over time with
additional tight constraints and variables.

Lemma 17.8. E
[# tight coord.

w/r/t x(T )

]
≥
(
1− 1

δ2T

)
n− E

[# tight sets
w/r/t x(T )

]
.
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Proof. We first observe that

E
[
∥x(T )∥2

]
≥ δ2T E[dim(S(T ))] ≥ T

(
n− E

[# tight sets
w/r/t x(T )

]
− E

[# tight coord.
w/r/t x(T )

])

We also claim that E
[
∥x(T )∥2

]
≤ n. If so, then we would have

n ≥ E
[
∥x(T )∥2

]
≥ δ2T

(
n− E

[# tight sets
w/r/t x(T )

]
− E

[# tight coord.
w/r/t x(T )

])
,

which is the desired inequality up to rearrangement of terms.
To prove the claim, observe that for all coordinates j, and all iterations t, either

the jth coordinate is tight, or

E
[(

x(t)
j

)2
−
(
x(t−1)

j

)2
∣∣∣∣ ∣∣∣x(t−1)

j

∣∣∣ < 1− ϵ
]
≤ δ2.

It follows that E
[(

x(T )
j

)2
]
≤ 1 for all j, hence E

[
∥x(T )∥2

]
≤ n.

Lemma 17.9. E
[# tight sets

w/r/t x(T )

]
≤ n

4 , hence E
[# tight coord.

w/r/t x(T )

]
≥ 3n

4 .

Proof. Fix a set Si. Let µ = λ−ϵ; we again have µ ≥ c1

√
n log(m/n) for an arbitrarily

large constant c1. We want to analyze the probability that |x(T )(Si)− x(0)(Si)| ≥ µ.
For t ∈ [T ], let

Yt = x(t)(Si)− x(t−1)(Si) = δU (t)g(t).

Observe that

x(T )(Si)− x(0)(Si) = Y1 + · · ·+ YT .

If they Yt’s were independent, then we know the sum behaves like a Guassian with
variance at most Tδ2n.

Here the Yt’s are not independent: earlier iterations effect the variance of later
iterations. However, each Yt is a Gaussian conditional on Y1, . . . , Yt−1. In this case,
one can still show that their sum will still behave as if they were independent; that
is, as a Gaussian with variance at most Tδ2n. (See lemma 17.11 in section 17.A.)
Consequently

P[Y1 + · · ·+ YT ≥ µ] ≤ 2e− µ2

2T δ2n ≤ 2e−
c2
1n log(m/n)

T δ2n ≤ n

8m
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for a sufficiently large constant c1.
Now, by linearity of expectation, the expected number of tight sets is

E
[# tight sets

w/r/t x(T )

]
=
∑

i

P[Si is tight] ≤ m · n

8m
= n

8 ,

as desired.

We now complete the proof by showing that at least half the coordinates are tight
with constant probability. The preceding lemma shows that the expected number of
free coordinates is at most n/4. By Markov’s inequality, there are at most n/2 free
coordinates, hence at least n/2 tight coordinates, with probability at least 1/2.

While we have only proven that partial-coloring succeeds with constant prob-
ability. Note that the guarantees of lemma 17.2 is easy to verify. This leads to
a Las Vegas algorithm with expected polynomial running time that repeats the
partial-coloring algorithm until it succeeds.

17.4 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

17.5 Exercises

Exercise 17.1. Show that a uniformly random coloring of the n points has maximum
discrepancy at most O

(√
n log m

)
with high probability.

Exercise 17.2. Suppose every set contains at most L elements for some L ∈
N. Adjust the O

(√
n log(m/n)

)
-discrepancy algorithm of this chapter to obtain

((((((((((((((((hhhhhhhhhhhhhhhh
O
(√

L log(m/n)
)
-discrepancy O

(√
L log(m/n) log(n)

)
in this setting.1 Here, rather

than repeat the entire analysis verbatim, explain where L enters the analysis and how
it fits in and propagates through the rest of the proof to obtain the desired bound.
(At least one critical calculation should be redone.)

1In particular, show that lemma 17.2 holds with discrepancy O
(√

L log(m/n)
)

. The additional
log(n) comes from running partial coloring O(log(n)) times.

258

https://raf22.s3.amazonaws.com/RAF22.17+-+Discrepancy.pdf
https://raf22.s3.amazonaws.com/RAF22.17p+-+Discrepancy.pdf
https://youtu.be/tDwpyEFCego


17. Discrepancy via Gaussian random walks
17.A. Analyzing Gaussian martingales

Kent Quanrud
Fall 2022

17.A Analyzing Gaussian martingales

The proof of lemma 17.9 involves analyzing a sequence sum of random variables where
each term, conditional on all previous terms, was distributed as a Gaussian. There we
suggested that the sum behaves similarly as if it were a sum of independent Gaussians.
Here we provide the formal details.
Lemma 17.10. Let X be a Gaussian random variable with mean 0 and variance σ2.
Then for all t ∈ R.

E
[
etX

]
= et2σ2/2.

Proof. WLOG we may assume σ = 1. Let f(x) = e−x2/2 denote the density function
of X. We have

E
[
etX

]
=
∫

etxf(x) dx
(a)= et2/2

∫
f(x− t) dx = et2/2

∫
f(x) dx = et2/2,

where (a) observes that

etxf(x) = 1√
2π

etx−x2/2 = et2/2
√

2π
e−(x−t)2/2 = et2/2f(x− t).

Lemma 17.11. Let Y1, . . . , Yn ∈ R be random variables where for each i ∈ [n],
conditional on Y1, . . . , Yi−1, Yi is a Gaussian with mean 0 and variance at most σ2.
Then

P[Y1 + · · ·+ Yn ≥ λ] ≤ e−λ2/2nσ2
.

Proof. Let t ∈ R be a parameter TBD. By exponentiating and taking Markov’s
inequality (as usual), we have

P[Y1 + · · ·+ Yn ≥ λ] ≤ E
[
etY1+···+Yn

]
e−tλ =

n∏
i=1

E
[
etYi

∣∣∣Y1, . . . , Yi−1
]
e−tλ

For each i, by lemma 17.10, we have
E
[
etYi

∣∣∣Y1, . . . , Yi−1
]
≤ et2/2σ2

.

Plugging back in, we have
P[Y1 + · · ·+ Yn ≥ λ] ≤ ent2σ2/2−tλ.

The RHS is minimized by t = λ/nσ2, which gives

P[Y1 + · · ·+ Yn ≥ λ] ≤ e−λ2/2nσ2
,

as desired.
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Chapter 18

Connectivity and Electricity

18.1 Introduction

Connectivity is one of the simplest graph problems and one that is discussed in every
introductory algorithms class. Let G = (V, E) be an undirected graph with m edges
and n vertices. Two vertices s, t ∈ V are connected if there is a path between them. A
simple graph problem is to decide if two vertices are connected in a graph. Sometimes
we also ask for the path between them.

The problems can be solved by simple search algorithms. The most common ones
are breadth first search and depth first search. The common feature to these algorithms
is that they mark the vertices that they visit, so they don’t revisit them. Like Hansel
and Gretel dropping bread crumbs.

Complexity theorists are interested not only in the running time required by
a problem, but also the amount of space required. This is the amount of space
in addition to the input. A natural lower bound for any (nontrivial) problem is
logarithmic in the input size, since we need ⌈log n⌉ bits just to represent the location
of a pointer amongst an input of size n. Complexity theorists ask: what problems
can solved in O(log n) space?

Consider connectivity. The search algorithms like BFS or DFS mark the vertices.
This leads to O(n) total space. Can (s, t)-connectivity by solved in less than O(n)
space? Surprisingly, the answer is yes. Savitch’s theorem gives a O

(
log2(n)

)
space

algorithm, though it is not polynomial time [Sav70]. Now, can (s, t)-connectivity by
solved in O(log n) space? This is basically just enough space to keep track of what
vertex you are currently on as you search a graph.

Consider the following simple algorithm. Given s, t ∈ V , start a random walk from
s, where in each iteration you pick a random neighbor of the current vertex and move
there. Randomly walk for O(mn) steps. If you come across t at any point, then you
know that s and t are connected. If not, then you answer no.

Clearly the above algorithm takes only O(log n) space. You only need to keep
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track of which vertex you are on, and generate a random number between 1 and (at
most) n to randomly select a neighbor. You also need to count the number of steps
you’ve taken so far. When the algorithm answers in the affirmative, you are always
right. Unfortunately, if it answers no, the algorithm could be wrong. Certainly there is
no proof that there is no path from s to t. But today we will show that the algorithm
is correct with constant probability. Therefore you can rerun the experiment O(log n)
times to be correct with high probability.

To frame the analysis we introduce the following definition.

Definition 18.1. Let G = (V, E) be an undirected graph with m edges and n vertices.
Consider a random walk starting from a vertex s. The hitting time from s to a vertex
v, denoted H(s, v) is the expected number of steps until a random walk from s reaches
v. The cover time from s, denoted C(s), is the expected number of steps until a
random walk from s visits every vertex in the graph.

The above quantities may be infinite when the graph is not connected. We can
rephrase the question of (s, t)-connectivity as asking if H(s, t) is finite. Today we will
prove the following.

Theorem 18.2. Let G = (V, E) be an undirected graph with m edges and n vertices.
Let s ∈ V . Then the cover time C(s) is bounded above by C(s) ≤ m(n− 1).

Assuming for the moment that the above theorems are true, and that random
walks can decide (with high probability) whether vertices are connected, there is one
big question left to answer:

Can (s, t)-connectivity be decided deterministically in O(log n) space?

We will return to this question later in chapter 21.

18.2 Electrical networks

Our analysis will be based on a (perhaps surprising) connection between random
walks and electrical networks. For the sake of our discussion, an electrical network
is an undirected graph G = (V, E) with positive edge weights r : E → R>0 called
resistances. If one attaches a battery to two vertices s and t, it induces a current that
(in our discussion) is a unit flow from s to t. As the electricity flows from s to t, it
is said to take the path of least resistance. What is the path of least resistance? A
computer scientist or operations researcher might suggest this is the shortest path
from s to t with respect to the resistance. But physics does not do combinatorial
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Electrical Networks
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I 1 unit flow

Electricity takes path of least resistance

optimization; physics does calculus. From a calculus point of view, it is more natural
to minimize a sum of squares, than just the sum.

To formalize the model, fix an orientation on the edges. We identify each flow
with a vector f ∈ RE. For each edge e, a positive value f(e) > 0 means that f(e)
units of flow are routed in the same direction as the orientation of e. A negative value
f(e) < 0 means that |f(e)| units of flow are routed in the opposite direction. Then
the electrical flow is the

(s, t)-flow f minimizing the electric energy
∑

e

ref
2
e .

That is, the electrical flow is the solution of a constrained optimization problem. The
squared terms encourage the flow to spread out. While there is still some preference to
shorter paths, rather than put all the flow along the shortest (s, t)-path, the electrical
flow will spread out such as in the following computer. (The following is not actually
the optimum electrical flow).
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Let us define a linear map B : RE → RV that maps flows to the net flows at each
vertex. That is, for a flow f , and a vertex v, we have

(Bf)v = net flow of f at v.
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The above definition is linear in f , so B is a linear map. Let d ∈ RV be the demands
of our problem; namely,

dv =


1 if v = s

−1 if v = t

0 otherwise.

A flow f is a unit (s, t)-flow iff Bf = d. Now, while we are principally interested in
(s, t)-flow, the following discussion extends to any set of flow demands d ∈ RV (the
only requirement being that ⟨1, d⟩ = 0). In the above algebraic notation, the electrical
flow is obtained as the solution to the following optimization problem:

minimize ⟨f, Rf⟩ =
∑
e∈E

ref
2
e over f ∈ RE s.t. Bf = d. (18.1)

For a fixed electrical network, the quantity above is a function of d. In general,
for d ∈ RV with ⟨1, d⟩ = 0, the effective resistance of d is the minimizing potential
obtained by the electrical flow routing d.

The rest of this discussion is broadly organized into two parts.

1. The first part is about understanding the structure of an electrical flow. This is
based on studying the first-order optimality conditions of (18.1).

2. The second part is about interpreting hitting times and cover times via electrical
networks, and proving the desired bounds.

18.3 Structure of electrical flows

We have seen the electrical flow minimizes a sum of squares subject to linear constraints.
This already endows a lot of structure to electrical flows by understanding the
optimality conditions of such a problem. The connection to graphs then leads to
further interpretations of these conditions.

18.3.1 Convex optimization s.t. linear constraints

The reader may recall that for unconstrained convex minimization problems, a point
x is a minimum solution iff the derivative of the objective function is 0. This is no
necessarily true in constrained optimization. For linear constraints, however, we know
the following.
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Theorem 18.3. Consider a minimization problem of the form

minimize φ(x) over x ∈ Rm s.t. Ax = b,

where φ : X → R is a convex and smoothly differentiable function over a vector space
X, A : X → Y is a linear map, and b ∈ Y is a vector. Let x be a optimum solution
to the problem. Then

φ′(x) = AT y for some y ∈ Rn.

Proof. Let ker(A) = {x : Ax = 0} denote the kernel of A; i.e., the set of vectors that
map to 0.
Claim. φ′(x) is orthogonal to ker(A). Suppose not. Then there exists z ∈ ker(A)
such that

⟨φ′(x), z⟩ < 0.

But then for sufficiently small t > 0,

φ′(x + tz) ≈ φ(x) + t⟨φ′(x), z⟩ < φ(x),

while

A(x + tz) = Ax + tAz = Ax = b.

Then x + tz is not optimal, a contradiction, and proving the claim.
Now, recall that the image of A, denoted by im(A), is the set

im(A) def= {Ax : x ∈ X},

and that the coimage of A, denoted coim(A), is the subspace of X orthogonal to
ker(A):

coim(A) def= X/ ker(A) = {x ∈ X : ⟨x, y⟩ = 0 for all y ∈ ker(A)}.

Note that we have shown that φ′(x) is orthogonal to A. Basic linear algebra (sometimes
called the “fundamental theorem of linear algebra”) states that A and AT both induce
isomorphisms (i.e., one-to-one linear mappings) between coim(A) and im(A). The
one-to-one mapping AT : im(A)→ coim(A) implies that there exists y ∈ Y such that
AT y = φ′(x).
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18.3.2 Ohm’s Law

If we apply theorem 18.3 to the electrical flow problem, then we obtain the following
identity called Ohm’s law. The vector p ∈ RV in the following theorem is called the
electric potentials induced by d.

Theorem 18.4. A flow f ∈ RE subject to demands d is the electrical flow iff there
exists p ∈ RV such that f = R−1BT p.

Proof. Suppose f is the electrical flow. Observe that the gradient of the objective
function is Rf. By theorem 18.3, there exists q ∈ RV such that 2Rf = Bq; hence
p = q/2 is the desired set of electrical potentials.

Conversely, suppose f = R−1BT p for some p ∈ RV . Let g be any other flow with
Bg = d. Recall that for any convex function φ, we have

φ(y) ≥ φ(x) + ⟨φ′(x), y − x⟩.

For our convex function φ(f) = ⟨f, Rf⟩/2, we have

⟨g, Rg⟩ − ⟨f, Rf⟩
(a)
≥ 2⟨Rf, g − f⟩ (b)= 2

〈
BT p, g − f

〉
= 2⟨p, B(g − f)⟩ = 2⟨p, d− d⟩ = 0.

Here (a) applies convexity of φ(x), and (b) substitutes r = R−1Bp.

18.4 Effective resistance and the Laplacian

Recall that the Laplacian of a graph G with edge weights w(e) is the symmetric
matrix L : RV → RV defined by

⟨x, Lx⟩ =
∑

e={u,v}∈E

w(e)(xu − xv)2.

Lemma 18.5. Let w(e) = 1/re for all e. Then L = BR−1BT .

To prove lemma 18.5, since both matrices are symmetric, it suffices to show
that ⟨x, Lx⟩ =

〈
x, BR−1BT x

〉
for all x. We leave this calculation to the reader as

exercise 18.3.
Recall that the effective resistance of d is the minimum energy attained by the

electrical flow. The effective resistance has the following closed form, drawing a direct
connection between the electrical flow and the pseudoinverse of L. Note that L−1d is
well-defined because we assume G is connected and d is orthogonal to the kernel of L;
i.e., 1.
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Theorem 18.6. Given a connected electrical network with resistances r, let L be the
Laplacian of the corresponding undirected graph with weights 1/r. Let d be a fixed
set of demands inducing an electrical flow f with electrical potentials p. We have the
following.

1. Lp = d.

2. (effective resistance of d) = ⟨d, L−1d⟩ = ⟨p, Lp⟩ = ⟨p, d⟩.
Proof. Let f be the electrical flow and p the electrical potentials with respect to d.
For the first claim, we have

Lp = BR−1BT p = Bf = d.

For the second, we have

⟨f, Rf⟩ (a)=
〈
R−1BT p, RR−1BT p

〉
= ⟨p, Lp⟩ =

〈
Lp, L−1Lp

〉
(b)=
〈
d, L−1d

〉
where (a) is by Ohm’s Law.

18.5 Effective conductance

Consider the following optimization problem.

minimize ⟨p, Lp⟩ over ⟨p, d⟩ = 1. (18.2)

In the special case of d = 1t − 1s, we are seeking the potentials p minimizing ⟨p, Lp⟩
subject to s and t being separated by 1 unit. The optimum value to (18.2) is sometimes
called the effective conductance.

The first order conditions tell us that the optimum solution p⋆ satisfies 2Lp⋆ = λd,
hence p⋆ = (λ/2)L−1d, for some scalar λ. To identify λ, we plug into ⟨p⋆, d⟩ = 1: We
have

1 = ⟨p⋆, d⟩ = λ

2
〈
d, L−1d

〉
,

hence

λ = 2
⟨d, L−1d⟩

.

Note that 2/λ = ⟨d, L−1d⟩ is the effective resistance of d. Returning to (18.2), we
have

⟨p⋆, Lp⋆⟩ =
〈
Lp⋆, L−1Lp⋆

〉
= λ2

4
〈
d, L−1d

〉
= 1
⟨d, L−1d⟩

.

The following theorem summarizes our developments.
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Theorem 18.7. (18.2) has optimum solution p⋆ = L−1d/2⟨d, L−1d⟩ and optimum
value 1/⟨d, L−1d⟩.

In particular we have the following symmetry between the effective resistance and
the effective conductance of a demand vector d.

Corollary 18.8. For any demands d, the effective resistance of d is the reciprocal of
the effective conductance of d.

An alternative interpretation of this symmetry is as follows.

Corollary 18.9. For any d-flow f , and any potentials p with ⟨p, d⟩ = 1, we have

⟨f, Rf⟩⟨p, Lp⟩ ≥ 1.

The inequality is tight for a unique f and p (modulo 1).

18.6 Hitting times and cover times

Let us now return to our original discussion on random walks, where we were particu-
larly interesting in understanding the hitting time and cover times of an undirected
graph. We restate their definitions for the reader’s convenience.

Definition 18.1. Let G = (V, E) be an undirected graph with m edges and n vertices.
Consider a random walk starting from a vertex s. The hitting time from s to a vertex
v, denoted H(s, v) is the expected number of steps until a random walk from s reaches
v. The cover time from s, denoted C(s), is the expected number of steps until a
random walk from s visits every vertex in the graph.

Fix t ∈ V . We want to analyze the hitting time H(v, t) for all v ∈ V . We have

H(t, t) = 0,

by definition. For other vertices v ̸= s, we have

H(u, t) = 1 + 1
deg(u)

∑
(u,v)∈E

H(u, t)

by definition of the random walk.
The key idea interpret this system of equations in terms of electrical networks.

Define vertex potentials p ∈ RV by

pu = H(u, t).
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The vertex potentials induces a flow f = Bp, which more explicitly, carries flow

f(u, v) = pv − pu.

We have pt = H(t, t) = 0. We also have the following equivalent equations for all
u ̸= t.

pu = 1 + 1
deg(u)

∑
{(u,v)∈E}

pv

We can rewrite this as ∑
{(u,v)∈E}

(pu − pv) = deg(u).

Recall that f(u, v) = pu − pv. Thus p encodes a flow routing deg(u) units of flow out
of each u ̸= t and 2m− deg(t) units of flow into v. In terms of hitting times, we have
shown the following.

Lemma 18.10. Let G = (V, E) be an undirected graph with m edges and n vertices.
Let t ∈ V . Let p be the electrical potentials routing the demands

du =

− deg(u) if u ̸= t

2m−∑u deg(u) otherwise.

Then for all u,

H(u, t) = pu − pt.

Lemma 18.11. Let G = (V, E) be an undirected graph with m edges and n vertices.
Let s, t ∈ V .

H(s, t) + H(t, s) = 2m(effective resistance from s to t).

Proof. Let p = H(·, s) and q = H(·, t) be the electrical potentials encoding the hitting
times to s and to t, respecitviely. Then

H(u, v) + H(v, u) = (pu − pv) + (qv − qu) = ru − rv
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for r = p− q. The corresponding flow is the difference between the flows induced by
p and q:

BT r = BT p−BT q.

Then BT r routes 2m units of flow from s to t. This means that (1/2m)r is the
electrical potential required to route one unit of flow from s to t. Let d be the
demands for routing one unit of flow from s to t. we have

H(s, t) + H(t, s) = ⟨r, d⟩ = 1
2m

〈
r, BBT r

〉
= 1

2m

〈
BT r, BT r

〉
= 2m⟨(1/2m)Br, (1/2m)Br⟩,

as desired.

u mm v

J

Legit

U v connected by edge

sending 1 unit flow on edge
has energy 1

electric flow has energy El

Theorem 18.12. Let e = (s, t) ∈ E. Then

H(s, t) + H(t, s) ≤ 2m.

Proof. The flow sending one unit of flow along e is an (s, t)-flow with electric energy
1; the electrical flow is only better. Plugging 1 into lemma 18.11 as an upper bound
on the effective resistance gives the bound we seek.

Proof take any spanningtree T

consider any traversal

Eirik

pay Hca v for each arc air

0h Traversal

total time

a e
Hasnt Hcv y

2m's Energi IIIuBET

Theorem 18.2. Let G = (V, E) be an undirected graph with m edges and n vertices.
Let s ∈ V . Then the cover time C(s) is bounded above by C(s) ≤ m(n− 1).
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Proof. Fix any spanning tree T , and fix a traversal on T starting and ending at T ,
which corresponds to a fixed sequence of oriented edges of T , with each edge appearing
once in each direction. Imagine trying to simulate this walk randomly: for each edge
(u, v) in sequence, starting from u, we do a random walk from u until we hit v. Then
we do the same for the next edge in the spanning tree. The expected time to traverse
an edge e = (u, e) ∈ T is H(u, v). The total time over the entire spanning tree is∑

e={u,v}∈T

H(u, v) + H(v, u) ≤
∑

e={u,v}∈T

2m ≤ 3m(n− 1).

18.7 Additional notes and materials

See also [DS84].
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

18.8 Exercises

Exercise 18.1. Let G = (V, E) be an undirected graph with m edges and n vertices.
Let s, t ∈ V be connected by a path of k edges. Show that

H(s, t) ≤ km.

Exercise 18.2. The goal of this exercise is to understand why we required the graph
to be undirected. Design and analyze, for n ∈ N, an unweighted, strongly connected
and directed graph G = (V, E) on n vertices and two vertices s, t ∈ V where the
hitting time from s to t is exponential in n.

Exercise 18.3. Complete the proof of lemma 18.5.
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Chapter 19

Spectral analysis of undirected random walks

19.1 The Laplacian of a graph

Let G = (V, E) be an undirected graph with positive edge weights w ∈ RE
>0. In our

analysis of electrical networks (chapter 18), we briefly came across the Laplacian form
of G. We reintroduce the Laplacian L : RV → RV of from a different perspective.

We first show how to model a single edge by a rank-1 matrix; an entire graph is
then modeled by the corresponding weighted sum over its edges. We will work in the
n-dimensional vector space RV – one coordinate per vertex. Edges are modeled as
matrices in RV ×V .

The Laplacian of an (unweighted) edge e = {u, v} is the rank-1 matrix

Le = (1u − 1v)⊗ (1u − 1v)

where 1u ∈ {0, 1}V denotes the indicator vector1 for u. Here a⊗ b denotes the outer
product of two vectors a, b, defined by ⟨x, (a⊗ b)y⟩ = ⟨a, x⟩⟨b, y⟩. Note that the
expression for Le is indifferent to whether we wrote 1u − 1v or 1v − 1u, as long as it is
symmetric. For any input vector x ∈ RV , we have

⟨x, Lex⟩ = (xu − xv)2.

For an undirected graph G = (V, E) with positive edge weights w : E → R>0, the
Laplacian of the graph is the weighted sum of Laplacians of its edges,

L =
∑

e

w(e)Le.

Given an input vector x ∈ RV , we have

⟨x, Lx⟩ =
∑
e∈E

w(e)⟨x, Lex⟩ =
∑

e=(u,v)∈E

w(e)(xu − xv)2.

1We are avoiding the conventional notation eu for the standard basis vectors because e is so
frequently used for edges.
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That is, the L induces a simple sum of squared differences on x, based on the edges
of the graph.

In fact, it induces a very familiar sum of squares. Recall that the the electrical
flow problem is to minimize ⟨f, Rf⟩ over f ∈ RE s.t. Bf = d. Here R = diag(r)
is the diagonal map of resistances r ∈ RE

>0. d ∈ RV represents the flow demands
and B : RE → RV maps flows to the net flow at each vertex. We also saw that, by
first-order optimality conditions, the electrical flow is always of the form f = R−1BTp
for a set of vertex potentials p. Then we have

⟨f, Rf⟩ =
〈
R−1BTp, RR−1BTp

〉
=

∑
e=(u,v)∈E

1
re

(pu − pv)2.

That is, we are choosing p as to minimize the Laplacian of the graph with edge weights
w(e) = 1/re.

The Laplacian L is also closely tied to the cuts of G. Given a set S ⊂ V , if we
letting 1S and 1S̄ denote the indicator vectors of S and S̄, we have

⟨1S, L1S̄⟩ = 4w(δ(S)).

Recall that a linear operator A : Rn → Rn is symmetric if A = AT. It is easy
to see that the Laplacian L is symmetric: each Le is symmetric since in general
(a⊗ b)T = (b⊗ a), and L is a positively weighted combination of Le’s. Another salient
property of L is that, as a sum of squares,

⟨x, Lx⟩ ≥ 0 for all x ∈ Rn.

These two properties make L a member of the following very importance class of
linear operators.

Definition 19.1. A linear operator A : Rn → Rn is a positive semi-definite linear
operator if

(a) A is symmetric.

(b) ⟨x, Ax⟩ ≥ 0 for all x ∈ Rn.

A is (strictly) positive definite if in addition to being positive semi-definite,

(c) A is invertible.

The Laplacian L is not invertible: L1 = 0. If G is connected, and we restrict
to the n − 1 space RV /1, then L is invertible and (strictly) positive definite (see
exercise 19.3).
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19.2 The Spectral Theorem for Symmetric Maps

Our first discussion on random walks (chapter 16) showed that eigenvectors give insight
into the behavior of a linear map. We will see that the eigenvectors of symmetric
linear maps — such as the Laplacian — are particularly well-behaved and useful.

Let A : Rn → Rn be a linear map. Recall that a vector x ∈ Rn is an eigenvector
of A with eigenvalue µ1 ∈ C of Ax = µ1x. Recall the following facts, which apply
generally to all linear maps.

Fact 19.2. Let A : Rn → Rn be a linear map. Then A has an eigenvalue µ1 ∈ C and
eigenvector x ∈ Cn.

If A is symmetric, then we can strengthen this fact to assert a real-valued eigenvalue
and eigenvector with real-valued coordinates, and moreover they can be obtained by
optimization.

Lemma 19.3. Let L : X → X be a symmetric linear map in a vector space X over
R. Let x maximize ⟨x, Lx⟩ subject to ∥x∥ = 1. Then Lx = µ1x for µ1 = ⟨x, Lx⟩.

Proof. We claim that for any u ∈ X with ∥u∥ = 1 and ⟨u, x⟩ = 0, ⟨u, Lx⟩ = 0. If Lx
is orthogonal to u for every u orthogonal to x, then we must have Lx ∈ span(x); i.e.,
Lx = µ1x for some µ1 ∈ R. Upon inspection, µ1 = µ1⟨x, x⟩ = ⟨x, Lx⟩, as claimed.

Let u ∈ X with ∥u∥ = 1 and ⟨u, x⟩ = 0. Define

f(ϵ) =
〈

x + ϵu√
1 + ϵ2

, L

(
x + ϵu√
1 + ϵ2

)〉
= ⟨x + ϵu, L(x + ϵu)⟩

1 + ϵ2 .

f(ϵ) can be interpreted as perturbing x slightly in the direction of u and renormalizing,
and then computing the inner product over L. Note that ∥x + ϵu∥2 = ∥x∥2 + ϵ2∥u∥2 =
1 + ϵ2, so x+ϵu√

1+ϵu
is indeed a normal vector that competes with x in maximizing ⟨x, Lx⟩.

In particular, by choice of x, f(ϵ) is maximized at f(0) = ⟨x, Lx⟩. Optimality at 0
implies that f ′(0) = 0. Expanding out f ′(0), we find that ⟨u, Lx⟩ = 0, as desired.
(See exercise 20.2).

Remark 19.4. An alternative proof starts from the fact there exists a complex eigenvalue
and eigenvector, and goes on to show that this eigenvalue must be real-valued and
that there is a corresponding eigenvector with real-valued coordinates.

The following theorem, called the spectral theorem for symmetric operators,
strengthens the previous lemma to show that all the eigenvalues and eigenvectors are
real-valued.
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Theorem 19.5. Let X be an n-dimensional vector space over R. Let A : X → X be
a symmetric linear map. Then there exists an orthonormal basis v1, . . . , vn of X and
n scalar values λ1, . . . , λn ∈ R such that

A = λ1(v1 ⊗ v1) + λ2(v2 ⊗ v2) + · · ·+ λn(vn ⊗ vn). (19.1)

Proof. If n = 0, then the claim is tautological, as X is the trivial vector space {0}
and A can be expressed as an empty sum. Suppose n ≥ 1. By lemma 19.3, A has a
real-valued eigenvalue µ1 with a corresponding eigenvector u ∈ X. By scaling u, we
may assume ∥u∥ = 1. Consider the map B = A − µ1(u⊗ u). B is also symmetric,
and maps the space span(x) = {αx : α ∈ R} to 0. Let Y = {y ∈ X : ⟨x, y⟩ = 0} be
the subspace of X orthogonal to x. We have dim(Y ) = n− 1.

We claim that B maps Y into Y . Indeed, for any y ∈ Y , we have

⟨x, By⟩ = ⟨Bx, y⟩ = ⟨0, y⟩ = 0,

so By ∈ Y .
Thus B restricts to a linear and symmetric operator on Y . By induction on n,

there is an orthonormal basis v1, . . . , vn−1 of Y and scalar values λ1, . . . , λn−1 ∈ R
such that

B = λ1(v1 ⊗ v1) + · · ·+ λn−1(vn−1 ⊗ vn−1).

Let λn = µ1 and vn = u. Observe that v1, . . . , vn is an orthonormal basis of X. We
have

λ1(v1 ⊗ v1) + · · ·+ λn(vn ⊗ vn) = B + λn(vn ⊗ vn) = A,

as desired.

Theorem 19.5 makes the structure of any symmetric map A : Rn → Rn extremely
transparent. By theorem 19.5, let v1, . . . , vn ∈ Rn and µ1, . . . , µn ∈ R be such that

A = µ1(v1 ⊗ v1) + · · ·+ µn(vn ⊗ vn).

We assume that the µi’s are in nonincreasing order: µ1 ≥ µ2 ≥ · · · ≥ µn.2
For any input vector x ∈ Rn, we can write x uniquely in the basis {v1, . . . , vn} as

x = α1v1 + · · ·+ αnvn,

2Notationally, we try to use µi’s when listing the eigenvalues in decreasing order, and λi’s when
listing the eigenvalues in increasing order.
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where αi = ⟨x, vi⟩. Then we have

Ax = µ1αv1 + · · ·+ µnαnvn.

That is, in the basis {v1, . . . , vn}, A simply rescales the ith coordinate by a factor of
µi. That is to say:

Every symmetric matrix is a diagonal matrix up to rotation (i.e., change in basis).

We can see from the construction in the proof that the µi’s are the eigenvalues of
A and the vi’s are eigenvectors. But this fact is even more obvious in hindsight given
the spectral representation (19.1). For each i, we have

Avi = µi(vi ⊗ vi)vi = µivi,

by orthonormality of the vi’s. The following theorem gives a min-max characterization
of the eigenvalues and follows immediately from the spectral theorem. It is often
called the Courant-Fischer minimax theorem.

Theorem 19.6. Let A : Rn → Rn be a symmetric linear operator. Let µ1, . . . , µn be
the n eigenvalues of A (with multiplicity) in decreasing order. Then

µk = min
S:dim(S)=k−1

max
x∈X/S

⟨x, Lx⟩
⟨x, x⟩

.

19.3 Random walks in undirected graphs

Let G = (V, E) be an undirected graph with m edges and n vertices, and positive
edge weights w : E → R>0. Let us assume that G is connected. Let R : RV → RV

be the random walk map of G. Recall that R = AD−1, where A : RV → RV is the
weighted adjacency map and D = diag(A1) is the diagonal map of weighted vertex
degrees. Recall that R was the beneficiary of the Perron-Frobenius theorem, which
for random walks gave us a lot of information about the eigenvalues and eigenvectors
of R. In particular, all of the eigenvalues of R lie in the range [−1, 1], and it has
eigenvalue 1 with multiplicity 1. There is a strictly positive eigenvector for eigenvalue
1 that defines a unique stationary distribution. Before, we proved the existence of
a unique stationary distribution for strongly connected directed random walk. For
undirected random walk, the stationary distribution is very straightforward.

Theorem 19.7. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let R : RV → RV be the random walk map of
G. Then the stationary distribution of R is proportional to the weighted degrees of its
vertices.
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Proof. We already know that the stationary distribution exists and is unique. We
have

R(A1) = A(diag(A1))−1A1 = A1.

While R is not a symmetric map3, we can extend the spectral theorem for symmetric
maps to R by way of similarity.

Definition 19.8. Two linear maps A, B : X → X are similar if A = C−1BC for an
invertible map C : X → X.

Lemma 19.9. Let A and B be similar. Then their kernels are isomorphic. In
particular, if A = C−1BC, then C restricts to anr isomorphism between ker(A) and
ker(B).

Lemma 19.10. Let A, B : X → X be two linear maps. If A and B are similar, then
A and B have the same eigenvalues with the same multiplicities. If A = C−1BC, then
C maps eigenvectors of A to eigenvectors of B with the same eigenvalues.

Proof. For all λ, A− λI and B − λI are also similar.

We introduce the normalized walk matrix as the map Q : RV → RV defined by

Q = D−1/2RD1/2 = D−1/2AD−1/2.

By the first equality above, Q is similar to R, and thus has all its eigenvalues in the
range [−1, 1] and eigenvalue 1 with multiplicity 1. On the other hand, by the second
equality, Q is symmetric. As such, it has an orthonormal basis of eigenvectors. Let
1 = µ1, . . . , µn ≥ −1 list the eigenvalues of Q in decreasing order. Let u1, . . . , un be
an orthonormal basis of RV such that

Q = u1 ⊗ u1 + µ2(u2 ⊗ u2) + · · ·+ µn(un ⊗ un).

(Here we substituted µ1 = 1). We also know, from ??, that D1/2u1 must correspond
to the uniform distribution, d/⟨1, d⟩. Since u1 has unit length, we have

u1 = D−1/2(d)
∥D−1/2d∥

= 1√
2W

√
d,

3unless G is regular; see exercise 19.5
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where
√

d represents the entrywise square root of d, and W = ∑
e∈E w(e) = 1

2
∑

v∈V d(v)
is the sum of all edge weights. Substituting back in, we have

Q = 1
2W

(√
d⊗
√

d
)

+ µ2(u2 ⊗ u2) + · · ·+ µn(un ⊗ un).

Let us now consider the convergence rate of a random walk. Let x ∈ ∆V be any
initial probability distribution over Q. We want to understand the distribution Rkx
obtained after k steps of the random walk. Observe first that

Rkx
(a)= D1/2QkD−1/2x

= D1/2
( 1

2W

(√
d⊗
√

d
)

+ µ2(u2 ⊗ u2) + · · ·+ µn(un ⊗ un)
)k

D−1/2x

(b)= D1/2
( 1

2W

(√
d⊗
√

d
)

+ µk
2(u2 ⊗ u2) + · · ·+ µk

n(un ⊗ un)
)

D−1/2x

(c)= d

2W
+
(
µk

2(u2 ⊗ u2) + · · ·+ µk
n(un ⊗ un)

)
D−1/2x

(a) substitutes in R = D1/2QD−1/2, where the D−1/2 and D1/2 terms between Q’s
cancel out. (b) is because the ui’s are othonormal4 – here we see some of the power of
the spectral theorem! (c) is because

D1/2
(√

d⊗
√

d
)
D−1/2x = (d⊗ 1)x = ⟨1, x⟩d = d.

Consider the RHS of the last equation above. Remarkably, the stationary distri-
bution, d/2W , has emerged, followed by a messy term involving the non-dominant
eigenvalues and eigenvectors. Thus the difference between Rkx and the stationary
distribution is precisely

D1/2
(
µk

2(u2 ⊗ u2) + · · ·+ µk
n(un ⊗ un)

)
D−1/2x.

Let S = µk
2(u2 ⊗ u2)+· · ·+µk

n(un ⊗ un); S is symmetric, with eigenvalues 0, µk
2, . . . , µk

n.
4We should point out that (a⊗ b)(c⊗ d) = ⟨b, c⟩(a⊗ d)
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Let ∆max be the maximum degree in G and let ∆min.∥∥∥∥Rkx− 1
2W

d

∥∥∥∥2
=
∥∥∥D1/2SD−1/2x

∥∥∥2

=
〈
SD−1/2x, D

(
SD−1/2x

)〉
(d)
≤ ∆max

∥∥∥SD−1/2x
∥∥∥2

= ∆max
〈
D−1/2x, S2

(
D−1/2x

)〉
(e)
≤ max

{
µ2k

2 , µ2k
n

}
∆
〈
x, D−1x

〉
≤ max

{
µ2k

2 , µ2k
n

}∆max

∆min
.

(d) and (e) both follow form the fact that for a symmetric map A with maximum
eigenvalue µ1, we have ⟨x, Ax⟩ ≤ µ1∥x∥2 for all x (lemma 19.3). D has maximum
eigenvalue ∆max, S3 has maximimum eigenvalue max

{
µ2k

2 , µ2k
n

}
, and D−1 has maxi-

mum eigenvalue 1/∆min. Recall that µ2, µn ∈ [−1, 1). If µ2 and µn are both bounded
away from both 1 and −1, then max

{
µ2k

2 , µ2k
n

}
= max{µ2, |µn|}2k → 0 as k →∞. To

this end, the spectral gap of a random walk R is defined as the difference

γ = 1−max{µ2, |µn|},

where µ2 is the second largest eigenvalue and µn is the smallest eigenvalue. We have
given the following bound on the convergence rate as a function of the spectral gaph.

Theorem 19.11. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let G be connected. Let d ∈ RV

>0 be the
weighted degrees of the vertices. Let ∆max = maxv d(v) be the maximum weighted
degree and let ∆min = minv d(v) be the minimum weighted degree. Let W = ∑

e∈E w(e)
be the sum of edge weights. Let R : RV → RV be the random walk map of G and let γ
be the spectral gap of R.

For any initial distribution x ∈ ∆V , x converges to the stationary distribution,
s = d/2W , at a rate of ∥∥∥Rkx− s

∥∥∥ ≤ (1− γ)k
√

∆max/∆min.

19.4 Additional notes and materials

Fall 2022 lecture materials. Click on the links below for the following files:
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• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

19.5 Exercises

Exercise 19.1. Let A ∈ Rn×n. Prove or disprove: A is symmetric iff ⟨x, Ax⟩ =〈
x, ATx

〉
for all x.

Exercise 19.2. Let A ∈ Rn×n be positive semi-definite. Prove or disprove: A is
positive definite iff ⟨x, Ax⟩ > 0 for all x ̸= 0.
Exercise 19.3. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let L : RV → RV be the Laplacian of G.
Prove that G is connected iff for any x /∈ span(1), we have ⟨x, Lx⟩ > 0.
Exercise 19.4. Finish the proof of lemma 19.3, by deriving the derivative f ′(ϵ) and
showing that f ′(0) = 0 implies that ⟨x, Lu⟩ = 0. Where do we use the assumption
that L is symmetric?
Exercise 19.5. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let R : RV → RV be the random walk map.
Prove that R is symmetric iff G is regular5.

Exercise 19.6. Suppose your goal is to start at a random walk at a single vertex and
converge to the stationary distribution as fast as possible. Show that one can choose
a vertex v such that, starting from an initial distribution of x = 1v, the ℓ2-distance
from the stationary distribution after k steps is at most (1− γ)k.

Exercise 19.7. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let L : RV → RV be the Laplacian of G.
Suppose the spectral gap γ is at least some constant, say γ = 1/2. (Such a graph is
called an expander).

1. Show that the diameter of G is at most O(log n).

2. Recall the (s, t)-connectivity problem for which we showed that a random
walk gives a O(log n)-space algorithm. Suppose also that G is has constant
maximum degree (say, maximum degree 42). Give a deterministic, polynomial
time, O(log n)-space algorithm for (s, t)-connectivity on G.

5A graph is regular if every vertex has the same weighted degree
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Chapter 20

Conductance

20.1 Sparse cuts

Recall that the sparsity of a cut δ(S) (where S ⊂ V ), which we denote Φ(S), was the
ratio

Φ(S) def= w̄(δ(S))
min{|S|, |S̄|} ,

where S̄ = V \ S. The sparsity of the graph G is define as the sparsity of the sparsest
cut,

Φ(G) def= min
S⊂V

Φ(S).

To relate sparsity to the Laplacian, note that for any nonempty set S ⊂ V with at
most n/2 vertices, we have

Φ(S) = w̄(δ(S))
|S|

= ⟨1S, L1S⟩
⟨1S, 1S⟩

, (20.1)

where 1S is the {0, 1}-indicator vector for S.
Now we make a deeper connection to the eigenvectors of L. As the positive

semi-definite matrix L, L has nonnegative eigenvalues. Moreover, we know that 1
is an eigenvector with eigenvalue of 0 – this gives us our smallest eigenvalue. The
eigenvector corresponding to the second smallest eigenvalue, denoted λ2, is given by

λ2 = min
x:⟨1,x⟩=0

⟨x, Lx⟩
⟨x, x⟩

.

Now, consider any cut 1S, and let x be the orthogonal projection from 1; namely,

x = 1S − α1 where α = ⟨1S, 1⟩/⟨1, 1⟩ = |S|/n
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Observe that

⟨x, x⟩ = ⟨x, 1S⟩ = (1− α)|S| = (n− |S|)|S|/n.

Thus

λ2 ≤
⟨x, Lx⟩
⟨x, x⟩

= n

∑
e∈δ(S) w(e)
|S|(n− |S|) ≤ 2Φ(S).

Taking the minimum over all sets S, we obtain the following.

Theorem 20.1. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let L : RV → RV be the Laplacian of G. Let
λ2 be the second smallest eigenvalue of L and let Φ(G) be the sparsity of G. Then

λ2 ≤ nΦ(G).

20.2 Conductance

We now turn to an alternative to sparsity called the conductance. For a set of vertices
S, the volume of S, denoted vol(S), is the sum of degrees of vertices in S:

vol(S) =
∑
v∈S

deg(v).

The conductance of a set S, denoted Ψ(S), is defined as

Ψ(S) = w̄(δ(S))
min{vol(S), vol(S̄)}

Note that Ψ(S) is always positive (for a connected graph) and at most 1. There is
a clear resemblance between conductance and sparsity except here the vertices in
the denominator are weighted by their degree. Similary to sparsity, we define the
conductance of a graph as the minimum conductance of any cut:

Ψ(G) = min
∅⊊S⊊V

Ψ(S).

Like sparsity, conductance is also useful for divide and conquer. The sparsest cut
is more suited for divide and conquer on vertices, while conductance, where vertices
are weighted by their degree, is more conducive to divide and conquer on edges.
Recall that sparsity was naturally motivated by its connection to multicommodity
flow. On the other hand, conductance is strongly connected to random walks. Indeed,
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Figure 20.1: Examples of graphs with varying levels of sparsity and conductance.

for any set S, the stationary distribution is in S with probability proportional to
vol(S). To continue this analogy, the conductance of a (small) set S models the
amount of probability mass that enters and leaves S in each step at the stationary
distribution. fig. 20.1 gives some examples of graphs with different levels of sparsity
and conductance.

We would like to express conductance in algebraic terms, similar to sparsity in
(20.1). While the numerator in (20.1) seems appropriate, the denominator does not
capture the volume. Instead, consider the following quotient:

⟨x, Lx⟩
⟨x, Dx⟩

where x ∈ RV . (20.2)

For any set S with at most half the total volume, we have

Ψ(S) = w̄(δ(S))
vol(S) = ⟨1S, L1S⟩

⟨1S, D1S⟩
.

That said, the quotient (20.2) does not have a direct connection to the Laplacian L in
the same way as sparsity did. However, it is connected to the normalized Laplacian,
which is the map M : RV → RV defined by

M
def= D−1/2LD−1/2.

For any vector x, letting y = D1/2x, we have

⟨x, Lx⟩
⟨x, Dx⟩

= ⟨y, My⟩
⟨y, y⟩

.

Since the normalized Laplacian M is also symmetric, the RHS models the eigenvalues
of M . In today’s discussion, we will study the eigenvalues of M and relate it to the
condutance of the graph.
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We first point out that there are some similarities (in the linear-algebraic sense) to
other matrices that we have studied. Let R = AD−1 : RV → RV denote the random
walk map. We define the normalized random walk matrix Q as

Q
def= D−1/2RD1/2 = D−1/2AD−1/2.

To draw the connection to M , if we expand L = D − A, then we have

M = D−1/2(D − A)D−1/2 = I −Q = D−1/2(I −R)D1/2.

Theorem 20.2. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let M : RV → RV be the normalized
Laplacian and R : RV → RV the random walk matrix. Then M is similar to I − R,
and (equivalently) I −M is similar to R.

Recall that similarity preserves eigenvalues. Since R has its eigenvalues in [−1, 1]
and 1 with multiplicity 1, M has its eigenvalues in [0, 2] and eigenvalue 0 with
multiplicity 1. M has eigenvalue 2 iff R has eigenvalue −1.
Cheeger’s inequality. We now relate the eigenvalues of M to the conductance of
G. The following inequality is called Cheeger’s inequality due to an analogous bound
by Jeff Cheeger for continuous manifolds.

Theorem 20.3. Let M be the normalized Laplacian of an undirected graph G, and
let λ2 be the second smallest eigenvalue of M . Then

λ2

2 ≤ Ψ(G) ≤
√

2λ2.

The presence of the
√
· · · on the RHS is unusual for us, and leads to a lot of

tricky situations. However, for the sake of constant degree expanders – where the
conductance equals the sparsity up to a constant, and where we are interested in
constant sparsity/conductance – Cheeger’s inequality implies that the expansion
and λ2 are within a constant. An algorithmic proof of theorem 20.3 will give the
verification algorithm we seek. We note that the LHS is more straightforward than
the RHS, and left to the reader in exercise 20.3. We will prove the harder inequality
momentarily in section 20.3.
Implications for mixing time. Cheeger’s inequality allows us to connect the
mixing time of a random walk on G to the conductance of G. At a high level, we
have established connections between:

• The conductance of G and the second smallest eigenvalue of M .
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• The second smallest eigenvalue of M and the second largest eigenvalue of the
random walk.

• The second largest eigenvalue of the random walk and the convergence rate to
the stationary distribution.

The third connection is a little flimsy, however, because the convergence rate of a
random walk on G is determined by the smallest eigenvalue of the random walk matrix
when it this value is very close to −1. So instead we analyze the closely related lazy
random walk where this exception does not occur.

Theorem 20.4. Let G be an undirected graph with conductance Ψ and lazy random
walk matrix S. Then the lazy random walk has spectral gap γS ≥ Ψ2/4, and therefore
converges to the stationary distribution at a rate of

∥∥∥Stx− s
∥∥∥ ≤ exp

(
−tΨ2/4

)√∆max

∆min

for any initial distribution x.

Proof. Let S denote the lazy random walk matrix. We have S = I/2 + R/2, hence
µk(S) = 1/2 + µk(R)/2 for all k.1 In particular, since µn(S) ≥ −1/2, S has spectral
gap

γS = min{1− µ2(S), 1 + µn(S)} ≥ 1
2 min{1− µ2(R), 1}.

Furthermore, by similarity of I −R and M , followed by Cheeger’s inequality, we have

1− µ2(R) = λ2(I −R) = λ2(M) ≥ Ψ2/2,

hence γS ≥ min{Ψ2/2, 1}/2 = Ψ2/4, as desired.

20.3 Proving Ψ(G) ≤
√

2λ2

In this section we present a proof of the upper bound, Ψ(G) ≤
√

2λ2, based on the
proof in [Chu97]. The proof also entails an algorithm due to [Fie73] producing a cut
with conductance at most

√
2λ2. Besides the surprising connection to the eigenvalues

1Here µk(A) denotes the kth largest eigenvalue of A, and λk(A) denotes the kth smallest eigenvalue
of A.
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of M , the algorithm is simple and practical. Based on previous discussions, the reader
might be able to guess it.

Recall that

λ2 = min
y:⟨√d,y⟩=0

⟨y, My⟩
⟨y, y⟩

= min
x:⟨d,x⟩=0

⟨x, Lx⟩
⟨x, Dx⟩

.

Let x ∈ RV with ⟨d, x⟩ = 0 attain λ2 on the RHS. (We note that eigenvectors, hence
x, can be computed.) x is orthogonal to d and, assuming that we have normalized
x such that ⟨x, Dx⟩ = 1, x has a “fractional cut value” of ⟨x, Lx⟩ = λ2. Our goal is
to “round” the “fractional cut” x ∈ RV to a set S without loosing too much on the
conductance. How?

As an additional hint, we point out that a similar setup arose before for minimum
(s, t)-cut and sparsest cut. In each case we had a “fractional cut” from the LP and
wanted to produce a discrete one.

The answer given here is to output the best cut along the line embedding x – yet
again! This is called Fiedler’s algorithm and pseudocode is given in fig. 20.2.
Analysis. We first prove Cheeger’s inequality, and extract an algorithm from the
proof at the end. Call a set S ⊆ V small if vol(S) ≤ vol(S̄). That is, Ψ(S) =
w(δ(S))/ vol(S) for small S. The following lemma is the most important part of the
proof.

Lemma 20.5. Let x ∈ RV
≥0 be nonnegative and S = support(x). If S is small, then

⟨x, Lx⟩ ≥ Ψ2

2 ⟨x, Dx⟩.

Proof. Number S = {v1, . . . , vk} in decreasing order of x(vi). For each i, let Si =
{v1, . . . , vi}. Note that each vol(Si) is small. We have

Ψ⟨x, Dx⟩ = Ψ
k∑

i=1
x2(vi) deg(vi) = Ψ

k∑
i=1

x2(vi)(vol(Si)− vol(Si−1))

(a)= Ψ
k−1∑
i=1

vol(Si)
(
x2(vi)− x2(vi+1)

) (b)
≤

k−1∑
i=1

(
x2(vi)− x(vi+1)

)2
w(δ(Si))

=
∑

e=uv

w(e)
∣∣∣x2(u)− x2(v)

∣∣∣
(c)
≤
√
⟨x, Lx⟩

∑
e=uv

(x(u) + x(v))2

(d)
≤
√

2⟨x, Lx⟩⟨x, Dx⟩.
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Fiedler(G = (V, E), w ∈ RE
≥0)

1. Let x minimize ⟨x,Lx⟩
⟨x,Dx⟩ s.t. ⟨x, d⟩ = 0 and x ̸= 0.

2. Number the vertices v1, . . . , vn in order of x(vi). Si = {v1, . . . , vi} for all i. Return the set
Si of minimum conductance.

Figure 20.2: Fiedler’s algorithm for low-conductance cuts.

(a) interchanges sums (where we dropped the term for vol(S0) = 0). (b) is by
definition of Ψ. Here we note that if vol(Si) > vol(S̄i), then x2(vi)− x

(
v2

i+1

)
(c) is by

Cauchy-Schwartz. (d) is be the inequality (a + b)2 ≤ 2(a2 + b2).

Recall that the algorithm first computes x such that ⟨x, Lx⟩ = λ2⟨x, Dx⟩. If x
was nonnegative with small support, then applying lemma 20.5 to x gives λ2 ≥ Ψ2/2,
as desired. Of course x is neither nonnegative nor supported by a small set of vertices.
We first address the issue of nonnegativity.

Lemma 20.6. Let x ∈ RV , and split x = x+−x− where x+, x− ∈ RV
≥0 are nonnegative

vectors whose nonzeroes are the positive and the (absolute values of the) negative
coordinates of x, respectively. Then ⟨x, Lx⟩ ≥ ⟨x+, Lx+⟩+ ⟨x−, Lx−⟩ and ⟨x, Dx⟩ ≤
⟨x+, Dx+⟩+ ⟨x−, Dx−⟩.

Proof. For the first inequality, we have

⟨x, Lx⟩ =
∑

e={u,v}
w(e)(x(u)− x(v))2

=
∑

e={u,v}
w(e)(x+(u)− x+(v)− (x−(u)− x−(v)))2

= ⟨x+, Lx+⟩+ ⟨x−, Lx−⟩ − 2
∑

e={u,v}
w(e)(x+(u)− x+(v))(x−(u)− x−(v))

≥ ⟨x+, Lx+⟩+ ⟨x−, Lx−⟩.

For the last inequality, observe that (a+ − b+)(a− − b−) ≤ 0 for any real numbers a
and b.2 The second inequality is simpler and the proof is left to the reader.

Now we can split x into two nonnegative vectors x+ and x−. However x+ and x−
may not have small support. This is addressed by the following lemma that allows us
to translate x before splitting into the positive and negative parts.

2WLOG a ≥ b. Then a+ − b+ ≥ 0 and a− − b− ≤ 0.
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Lemma 20.7. Let ⟨x, d⟩ = 0. For all α ∈ R,

⟨x + α1, Lx + α1⟩
⟨x + α1, Dx + α1⟩

≤ ⟨x, Lx⟩
⟨x, Dx⟩

.

Proof. We have ⟨x, Lx⟩ = ⟨x + α1, L(x + α1)⟩ because 1 ∈ ker(L). Meanwhile, con-
sider the function

f(α) = ⟨x + α1, D(x + α1)⟩ (a)= ⟨x, Dx⟩+ α2⟨d, 1⟩,

where for (a) we recall that ⟨d, x⟩ = 0. Of course the RHS is minimized at α = 0.

To complete the proof, let x ∈ RV with ⟨x, d⟩ = 0 and ⟨x, Lx⟩ = λ2⟨x, Dx⟩. Then

⟨x, Lx⟩ ≥ ⟨x+, Lx+⟩+ ⟨x−, Lx−⟩ ≥
Ψ2

2 (⟨x+, Dx+⟩+ ⟨x−, Dx−⟩) ≥
Ψ2

2 ⟨x, Dx⟩.

Rearranging gives

λ2 = ⟨x, Lx⟩
⟨x, Dx⟩

≥ Ψ2

2 ,

as desired.
Making the proof algorithmic. Let α denote the minimum conductance of all the
cuts considered by the algorithm. We can easily adjust the key lemma, lemma 20.5,
to incorporate α, as follows.

Lemma 20.8. Let x ∈ RV
≥0 be nonnegative with small support S = support(x). Let

v1, . . . , vk number S in nonincreasing order of x(vi), and let Si = {v1, . . . , vi} for all
i. If all Si have conductance at least α, then ⟨x, Lx⟩ ≥ α2⟨x, Dx⟩/2.

Repeating the same proof as before, except with lemma 20.8 in place of lemma 20.5,
gives λ2 ≥ α2/2, hence α ≤

√
2λ2.

20.4 Additional notes and materials

We refer the reader to [Spi19; Tre16] for more on spectral graph theory.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.
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20.5 Exercises

Exercise 20.1. Let G = (V, E) be an undirected graph with m edges and n vertices,
and positive edge weights w : E → R>0. Let L : RV → RV be the Laplacian of G.
Prove that G is connected iff for any x /∈ span(1), we have ⟨x, Lx⟩ > 0.

Exercise 20.2. Finish the proof of lemma 19.3, by deriving the derivative f ′(ϵ) and
showing that f ′(0) = 0 implies that ⟨x, Lu⟩ = 0. Where do we use the assumption
that L is symmetric?

Exercise 20.3. Here we prove the lower bound in Cheeger’s inequality (theorem 20.3),
Ψ(G) ≥ λ2/2. Let S ⊆ V induced the minimum conductance cut; i.e., vol(S) ≤
vol(V )/2 and Ψ(G) = Ψ(S). Consider the vector x = D1/21S and let y = D1/21S̄.

1. Show that

⟨x, Mx⟩
⟨x, x⟩

= ⟨1S, L1S⟩
⟨1S, D1S⟩

,
⟨y, My⟩
⟨y, y⟩

= ⟨1S̄, L1S̄⟩
⟨1S̄, D1S̄⟩

, and ⟨x, y⟩ = 0.

2. Show that for any α, β ̸= 0, we have

⟨αx + βy, M(αx + βy)⟩
⟨αx + βy, αx + βy⟩

≤ 2Ψ(G).

3. Argue that one can choose α, β ̸= 0 such that ⟨d, αx + βy⟩ = 0.

4. Finally, prove that the second smallest eigenvector of M is at most 2Ψ(G).
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Chapter 21

Deterministic log-space connectivity

21.1 Introduction

Consider the (s, t)-connectivity problems in undirected graphs. Let G = (V, E) be an
undirected graph with m edges and n vertices. Let s, t ∈ V . We want to know if s
and t are connected in G. This is very easy in normal settings but it is trickier to do
in logarithmic space since we cannot mark the vertices as we visit them. Previously
we saw that how to solve this with random walks. The algorithm takes a random walk
from s and answers yes if we reach t within the first O(mn) steps. The algorithm was
justified by analyzing the cover time: we showed that a random walk from s visits
every vertex (connected to s) in ≤ 2mn steps in expectation. A follow up question in
the homework showed that if s and t are connected by a path of k edges, then the
expected number of steps is O(mk).

We also established, in previous discussions, that random walks have stationary
distributions, which arise as the unique eigenvector of eigenvalue 1 of the random
walk map R : RV → RV . For undirected graphs, we showed that the convergence rate
is connected to the spectral gap γ of the random walk matrix. The spectral gap γ is
the difference between the maximum eigenvalue 1 and the absolute value of any other
eigenvalue of the random walk matrix.

Let d ∈ NV be the degrees of G, and recall that the stationary distribution (for
undirected graphs) is proportional to d/2m. Let xk ∈ ∆V denote the distribution
after k random steps (from some arbitrary initial distribution x0 ∈ ∆V ). Then xk

converged to the stationary distribution s at a rate of

∥xk − d/2m∥2 ≤ (1− γ)kn.

An undirected graph is called an expander graph if the spectral gap γ is at least
a constant. Suppose G is an expander with spectral gap (say) 1/2. Then a random
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walk converges exponentially fast at a rate of

∥xk − d/2m∥2 ≤
n

2k
.

For k = O(log n) steps, we have

∥xk − d/2m∥∞ ≤ ∥xk − d/2m∥2 ≤
n

2k
.

Since d(v)/2m ≥ 1/2m for all v, we have xk(v) > 0 for k ≥ O(log n).
This holds for any initial distribution, so suppose we started a single vertex s.

Then xk(v) > 0 implies that there exists a path form s to v of length k. That is, any
graph with constant spectral gap has O(log n) diameter.

Now suppose that G also had maximum degree at most (say) 8. A random walk
on G only needs to sample O(1) random bits to sample each random step. If there is
a path from s to t of length O(log n), then there is some sample of O(log n) random
bits that generates a random walk from s to t. The number of random bits is so little
that we can deterministically enumerate and try all 2O(log n) = poly(n) possible bit
strings!

Observation 21.1. (s, t)-connectivity in a constant degree expander can be decided
deterministically in poly(n) time and O(log n) space.

Our goal is to generalize this argument from expanders to general graphs. We will
prove the following theorem due from Reingold [Rei08].

Theorem 21.2 ([Rei08]). There is a O(log n) space, polynomial time deterministic
algorithm for (s, t)-connectivity in undirected graphs with n vertices.

21.2 An overview of the deterministic connectivity algorithm

We first give a high level of the algorithm and analysis of theorem 21.2. We will
introduce some important technical lemma’s, and show how to complete the proof
of theorem 21.2 assuming they hold true. We will prove the lemma’s in subsequent
sections.

The approach taken by [Rei08] starts from Observation 21.1, that deterministic
log-space connectivity is easy on expander graphs. The high-level idea is to implicitly
convert the input graph G into a constant degree expander. [Rei08], building on
previous work [RVW00], applies a sequence of graph transformations to G that
iteratively improves the spectral gap. These transformations are done implicitly
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because in O(log n) space we cannot explicitly rebuild the graph. One can then
derandomize the random walk algorithm by enumeration on this artificial expander
graph.

We assume the graph G is a regular graph where all vertices have degree d. It
is not difficult to take the input graph and transform it into a regular graph; we
leave this as an exercise to the reader. The graph transformations introduced below
preserve the regularity of the graph (though d changes). For the rest of this section,
we always let G denote an a regular undirected graph with n vertices and degree d.

We now introduce the two graph transformations that we will use.
Graph transformation 1: Powering.

<latexit sha1_base64="zG4oVhbT7MLpzVNV0YUqmTHZL6M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeix40GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSvKh4VxW3flmunuVxFOAYTuAcPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPlNuMsw==</latexit>

G
<latexit sha1_base64="iK3F+U4DWmQMYuiGFqcmzoN+PPo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPiKewGRY8BD3qMaB6QrGF2MkmGzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95hPXRkTqAccx90M6UKIvGEUr3d88VrrFklt2ZyDLxMtICTLUusWvTi9iScgVMkmNaXtujH5KNQom+aTQSQyPKRvRAW9bqmjIjZ/OTp2QE6v0SD/SthSSmfp7IqWhMeMwsJ0hxaFZ9Kbif147wf6VnwoVJ8gVmy/qJ5JgRKZ/k57QnKEcW0KZFvZWwoZUU4Y2nYINwVt8eZk0KmXvouzenZeqp1kceTiCYzgDDy6hCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwBueCNVw==</latexit>

G2
<latexit sha1_base64="h/vzaVFX8yB+WyQhM4VSA9OVdr4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxqB4CjMu6DHgQY8RzQLJGHo6PUmTnp6hu0YIQz7BiwdFvPpF3vwbO8tBEx8UPN6roqpekEhh0HW/ndzS8srqWn69sLG5tb1T3N2rmzjVjNdYLGPdDKjhUiheQ4GSNxPNaRRI3ggG12O/8cS1EbF6wGHC/Yj2lAgFo2il+5vHs06x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjlZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6adm7KLt356XK8SyOPBzAIZyAB5dQgVuoQg0Y9OAZXuHNkc6L8+58TFtzzmxmH/7A+fwBu2SNWA==</latexit>

G3

<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>

2
<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>

2
<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>

2
<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>

2
<latexit sha1_base64="0zxHsQGtPROwmGVZA+XXZIZoIL0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCF48V7Ae0sWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkpr6xubW+Xtys7u3v5B9fCoo6NEEdomEY9UL8CaciZp2zDDaS9WFIuA024wvc387hNVmkXywcxi6gs8lixkBJtMekwb82G15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwhs/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHtXdff+stY8L+IowwmcwgV4cA1NuIMWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w/scY4S</latexit>

2

<latexit sha1_base64="VbtRpf1eMtvo8RXtKi/JyAd1LAI=">AAAB63icbVDLSsNAFL2pr1pfVZduBoviqiQ+0GXBjcsK9gFtLJPppB06MwkzE6GE/IIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcyZNq777ZRWVtfWN8qbla3tnd296v5BW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv7nSeqNIvkg5nG1Bd4JFnICDa5lGaPF4Nqza27M6Bl4hWkBgWag+pXfxiRRFBpCMda9zw3Nn6KlWGE06zSTzSNMZngEe1ZKrGg2k9nt2boxCpDFEbKljRopv6eSLHQeioC2ymwGetFLxf/83qJCW/8lMk4MVSS+aIw4chEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheIsvL5P2ed27qrv3l7XGaRFHGY7gGM7Ag2towB00oQUExvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8A7nyOEw==</latexit>

3
<latexit sha1_base64="VbtRpf1eMtvo8RXtKi/JyAd1LAI=">AAAB63icbVDLSsNAFL2pr1pfVZduBoviqiQ+0GXBjcsK9gFtLJPppB06MwkzE6GE/IIbF4q49Yfc+TdO2iy09cCFwzn3cu89QcyZNq777ZRWVtfWN8qbla3tnd296v5BW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv7nSeqNIvkg5nG1Bd4JFnICDa5lGaPF4Nqza27M6Bl4hWkBgWag+pXfxiRRFBpCMda9zw3Nn6KlWGE06zSTzSNMZngEe1ZKrGg2k9nt2boxCpDFEbKljRopv6eSLHQeioC2ymwGetFLxf/83qJCW/8lMk4MVSS+aIw4chEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7EheIsvL5P2ed27qrv3l7XGaRFHGY7gGM7Ag2towB00oQUExvAMr/DmCOfFeXc+5q0lp5g5hD9wPn8A7nyOEw==</latexit>

3

For k ∈ N, the kth power of G, denoted Gk, is the multi-graph on V with edges
corresponding to all the k-step walks for G. That is, for u, v ∈ V , the edge (u, v) has
multiplicity equal to the number of walks from u to v.

If G has random walk matrix R, then Gk has random walk matrix Rk, and the
eigenvalues of Rk raise the eigenvalues of R to the kth power. This improves the
spectral gap which is good. Unfortunately powering also increases the maximum
degree.

Lemma 21.3. Gk is a regular undirected graph on V with degree dk and random walk
map Rk. If R has spectral gap γ, then Rk has spectral gap 1− (1− γ)k.

The proof is left to the reader.
Graph transformation 2: the zig-zag product. The second operation operation
is called the zig-zag product. The goal of the zig-zag product is to reduce the degree d.
The construction is much more subtle than graph powering.

Let H = (V0, E0) be a constant degree expander with d vertices and degree d0.
Note that the number of vertices in H matches the degree of G exactly. We identify

the vertice of H with the set of indices [d] = {1, . . . , d}.
We will use H to simulate the choices of a random walk in G. At a high level,

we keep one vertex vH in H and one vertex vG in G. Rather than taking a random
step in G (which requires log(d) bits), we take a random step on H (which requires
only log(d0) bits), and use the new index of vH in H to choose a random neighbor
of vG in G, and move from vG to this neighbor. Intuitively, if H is an expander,
then the random step in H should behave similarly to sampling a uniformly random
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vertex in H. In that case the choice of neighbor in G behaves similarly to a uniformly
random choice of neighbor, and overall, vG follows a path similar to a random walk.
Meanwhile we only need log(d0) bits to implement this “pseudo-random” step.

Now the action just described is not symmetric. More precisely, the arcs these
steps describe on the product set V1×V2 do not given an undirected graph. To ensure
we have an undirected graph we will have to append a few additional steps.

We are now prepared to define the zig-zag product formally. The zig-zag product,
denoted Z(G |H), is a regular graph with vertex set V1×V2 and degree d2

0. Each edge in
Z(G |H) consists of a step in H (with d0 degrees of freedom), a predetermined “zig-zag”
step (with 0 degrees of freedom), followed by a step in H (with d0 degrees of freedom).
To define this formally, let (v1, i1) ∈ V1 × V2 be a vertex. For (k1, k2) ∈ [d0]× [d0], the
(k1, k2)th neighbor of (v1, i1) is the point (v2, i4) obtained by the following steps.(

v1
i1

)
(a)−→

(
v1
i2

)
(b)−→

(
v2
i2

)
(c)−→

(
v2
i3

)
(d)−→

(
v2
i4

)

where:
• (a) is a step in H from i1 to its k1th neighbor, i2.
• (b) moves v1 to the i2th outgoing neighbor of v1, v2.
• (c) moves from i2 to i3 where v1 is the i3th neighbor of v2.
• (d) moves i3 to its k2th neighbor in H.

The most important steps are the first two. This is where a random step in H induces
a step in G. The remaining two steps makes the process reversible and the resulting
graph an undirected graph. (Veryfing this is left to the reader.)

Consider an edge starting from (v1, i1) and ending at (v2, i4). v1 and v2 are
neighbors in G. However, i1 and i4 are not (necessarily) neighbors! The discontinuity
arises in the third step, where the relationship between v1 and v2 in G is used to
“teleport” i2 to i3. Luckily, all we will really care about is preserving the connectivity
in G. If s, t ∈ V are connected in G, then for each index i ∈ [d], there is an index
j ∈ [d] such that (s, i) and (t, j) are connected. Conversely, if (s, i) and (t, j) are
connected in Z(G |H), then s and t are connected in G.

Analyzing the zig-zag product is the most involved part of the overall proof. We
summarize its properties in the following lemma and defer the proof to later.

Lemma 21.4. Let G = (V, E) be a regular undirected graph with n vertices and
degree d, with spectral gap γG. Let H be a regular undirected graph with d vertices
and degree d0. Then Z(G |H) is a regular undirected graph with nd vertices, degree
d2

0 and spectral gap γGγ2
H .
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Combing powering with the zig-zag product. When we combine the zig-zag
product with powering we get the following. For technical reasons it is convenient to
assume G is regular with degree d2 for some integer d.

Lemma 21.5. Let G be a regular undirected graph with n vertices, degree d2, and
spectral gap γG. Let H be a regular undirected graph with d4 vertices, degree d, and
spectral gap γH . Then Z(G2 |H) is a regular undirected graph with d4n vertices, degree
d2, and spectral gap

(
1− (1− γG)2

)
γ2

H .

For (s, t)-connectivity, with some preprocessing, we can assume that G is a regular
graph on n vertices with constant degree d2 and spectral gap ≥ 1/ poly(n). We can
also assume that there exists a regular expander H on d4 vertices, degree d, and
spectral gap ≥ 3/4. If γG ≤ 1/16, then by lemma 21.5 Z(G2 |H) has spectral gap

≥ 1.01γG.

That is, we increase the spectral gap by a constant factor! By repeating the construc-
tion O(log n) times, the final graph has constant expansion! The degree, meanwhile,
is still d2 – the same as before, and a constant.

We need to check that the number of vertices did not blow up too much. Each
time we apply lemma 21.5, the number of vertices increases by a constant factor d4.
Therefore, after O(log n) iterations the number of vertices increases by a poly(n)-
factor. Altogether we have a constant degree graph with poly(n) vertices and constant
spectral-gap — primed for derandomizing the random walk approach.

To keep the space at O(log n) we do not explicitly construct the generated expander.
Instead we will simulate walks on the expander implicitly.

All that said, we still need to verify that we can run simulate a random walk on
the generated expander in O(log n) space. Let G0 denote the input graph (with n

vertices and constant degree d2) and let Gk = Z
(
G2

k−1

∣∣∣H) be the graph obtained
after the kth iteration of lemma 21.5. To simulate a random walk on one of these
generated graphs, we need to be able to answer the following ith-neighbor query. This
query takes as input a vertex v and an index i, and returns the ith neighbor of v. We
need to show how to implement each query with small space.

We claim the following for each index j.

1. The space required to execute an ith-neighbor query on G2
j is O(1) plus the space

required to simulate a step on Gj.

2. The space required to execute an ith-neighbor query on Z
(
G2

j

∣∣∣H) is O(1) plus
the space required to simulate a step on G2

j .
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If the above hold, then the space required to simulate a step on Gk is O(k), as desired.
Consider the first claim, for G2

j . We are given a vertex v1 in G2
j and two indices

i1, i2 ∈ [d2]. We query (v, i1) to take a step in Gj, which returns a vertex v2 in Gj.
We then query (v, i2) to take a step in Gj which returns a vertex w3. The maximum
amount of space we ever use is O(1) plus the space recursively required to take a step
in Gj.

Consider the second claim, where we are simulating a step on Z
(
G2

j

∣∣∣H). We
are given a vertex (v1, i1), where v1 is a vertex in G2

j and i1 is a vertex in H (and at
most a constant). We are also given two indices j1, j2 ∈ [d0] and want to return the
(j1, j2)th neighbor of (v1, i1). We first take a step in H from i1 to i2, using O(1) space.
We then query G2

j for the i2th edge from v1 to some v2 in G2
j . We then query, for

each i3 ∈ [d], the i3th edge from v2 in G2
j until we find that v1 is the i3th edge from

v2. Each of these queries take O(1) space plus the space from the recursive call to
G2

j . Finally we use j2 to update from i3 to i4 in H, in O(1) space. The maximum
amount of space we ever use is O(1) plus the maximum amount of space recursively
used when querying G2

j .
All put together, for k = O(log(n)), Gk is a constant degree expander with poly(n)

that preserves connectivity from G. Moreover we can navigate Gk implicitly via
ith-neighbor queries in O(log n) space per query. We derandomize the random walk
algorithm on Gk, which gives a deterministic algorithm for connectivity in G.

Up to proving lemma 22.8 in the subsequent section, this completes the proof of
theorem 21.2.

21.3 Preliminaries

We introduce some mathematical background needed to analyze the zig-zag product.

21.3.1 Tensors of linear maps

Recall that Rm×n denotes the space of linear maps from the vector space Rn to the
vector space Rm. Rm×n itself is a real vector space with inner product given by

⟨A, B⟩ =
∑
i,j

AijBij = trace
(
AT B

)
.

Two helpful identities are

⟨A, c⊗ d⟩ = ⟨c, Ad⟩
⟨(a⊗ b), (c⊗ d)⟩ = ⟨a, c⟩⟨b, d⟩
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for A ∈ Rm×n, a, c ∈ Rm and b, d ∈ Rn, which the reader may verify.
For A ∈ Rm×m and B ∈ Rn×n,the outer product (a.k.a the tensor product) of A

and B, denoted A⊗B, is the linear map defined by
⟨x, ((A⊗B)C)y⟩ =

〈
ATx, CBTy

〉
,

or equivalently,
(A⊗B)C def= ACBT,

for C ∈ Rm×n. We leave it to the reader to verify that this defines a linear map over
Rm×n. We have the identities

(A⊗B)(c⊗ d) = Ac⊗Bd, (21.1)
(A⊗ (B + C)) = (A⊗B) + (B ⊗ C), (21.2)

(A⊗B)T =
(
AT ⊗BT

)
(21.3)

which are also left to the reader to verify. The last identify implies that if A and B
are symmetric, then so is A⊗B.
Lemma 21.6. (A⊗B) has eigenvalue-eigenvectors pairs of the form (λAλB, x⊗ y),
where x is an eigenvector of A with eigenvalue A and y is an eigenvector of B with
eigenvalue λB.
Proof. For each pair (λA, x) and (λB, y), we have

(A⊗B)(x⊗ y) = Ax⊗By = λAx⊗ λBy = λAλB(x⊗ y),
so (x⊗ y) is an eigenvector of (A⊗B) with eigenvalue λAλB. There are m choices
of (λA, x) and n choices of (λB, y) so together this gives mn eigenvalue/vector pairs.
Since (A⊗B) acts on an (m× n)-dimensional vector space, these are all the eigen-
value/vector pairs

Tensor products of random walks. Let G1 = (V1, E1) and G2 = (V2, E2) be two
undirected graphs with random walk matrices R1 and R2. Consider the random walk
on V1 × V2 where given a pair of vertices (v1, v2) ∈ V1 × V2, we take a random step
from v1 to w1 according to R1 and a random step from v2 to w2 according to R2. The
distribution of (w1, w2) is described by the m× n matrix

(R11v1)⊗ (R21v2)
where 1v denotes the {0, 1}-indicator vector for a vertex v. More generally, given a dis-
tribution P ∈ Rm×n

≥0 over V1×V2, taking random steps along R1 and R2 simultaneously
gives the distribution

(R1 ⊗R2)P = RT
1 PR2.
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21.3.2 The operator norm

The operator norm of a linear map A is defined by

∥A∥ = sup{∥Ax∥ : ∥x∥ = 1}.

∥A∥2 is the maximum eigenvalue of the positive semi-definite matrix ATA. For a
symmetric map A, this is the maximum absolute eigenvalue of A.

We have the identities

∥A + B∥ ≤ ∥A∥+ ∥B∥, (21.4)
∥AB∥ ≤ ∥A∥∥B∥, (21.5)

∥A⊗B∥ ≤ ∥A∥∥B∥, (21.6)

the proofs of which are left to the reader.

21.4 Analysis of the zig-zag product

Lemma 22.8. Let G = (V, E) be a regular undirected graph with n vertices and
degree d, with spectral gap γG. Let H be a regular undirected graph with d vertices
and degree d0. Then Z(G |H) is a regular undirected graph with nd vertices, degree
d2

0 and spectral gap γGγ2
H .

Let RZ denote the random walk matrix of Z(G2 |H). Let RH be the random walk
matrix of H. We can write a random step in the zig-zag graph as

RZ = (I ⊗RH)Z(I ⊗RH),

where (I ⊗RH) represents the action where we take a single random step in H but
leave the G-coordinate fixed, and Z is the (deterministic) zig-zag step that updates
the G-coordinate and transports the H-coordinate, as described above. Ultimately,
we want to analyze the spectral gap of (I ⊗RH)Z(I ⊗RH).

To give some intuition, recall that H is an expander. That is, taking a few steps in
RH is almost as random as sampling a uniformly random vertex from H. To formalize
this connection, S = (1⊗ 1)/d : ∆VH → ∆VH be the “random walk” that samples a
vertex from H uniformly at random. Intuitively, RH ≈ S. Suppose we substitute S
for RH in our expression for the random walk in the zig-zag product, giving,

(I ⊗ S)Z(I ⊗ S).

This step describes a zig-zag product of G with the graph H ′, which is a complete
graph with a self-loop at every vertex. Let us walk through a random step in the
zig-zag product Z(G |H ′).
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1. Starting from (v1, i1) ∈ G× [d], we first take a random step in H ′ from i1 to i2.
By definition of H ′, i2 ∈ [d] is selected uniformly at random.

2. We then move from v1 to its i2th neighbor v2.

3. Then, we move from i2 to i3 where v1 is the i3th neighbor of v1.

4. Then we take a step in H ′ move i3 to a uniformly index i4 ∈ [d].

Overall, we move from (v1, i1) to (v2, i4) where v2 is a uniformly random neighbor
of v1, and i4 is a uniformly random vertex in H ′. This is a much simpler step than
the zig-zag product on an arbitrary graph, and can be analyzed directly. The second
coordinate is essentially just uniformly random noise, and the first coordinate is
walking in G. The second coordinate is mathematically irrelevant and the spectral
gap of Z(G |H ′) is precisely γG, the spectral gap of G.

Of course, S is not exactly RH , and additionally, the zig-zag product of G with
H ′ does not decrease the degree as we would like. (In fact, it increases the degree.) It
remains to quantify the difference between (I ⊗RH)Z(I ⊗RH) and (I ⊗ S)Z(I ⊗ S),
which reflects the difference between RH and S. As we will make more explicit below,
the spectral gap of H, γH , is also a reflection of the difference between RH and S.
(S has spectral gap 1) This difference between Rh and S, and the correspondance
between the difference and γH , is why the spectral gap decreases from γG to γGγ2

H .
Previously when analyzing the spectral gap of undirected random walks, we applied

the spectral theorem via similarity to the normalized random walk matrix. But if the
graph is regular, then the random walk matrix is already symmetric, and in fact the
same as the normalized random walk matrix. This applies to G, H, and Z(G |H).
Z(G |H) has stationary distribution (1⊗ 1)/d2. Therefore 1 ⊗ 1 is the first

eigenvector of RZ . To bound the spectral gap of RZ , we want to bound

|⟨x, RZx⟩|

over all x orthogonal to 1⊗ 1.
We can apply the spectral theorem to RH by similarity to the normalized random

walk matrix. Here, because H is a regular graph, RH = A/d is already a symmetric
matrix (and coincides with the normalied random walk matrix) and we can apply the
spectral theorem directly. By the spectral theorem for symmetric maps, combined
the the Perron-Frobenius theorem for random walks, we have

RH = u1 ⊗ u1 + λ2(u2 ⊗ u2) + · · ·+ λn(un ⊗ un),
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where u1, . . . , un ∈ Rd forms an orthonormal bases and λ2, . . . , λn ∈ [1 − γH , γH −
1]. Recall that because RH is regular, the stationary distribution is the uniform
distribution, 1/d. Since RH1 = 1, the first eigenvector u1 must be (proportional to)
1. This gives

RH = 1
d

(1⊗ 1) + λ2(u2 ⊗ u2) + · · ·+ λn(un ⊗ un)

= S + λ2(u2 ⊗ u2) + · · ·+ λn(un ⊗ un).

Let R′
H = RH − γHS; then R′

H has all its eigenvalues in the range [γH − 1, 1− γH ].
We factor RZ as

(I ⊗RH)Z(I ⊗RH) = (I ⊗ (γHS + R′
H))Z(I ⊗ (γHS + R′

H))
= (γH(I ⊗ S) + (I ⊗R′

H))Z(γH(I ⊗ S) + (I ⊗R′
H))

= γ2
H(I ⊗ S)Z(I ⊗ S) + γH(I ⊗ S)Z(I ⊗R′

H)
+ γH(I ⊗R′

H)Z(I ⊗ S) + (I ⊗R′
H)Z(I ⊗R′

H).

Let us first analyze the last 3 terms.
Let x ∈ RV ×d be any unit vector orthogonal to the uniform distribution. We have

|⟨x, (I ⊗ S)Z(I ⊗R′
H)x⟩| = ∥(I ⊗ S)Z(I ⊗R′

H)x∥
≤ ∥(I ⊗ S)∥∥Z∥∥(I ⊗R′

H)∥ ≤ 1− γH .

the third term contributes 1− γH (times another γH) and the fourth term contributes
(1− γH)2.

For the finale of our analysis, consider the remaining term, (I ⊗ S)Z(I ⊗ S). As
observed earlier, we have

(I ⊗ S)Z(I ⊗ S) = (A⊗ S) (!)

Note that (A⊗ S) is the tensor product of G and H with has the same stationary
distribution; namely the uniform distribution. Moreover, (A⊗ S) has the same
eigenvalues as A with the same multiplicity, since S has only one eigenvector with
eigenvalue 1 and the rest are all 0. In particular, for any vector x ∈ RV ×d orthogonal
to the stationary distribution on V × [d], we have

|⟨x, (I ⊗ S)Z(I ⊗ S)x⟩| = |⟨x, (A⊗ S)x⟩| ≤ 1− γG.

Adding everything together we have

γ2
H(1− γG) + 2γH(1− γH) +

(
1− γ2

H

)
= 1− γGγ2

H ,

as desired.
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21.5 Additional notes and materials

This topic is also covered in [HLW06, §9] and [Vad12, §4.4], which discuss additional
related topics.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

21.6 Exercises

Exercise 21.1. Prove lemma 21.3.

Exercise 21.2. Prove that the zig-zag product Z(G |H) is an undirected graph.

Exercise 21.3. Prove that the tensor product A⊗B defines a linear map over Rm×n

for A ∈ Rm×m and B ∈ Rn×n.

Exercise 21.4. Prove the tensor product identities in eqs. (21.1)–(21.3).

Exercise 21.5. Prove the operator norm inequalities in eqs. (21.4)–(21.6).

Exercise 21.6. The goal of this exercise is to develop a randomized construction of a
constant degree expander.

Let d ∈ N be a parameter to be determined. Let n be even. Consider the random
graph over n vertices where the edges are the disjoint union of (the edges of) d
uniformly random perfect matchings over the vertices. (G can have parallel edges.)
We will first show that G has conductance at least c for some constant c > 0. The
connection to constant degree expanders is made at the end.

The key claim is as follows.

With nonzero probability, for all disjoint S and T such that k = |S| ≤ n/2
and |T | = k/6, some vertex in S is matched to a vertex outside S ∪ T .

1. Show that the claim implies that |δ(S)| ≥ |S|/6 for all S with |S| ≤ n/2.

2. Show that if also d = O(1), then the claim above implies that the union of
matchings gives a graph with constant conductance.
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We will prove this claim probabilistically: our first goal is to fix S and T , and bound
the probability that all of S is matched to S ∪ T . To this end, for fixed S and T ,
consider the following randomized procedure which produces a perfect matching.

1. Index the vertices v1, . . . , vn such that S = {v1, . . . , vk} and
T =

{
vk+1, . . . , v7k/6

}
.

2. Repeat n/2 times:
A. Let vi be the unmatched vertex of smallest index.
B. Sample vj from the remaining unmatched vertices (exclud-

ing vi) uniformly at random.
C. Match vi with vj.

3. Prove that the procedure above generates a uniformly random perfect matching.

4. Show that the probability that S is matched to (S ∪ T ) in all d matchings is at
most

(
n
k

)−αd
. for some constant α > 0. (I got α = 1/6.)1

5. Now prove the key claim above for some constant d.

Having now established that O(1) random matchings have constant conductance with
high probability:

6. Design and analyze an algorithm that produces a constant degree expander.
(That is, a regular constant degree graph whose random walk has constant
spectral gap γ.)2

1For a single matching, the probability that S is matched to (S ∪ T ) is bounded above by the
probability that the first k/2 choices of vj ’s are in S ∪ T .

2Hint: don’t forget about the minimum eigenvalue.
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Chapter 22

Reducing randomness with random walks

22.1 Introduction

Recall that a language L is in the class P if there is a deterministic poly(n)-time
algorithm that decides if an input x of size n is in L. This notion extends to randomized
algorithms as follows.

Definition 22.1. A language L is in the class RP if there is a randomized polynomial
time algorithm deciding L with the following probabilistic “one-sided” error guarantee:

1. Given an input x ∈ L, the algorithm decides that x ∈ L with constant probability
(say, 1/2).

2. Given an input x /∈ L, the algorithm always decides that x /∈ L.

A language L is in the class BPP if there is a randomized polynomial time algorithm
deciding L with the following probabilistic “two-sided” error guarantee:

1. Given an input x ∈ L, the algorithm decides that x ∈ L with probability 2/3.

2. Given an input x /∈ L, the algorithm decides that x /∈ L with probability 2/3.

We have the subsets

P ⊆ RP ⊆ BPP,

since of course, no error (P) is better than one-sided error (RP), which is better than
two-sided error (BPP). It is a major open question if these are equal. Many believe
that P = BPP. In practice, researchers treat a randomized algorithm with two-sided
error as a strong indicator for the existence of a deterministic one. Still, we do not
know really if P equals RP or if RP equals BPP.
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There is theoretical interest, sometimes under the heading of pseudorandomness,
in a refined understanding of how much randomness is required for various problems.
While the holy grail, P vs BPP, is hard to attack, there is a rich body of literature and
results moving towards a conclusion, producing many algorithmic ideas of independent
interest along the way.

Let L ∈ RP, and fix an input size n. Suppose that an algorithm for L requires
m random bits to decided L with one-sided error 1/2. If we want to decrease the
error to δ, for some δ, then we could independently repeat the algorithm ⌈log 1/δ⌉
times, taking the disjunction of responses. This takes O(m log(1/δ)) random bits total.
While we typically de-emphasize the logarithmic overhead incurred from repetition,
it is a deep and natural question to ask if one can reduce or avoid the logarithmic
overhead. Surprisingly, one can:
Theorem 22.2. Given an algorithm in RP that uses m random bits and has probability
of error at most 1/2, one can decrease the error probability to δ while increasing the
running time by a factor of log(1/δ) and using a total of m + O(log(1/δ)) random
bits.

There is an analogous result for BPP. The algorithm is the same as for RP, while
the analysis is different.
Theorem 22.3. Given an algorithm in BPP that uses m random bits to achieve
error 1/3 (on both sides), one can decrease the error probability to δ while increasing
the running time by a factor of log(1/δ) and using a total of m + O(log(1/δ)) random
bits.

The rest of this discussion is about proving theorems 22.2 and 22.3.

22.2 High level overview: amplification by random walks

The algorithm that obtains the better-than-repetition amplification above is concep-
tually very clean. Let G be a constant degree expander with vertex set V = {0, 1}m

— that is, a vertex for every possible bit string of m bits. (We will have to address
how to implicitly build such a G later, but for now let us assume G is given.) First,
select a uniformly random vertex v0 ∈ V . (This takes m random bits). Then take a
random walk in G for O(log(1/δ)) steps. Each step takes O(1) random bits. For each
vertex vi along the walk, use vi as the input for a new instance of the algorithm. For
algorithms in RP, output the disjunction (the “or”) of all the outputs. For algorithms
in BPP, output the majority vote.

It is easy to see that we use m + O(log(1/δ)) random bits in total. To complete
the proofs of theorems 22.2 and 22.3 there are two basic issues to address.
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1. We need to show that the bit strings generated by the expander are (probably)
useful, for both the RP and BPP settings.

2. We need to show how to efficiently make such a graph G.

For the second point, since G is exponential-size, this construction has to be implicit.
Random walks for RP. Consider the first point — why bit strings generated by
an expander graph act like totally random bit strings — for RP. The key lemma is
as follows.

Lemma 22.4. Let G = (V, E) be a regular undirected graph whose random walk
has spectral gap γ. Consider a t-step random walk v1, v2, . . . , vt ∈ V where v1 ∈ V
is chosen uniformly at random. For any set B ⊂ V , the probability that the entire
random walk stays in B is

(µ + (1− γ)(1− µ))t,

where µ = |B|/|V |.

We will prove this lemma later in section 22.3. First let us derive theorem 22.2
(on amplifying RP via expanders) in light of lemma 22.4.

Let B be the set of vertices corresponding to “bad” bit strings causing the
randomized algorithm to err. Amplifying the original algorithm by a constant number
of repetitions as needed, we can make µ arbitrarily small; say, 1/2. By lemma 22.4, if
we take a random walk on an expander of bit string, the probability that the random
walk stays in B — and all bit-strings are bad — drops at a rate of (1− γ/2)t.
Random walks for BPP. We now present a similar lemma that is important for
BPP.

Lemma 22.5. Let ϵ ∈ (0, 1) be fixed. Let G = (V, E) be a regular undirected graph
whose random walk has spectral gap γ ≥ 1− ϵ. Let f : V → [0, 1] be a fixed function
of the vertices. Let

µ = E[f(v)] where v ∈ V is sampled uniformly at random.

Consider a random walk v1, v2, . . . , vk ∈ V where v1 ∈ V is chosen uniformly at
random. Then for all β > 0,

P
[∣∣∣∣∣1k

k∑
i=1

f(vi)− µ

∣∣∣∣∣ ≥ ϵµ + β

]
≤ ceϵk((1+ϵ)ϵ−β)
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for a universal constant c > 0. In particular, for (say) ϵ ≤ µ/4, we have

P
[∣∣∣∣∣1k

k∑
i=1

f(vi)− µ

∣∣∣∣∣ ≥ ϵµ

]
≤ ce− ϵkµ

c

for a universal constant c > 0.

Analogous to our discussion for RP, lemma 22.5 implies theorem 22.3. We prove
lemma 22.5 in section 22.4.
Efficiently and implicitly constructing the expander graph. To make the
expander G, we apply the following theorem, which is a tweak on our previous
construction for derandomizing random walks. We prove the following in section 22.5.

Lemma 22.6. Let d ∈ N, and Let H be a regular undirected graph with d8 vertices,
degree d, and spectral gap ≥ 7/8. Define graphs G1, G2, . . . by

G1 = H2

Gt+1 = Z
(
(Gt ⊗Gt)2

∣∣∣H)
Then Gt has spectral gap 1/2 and 2Ω(2t) vertices. Simulating one step of a random
walk in Gt takes 2O(t) time and O(log(d)) random bits.

Taking t = log log m + O(1) gives the desired expander over {0, 1}m.

22.3 Amplifying RP: proof of lemma 22.4

Let R be the random walk matrix on G. Let P : RV → RV be the projection onto RB;
that is,

(Px)v =

xv if v ∈ B

0 otherwise.

P is a linear function with P = P T and P 2 = P . One can think of P as the identity
matrix restricted to RB (and 0 everywhere else).

Consider the product PRP . Given a nonnegative vector x, PRPx drops all the
mass outside of B, take a step according to R, and again drops all of the mass outside
of B. In particular, the probability that the entire walk stays in B is〈

1, (PRP )t(1/n)
〉
.
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We claim that PRP has maximum eigenvalue ≤ 1− (1− µ)γ. If so, then

〈
1, (PRP )t(1/n)

〉
=

〈
1, (PRP )t1

〉
⟨1, 1⟩

≤ (γµ + 1− γ)t,

which completes the proof.
Since G is regular, R is symmetric, and we can write

R = γ

n
(1⊗ 1) + R′

where R′ has all of its eigenvalues in the range [1− γ, γ − 1]. Then

PRP = γ

n
P (1⊗ 1)P + PR′P.

We leave it to the reader to show that PR′P has all its eigenvalues in the range
[1− γ, γ − 1].

Consider the first term (γ/n)P (1⊗ 1)P. We claim that it has maximum eigenvalue
γµ = |B|/n, which would give the overall bound of

∥PRP∥ =
∥∥∥∥γ

n
P (1⊗ 1)P

∥∥∥∥+ ∥PR′P∥ ≤ γµ + 1− γ,

as desired, where ∥· · ·∥ is the operator norm.
We have

γ

n
P (1⊗ 1)P = γ

n
(P1⊗ P1).

The maximum eigenvector of the outer product (P1⊗ P1) is (proportional to) P1,
with eigenvalue

⟨P1, P1⟩2

⟨P1, P1⟩
= ⟨P1, P1⟩ = |B|.

Thus ∥∥∥∥γ

n
(P (1⊗ 1)P )

∥∥∥∥ = γ|B|
n

= µ.

This gives the desired bound.
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22.4 Efficiently amplifying BPP

Lemma 22.5. Let ϵ ∈ (0, 1) be fixed. Let G = (V, E) be a regular undirected graph
whose random walk has spectral gap γ ≥ 1− ϵ. Let f : V → [0, 1] be a fixed function
of the vertices. Let

µ = E[f(v)] where v ∈ V is sampled uniformly at random.

Consider a random walk v1, v2, . . . , vk ∈ V where v1 ∈ V is chosen uniformly at
random. Then for all β > 0,

P
[∣∣∣∣∣1k

k∑
i=1

f(vi)− µ

∣∣∣∣∣ ≥ ϵµ + β

]
≤ ceϵk((1+ϵ)ϵ−β)

for a universal constant c > 0. In particular, for (say) ϵ ≤ µ/4, we have

P
[∣∣∣∣∣1k

k∑
i=1

f(vi)− µ

∣∣∣∣∣ ≥ ϵµ

]
≤ ce− ϵkµ

c

for a universal constant c > 0.

Proof. Initially the proof proceeds similarly to the Chernoff bound. We let us prove
the inequality on the upper tail. The lower tail follows similarly, and then we can
take the union bound over both. We have

P
[

k∑
i=1

f(vi) ≥ k(1 + ϵ)µ + β

]
≤ E

[
eϵ(f(v1)+···+f(vk))

]
e−ϵ(1+ϵ)kµ−ϵβ. (22.1)

The key identity is

E
[
eϵ(f(v1)+···+f(vk))

]
= 1

n

〈
1, F (RF )k1

〉
where F = diag

(
eϵf(v1), . . . , eϵf(vn)

)
is the diagonal matrix with the exponentiated values along the diagonal. One way to
interpret the above is to first recall that Rk models k steps of a random walk. Then
inserting F in between the R’s is like collecting the values eϵf(v) along the walk. We
claim the following.

Claim 1. 1
n

〈
F 1/21, F (RF )kF 1/21

〉
≤ eϵ+(k(1+ϵ)ϵ(µ+ϵ))
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Assuming claim 1 holds, we have

(22.1) ≤ eϵ · eϵk((1+ϵ)ϵ−β),

as desired.
Let us now prove Claim 1. Since R has spectral gap ≥ 1− ϵ, and R is symmetric,

we can pull out a (1− ϵ)-fraction of its leading eigenvector (corresponding to the
uniform distribution), writing

R = 1− ϵ

n
(1⊗ 1) + R′

where R′ has eigenvalues between ϵ and −ϵ. Thereby

F 1/2RF 1/2 = 1− ϵ

n
F 1/2(1⊗ 1)F 1/2 + F 1/2R′F 1/2.

We claim the following.

Claim 2. F 1/2R′F 1/2 has its eigenvalues between [ϵeϵ,−ϵeϵ].

Claim 3. F 1/2(1⊗ 1)F 1/2 has maximum eigenvalue E
[
eϵf(v)

]
.

For the first claim regarding F 1/2R′F 1/2, for any vector x〈
x, F 1/2R′F 1/2x

〉
=
〈
F 1/2x, R′

(
F 1/2x

)〉
≤ ϵ

∥∥∥F 1/2x
∥∥∥2

= ϵ⟨x, Fx⟩ ≤ ϵet∥x∥2,

where we repeatedly invoke the fact that the maximum eigenvalue of a symmetric
matrix is given by the Rayleigh quotient.

For the second claim, we have

F 1/2(1⊗ 1)F 1/2 =
(
F 1/21⊗ F 1/21

)
which has maximum eigenvalue∥∥∥F 1/21

∥∥∥2
= ⟨1, F1⟩ =

∑
v

eϵf(v) = n E
[
eϵf(v)

]
.

This establishes the second claim.
Combining the two claims above, we have that F 1/2RF 1/2 has maximum (absolute)

eigenvalue ∥∥∥F 1/2RF 1/2
∥∥∥ ≤ ϵeϵ + (1− ϵ) E

[
eϵf(v)

]
.
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We expand the right hand side by the inequality eϵ ≤ 1 + ϵ + ϵ2 for small |t|, giving
the upper bound∥∥∥F 1/2RF 1/2

∥∥∥ ≤ ϵ
(
1 + ϵ + ϵ2

)
+ (1− ϵ) E

[
1 + ϵf(v) + ϵ2f(v)

]
= ϵ

(
1 + ϵ + ϵ2

)
+ (1− ϵ)

(
1 + ϵµ + ϵ2µ

)
≤ 1 +

(
ϵ + ϵ2

)
(µ + ϵ)

≤ e(ϵ+ϵ2)(µ+ϵ)

In turn, for the kth power, we have∥∥∥∥(F 1/2RF 1/2
)k
∥∥∥∥ =

∥∥∥F 1/2RF 1/2
∥∥∥k
≤ ek(1+ϵ)ϵ(µ+ϵ).

Finally, returning to the original quantity we wanted to sum, we have

1
n

〈
F 1/21, F (RF )kF 1/21

〉
≤ ek(1+t)ϵ(µ+ϵ) E

[
eϵf(v)

]
≤ (1 + O(ϵ))e(k(1+ϵ)ϵ(µ+ϵ)).

as desired for Claim 1.

22.5 Efficiently making large expanders

It remains to be shown that large expanders can be constructed efficiently. Previously,
in the interest of deterministic connectivity, we studied the amplification

G 7→ Z
(
G2

∣∣∣H),
where the degrees and sizes of G and H are appropriately set. The primary goal of
the goal of that exercise was to increase the spectral gap given an input graph (with
bad spectral gap) in a space efficient manner.

Here our goal is slightly different, because simply want to make an expander over
2m vertices without the burden of some bad input graph. That is, we simply want to
make a large - very, very large - expander. Note that we want to make this graph
implicitly and be able to take a step in the graph in O(polylog(m)) time per step –
importantly, this is doubly logarithmic in the number of vertices, 2m. If we apply the
construction form connectivity starting from a constant sized expander, we will end
up needing O(m) iterations to get up to 2m vertices, since each iteration increases the
number of vertices of a constant factor. Thus, in contrast to before, the goal is to
increase the number of vertices given an expander as efficiently as possible.

Let us now restate the main lemma that we need to prove.
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Lemma 22.6. Let d ∈ N, and Let H be a regular undirected graph with d8 vertices,
degree d, and spectral gap ≥ 7/8. Define graphs G1, G2, . . . by

G1 = H2

Gt+1 = Z
(
(Gt ⊗Gt)2

∣∣∣H)
Then Gt has spectral gap 1/2 and 2Ω(2t) vertices. Simulating one step of a random
walk in Gt takes 2O(t) time and O(log(d)) random bits.

We first recall the first two lemma’s that we proved previously.

Lemma 22.7. Let G = (V, E) be a regular undirected graph n vertices and degree d.
Then Gk is a regular undirected graph on V with degree dk, with random walk map
Rk. If R has spectral gap γ, then Rk has spectral gap 1− (1− γ)k.

Lemma 22.8. Let G = (V, E) be a regular undirected graph with n vertices and
degree d, with spectral gap γG. Let H be a regular undirected graph with d vertices
and degree d0. Then Z(G |H) is a regular undirected graph with nd vertices, degree
d2

0 and spectral gap γGγ2
H .

The second lemma, regarding the zig-zag product, required the following structural
lemma about the tensor product of undirected graphs and their random walks.

Lemma 22.9. Let G1 and G2 be regular undirected graphs with degrees d1 and
d2 and random walk matrices R1 and R2 respectively. Then G1 ⊗ G2 is a regular
undirected graph with degree d1d2, Then the random walk matrix of G1 ⊗G2, denoted
R1 ⊗R2 : RV1×V2 → RV1×V2, is also symmetric. The map

(v1, v2) ∈ RV1 × RV2 7→ v1 ⊗ v2 ∈ RV1×V2

gives a one-to-one correspondance between pairs of eigenvectors from G1 to G2, where
an eigenvector v1 with eigenvalue λ1 of G1 and an eigenvector v2 with eigenvalue λ2
of G2 maps to an eigenvector v1 ⊗ v2 of G1 ⊗G2 with eigenvalue λ1λ2.

Let d ∈ N be a fixed constant and let H be an undirected regular graph d4 vertices,
degree d, and spectral gap 7/8. Let G0 = H2. We now generate graphs G1, G2, . . .
iteratively by

Gi+1 = Z
(
(Gi ⊗Gi)2

∣∣∣H).
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The various parameters of interest develop as follows.

Graph G → G⊗G → (G⊗G)2 → Z
(
(G⊗G)2

∣∣∣H)
Vertices n → n2 → n2 → n2d4

Degree d2 → d4 → d8 → d2

γ γ → γ → 2γ − γ2 → (2γ − γ2)(7/8)2

We note that γ ≥ 1/2 implies (2γ − γ2) ≥ 1/2, so the spectral gap never drops below
1/2.

22.6 Additional notes and materials

See [Vad12] for additional topics in pseudorandomness.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

22.7 Exercises

Exercise 22.1. The definition of RP allows for error probability 1/2 while BPP
requires a constantly strictly less than 1/2 (e.g., 1/3). Here we explore why.

Give a concise description of the family of all languages L for which there is a
randomized polynomial time algorithm that, given input x:

1. If x ∈ L, decides that x ∈ L with probability at least 1/2.
2. If x /∈ L, decides that x /∈ L with probability at least 1/2.

Exercise 22.2. Extend lemma 22.4 to graphs G that are not regular.

Exercise 22.3. Extend lemma 22.5 to graphs G that are not regular.
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Chapter 23

Randomized Proofs and Verification by Random Walks

23.1 Randomized Proofs

Recall that the class P is the class of all polynomial time solvable problems, and
NP is the class of all languages that can be decided in non-deterministic polynomial
time. Equivalently, a language L is in NP if a membersship x ∈ L can be proven in
polynomial time. This means there exists a (deterministic) polynomial time algorithm,
called the verifier. The verifier takes as input x ∈ {0, 1}n and an additional polynomial-
sized input y ∈ {0, 1}poly(n) called the proof. Based on x and y, the verifier decides if
x ∈ L according to the following protocol:

• If x ∈ L, then the verifier accepts x for some y.
• If x /∈ L, then the verifier rejects x for all y.
Obviously P ⊆ NP, and an outstanding open problem is whether P is equal to

NP. A long track record of failing to solve many NP problems of practical interest,
combined with the equivalence class of NP-complete problems, suggests that they are
not equal, but again, we cannot prove it. P vs NP is a fascinating question extending
beyond computation; see for example [Wig09].

Consider these questions from a randomized point of view. Suppose we granted
the verifier access to randomization, and relaxed our guarantee to have one-sided
error. Consider the following protocol for input x and proof y:

• If x ∈ L, then for some y, the verifier always accepts x.
• If x /∈ L, then for all y, the verifier accepts x with probability ≤ 1/2.
The proof is accessed in an oracle model, where the verifier can query the ith bit

from an oracle. For a language L, a (nonadaptive) probabilistically checkable proof
with r random bits and q queries, denoted PCP(r, q) is one that, given an input x
and oracle access to a proof y, decides if x ∈ L via the following steps:

1. Given full access to x and O(r) random bits, the verifier chooses O(q)
locations in y to query.
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2. The verifier makes these O(q) queries.
3. Based on x, the O(r) random bits from (1), and the O(q) queries in

(2), the verifier decides if x ∈ L.

The verifier can spend polynomial time inspecting the input x and the outcomes of
the O(r) coin flips to choose its queries. It is important that the queries to the proof
are nonadaptive — the ith query does not depend on the outcome of the previous
i− 1 queries.

Of course any language on NP has such a verifier; i.e., NP ⊆ PCP(0, poly(n)).
The question is, with randomization in hand, can q be reduced from poly(n) to no(1)?

Theorem 23.1. NP = PCP(O(log n), O(1)).

The PCP theorem is philosphically very interesting, giving a robust, “error-
correcting” extension to our deterministic notion of proofs.1

The PCP theorem has also had a large impact in hardness of approximation. As
we know all too well, many problems are NP-hard, which motivates approximation
algorithms for these problems. Are there also limits to approximations? Can we
expect better and better approximations over time for all problems, or is there also a
hard limit to approximations?

As a concrete example, consider the 3-SAT problem. The input is a SAT formula
with exactly 3 literals per clause, and (in the optimization formulation) the goal
is to satisfy as many clauses as possible. As discussed previously, if we randomly
assign each variable, then we get a 7/8th approximation. Surely, such a simple and
essentially oblivious algorithm could not be very good. Yet the PCP theorem leads to
the following remarkable theorem that 7/8th is optimal:

Theorem 23.2 ([Hås01]). For all ϵ > 0, it is NP-Hard to obtain a (7/8 + ϵ)-
approximation to 3-SAT.

There are hardness of approximation results for many problems, connected to one
another via approximation-preserving reductions.

One direction of the PCP theorem is easier to prove than the other and left as an
exercise to the reader.

Exercise 23.1. Prove that PCP(O(log n), O(1)) ⊆ NP.

It remains to show NP ⊆ PCP(O(1), O(log n)): that is, every language in NP
has a probabilistically checkable proof.

1The old joke is that the PCP theorem implies a much faster way to grade algorithms homework.
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The celebrated PCP theorem was developed in the late 80’s and early 90’s and was
born out of earlier developments investigating interactive proofs. Unfortunately the
mathematical techniques used in this original line of work have not been developed in
this class. Instead will present a more recent proof by Dinur [Din07] that is considered
to be simpler then the original proof of the PCP theorem. The machinery driving
Dinur’s approach will relate to recent discussions on random walks.

23.2 Constraint satisfaction problems

Let V be a set of n variables, and let A be a finite alphabet. A k-ary constraint consists
of k variables v1, . . . , vk ∈ V and a subset S ⊆ Ak. An assignment σ : V → A satisfies
the constraint if (σ(v1), . . . , σ(vk)) ∈ S. In q-ary constraint satisfaction problems, we
are given m q-ary clauses over a set of n variables V and a finite alphabet A. The goal
is to maximize as many clauses as possible. For a CSP P , we let unsat(P ) denote
the minimum fraction of unsatisfied clauses of P over all P . (e.g., unsat(P ) = 0 iff
P is satisfiable.)

Our discussion is about proving the following theorem in particular.

Theorem 23.3. There are integers q > 1, |A| > 1 such that, given a q-ary CSP over
alphabet A, it is NP-hard to decide whether

1. All clauses can be satisfied (unsat(P ) = 0).

2. Less than or equal to half the clauses can be satisfied unsat(P ) ≥ 1/2.

It is equivalent to the PCP theorem.

Theorem 23.4. Theorems 23.1 and 23.3 are equivalent.

The proof is left to the reader in the following exercise.

Exercise 23.2. Prove theorem 23.1 and theorem 23.3 are equivalent. Below we give
part of the proofs, in both directions, to get you started.

1. Theorem 23.1 =⇒ theorem 23.3. Suppose the PCP theorem, theorem 23.1, is
true. That is, every NP language L has a verifier on input x and proof y that
reads r = c log n random bits and querys q = O(1) bits from y, and correctly.
We want to show that (1/2)-approximate for CSP - that is, deciding between
whether a CSP is (perfectly) satisfiable or if at most 1/2 of the clauses can be
satisfied - is NP-Hard.
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Fix a language L in NP. Given input x of size n, we want to form a CSP problem
P such that deciding between unsat(P ) = 0 and unsat(P ) ≥ 1/2. By the
PCP theorem, there exists a verifier that flips at most r = c log(n) coins and
reads q = O(1) bits from the proof and decides whether to accept or reject. Let
A = {0, 1} be the alphabet, and make a boolean variable vi for every location
i of the proof that might be accessed by the randomized verifier. Note that
this creates at most q2r = poly(n) boolean variables. Now, for each z ∈ {0, 1}r,
representing an outcome of the coin tosses, we defined a clause Cz with variables
... and accepting the set of assignments...

2. Theorem 23.3 =⇒ theorem 23.1. Conversely, suppose that it is NP-Hard to
decide between unsat(P ) = 0 and unsat(P ) ≥ 1/2 for a given CSP problem
P . This means to for every language L, there is a transformation that, given
an input x of size n, produces a q-ary CSP Px with poly(n) constraints such
that x ∈ L iff unsat(Px) = 0 and x /∈ L iff unsat(Px) ≥ 1/2. We create a
probabilisticaly checkable proof system where...

23.3 Graph CSP, and amplification

Consider the special case of binary CSP (i.e., q = 2). This means that every clause
consists of two variables v1, v2 and a subset of satisfying pairs S ⊂ A2. We will
prove that binary CSP with a constant alphabet size (for some constant) is hard to
approximate in the sense of theorem 23.3.

Binary CSP can be modeled as a graph problem. We think of each variable v ∈ V
as a vertex. For every clause over two variables v1, v2, we have an edge between v1 and
v2 labeled by that clause. Note that we can have parallel edges if there are multiple
clauses for the same pair of vertices. To emphasize this graphical viewpoint, we call
binary CSP problems graph CSP from now on.

Graph CSP is NP-Hard even for 3 letters in the alphabet. In particular, 3-
colorability2 is a special case of graph CSP that is NP-Hard. In our CSP terminology,
this means it is NP-Hard to decide if unsat(G) = 0. Since 3-colorability has one
constraint per edge we can recast this as saying that it is NP-Hard to decide if
unsat(G) = 0 or if unsat(G) ≥ 1/m, where m is the number of edges. We take this
as our starting point, and the goal is now to “amplify” the graph CSP problem so
that it is NP-Hard to distinguish between unsat(G) = 0 or unsat(G) ≥ c, for some
fixed constant c.

23-Colorability asks if the vertices of a given graph can be labeled by one of three “colors” such
that each color forms an independent set.
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Iterative amplification - an overview. For inspiration, we briefly recall the
deterministic logspace algorithm for (s, t)-connectivity [Rei08]. This problem was
actually easy for constant degree expanders, but of course the input graph is generally
not a constant degree expander. The goal becomes to implicitly convert the graph
into a constant degree expander. There we iterated between powering the graph —
amplifying the spectral gap — and taking a zig-zag product with a constant degree
expander — sparsifying the graph. Together these operations formed a net gain in the
spectral gap, while keeping the degree constant. A logarithmic number of iterations
transformed the input graph (implicitly) into a constant degree expander.

The proof of Dinur [Din07] is similar in spirit, trying to amplify a graph CSP by a
series of transformations. In fact Dinur mentions deterministic log-space connectivity
as an inspiration. Here we have three basic transformations:

1. Expander-ification, where we make the underlying graph a constant degree
expander.

2. Error amplification by powering, where we amplify the unsat of the graph by
taking a power of the graph and creating new constraints appropriately.

3. Alphabet reduction. Where we reduce the alphabet size of the graph CSP (which
increases in the powering step).

Each of these three steps take as input one graph CSP G and outputs another, G′.
As we analyze these steps, we will be careful to ensure the following critical properties.

1. Completeness: If unsat(G) = 0, then unsat(G′) = 0.

2. Soundness: unsat(G′) ≥ β unsat(G) for some value β > 0.

For soundness, we want β > 1, but an individual operation may have β < 1 if it is
principally concerned with managing other parameters (such as the alphabet size,
or the degree). We will show that the three steps together gives β > 1, for a fixed
constant β, while keeping the other parameters under control (and more precisely,
universal constants).
Expander-ification. Let us break down these steps in a little more detail. Below
The first step, “expander-ification”, preprocesses G so that it is a constant degree
expander. The constant degree is important because the subsequent power step has
to blow up the size of the alphabet exponentially in the degree. The spectral gap is
important for the alphabet reduction step after that.
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Lemma 23.5. There exists universal constants d ∈ N, γ > 0, and β1 > 0 for which
the following holds. Given an instance of graph CSP G, one can compute an instance
of graph CSP G′ with the following properties.

1. The graph supporting G′ is a d-regular undirected graph.

2. G′ has the same alphabet size as G.

3. β1 unsat(G) ≤ unsat(G′) ≤ unsat(G).

4. The spectral gap on G′ is ≥ γ.

5. The size of G′ is at most a constant factor greater than the size of G.

We prove lemma 23.5 in section 23.4.
Error Amplification. The next step, powering, is where we amplift unsat. Recall
that in normal graphs, taking the kth power means we generate an edge for every
k-edge walk in the input graph. The resulting graph is denser and the spectral gap is
larger.

Powering a graph CSP is similar in spirit but more complicated since we must
address the CSP aspects as well. Here we give a high level sketch. The underlying
graph will be the kth graph power. Each edge {u, v} in the powered graph corresponds
to a k-edge walk in the original graph, which corresponds to k binary constraints.
Loosely speaking, these k constraints are combined into one large constraint that in
some sense requires all k constraints to be satisfied simultaneously. Intuitively, this
increases the unsatisfiability since we now have to simultaneously satisfy k clauses in
the input graph CSP to satisfy just 1 clause in the powered graph CSP.

For this idea to make syntactic sense, we have to increase the alphabet so that for
each “power constraint” of k input clauses, each vertex has “k letters” to be supplied
to each of the clauses. Thus the alphabet expands from A to Adk ; i.e., dk letters per
vertex. These dk labels for a vertex v are interpretted as labeling the entire k-step
neighborhood of v.

Again, this is only a high-level description, and we explain the construction much
more carefully in section 23.5. All put together, the bundled constraints ramp up
unsat, but we pay the price of a much larger alphabet size.

Lemma 23.6. Let d, γ, |A| be fixed. Then there exists β2 > 0 for which the following
holds for all t = 2s + 1 where s ∈ N. Let G be a regular graph CSP over an alphabet
A with degree d and spectral gap (at least) γ. Then one can compute a graph-CSP Gt

with the following properties.
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1. Gt is regular with degree dt, alphabet Ads, and the random walk on Gt has
spectral gap 1− (1− γ)t.

2. If unsat(G) = 0, then unsat(Gt) = 0.

3. unsat(Gt) ≥ β2
√

t min
{
unsat(G), 1

t

}
.

Like many of our recent discussions, this will be based on analyzing random walks
on G, and here we will see a dependence on the spectral gap γ in the parameter β2.
Alphabet reduction. The third step addresses the blow up in alphabet size from
powering the graph CSP.

Lemma 23.7. There exists constants C ∈ N and β3 ∈ (0, 1) for which the following
holds. Given a regular graph CSP G with alphabet A, one can compute a graph CSP
with size f(|A|)|G| such that

β3 unsat(G) ≤ unsat(G′) ≤ unsat(G).

Putting it all together. All put together, these three operations take as input
one graph CSP G over a constant-sized alphabet A0 and outputs another graph
CSP G′ over the same alphabet. For a parameter t ∈ N, if unsat(G) is a universal
constant factor smaller than t, then unsat(G′) is at most a universal constant factor

Step input expander-
ification

powering alphabet
reduction

Lemma 23.5 23.6 23.7

Degree arbitrary → d0 → dt
0 → arbitrary

γ arbitrary → γ0 → 1− (1− γ0)t → arbitrary

unsat(G) α → β1α →
√

tβ1β2α, →
√

tβ1β2β3α

Alphabet A0 → A0 → A
dt

0
0 → A0

Figure 23.1: In the row for unsat(G), we assume that β1α ≤ 1
t , since otherwise unsat(G)

is at least a constant and we are done.
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smaller than
√

t unsat(G). (See fig. 23.1.) By making t a sufficiently small constant,
this means that if unsat(G) is smaller than a universal constant, than unsat(G′)
is greater than unsat(G) by a universal constant > 1. That is, we’ve successfully
amplified unsat without increasing the input size.

23.4 Expander-ification

The first transformation preprocesses the graph-CSP to be a constant degree expander.
We proceed in two stages where the first stage addresses the degree and the second
stage addresses the spectral gap.

To make the degree small and uniform, we replace each vertex v ∈ V with a low
degree expander as follows.

1. For each vertex v and each edge e incident to v, we
create a new vertex (v, e).

2. For each edge e = (u, v), we have an edge from (u, e)
to (v, e) with the same constraint as e.

3. Fix v. We currently have an auxiliary vertex (v, e)
for every edge e incident to v. Let G0 be a d0-regular
expander with vertex set {(v, e)}. For each edge e
in the expander, we assign the “equality constraint”
Ce = {(a, a) : a ∈ A} ⊂ A2.
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(v, e5)

<latexit sha1_base64="EOTCIC1N4vky+AuzoFySuwrfA/M=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYFAiSNgVX8eAF48RzAOSJcxOepMhs7PLzGwghHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB/dRvDFFpHssnM0rQj2hP8pAzaqzUKA0vsHNz3ikU3bI7A1kmXkaKkKHaKXy1uzFLI5SGCap1y3MT44+pMpwJnOTbqcaEsgHtYctSSSPU/nh27oScWqVLwljZkobM1N8TYxppPYoC2xlR09eL3lT8z2ulJrzzx1wmqUHJ5ovCVBATk+nvpMsVMiNGllCmuL2VsD5VlBmbUN6G4C2+vEzql2Xvuuw+XhUrZ1kcOTiGEyiBB7dQgQeoQg0YDOAZXuHNSZwX5935mLeuONnMEfyB8/kD+CeOlQ==</latexit>

(v, e6)
<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=

<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>= <latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=

<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=

<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=
<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=

<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=
<latexit sha1_base64="k0xS7RbZsS1NHb5JibiUSlbbHeA=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4KokoehEKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzYuKd1Vx65fl6lkeRwGO4QTOwYNrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AIWzjKk=</latexit>=

<latexit sha1_base64="tDdber6Lb2lUsHtmkO21x3dWOic=">AAAB7nicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeiz04rGC/YA2hM120i7dbMLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATjhuzPzOEyrNE/loJin6MR1KHnFGjZU6jSDHwJsGlapbc+cgq8QrSBUKNIPKV3+QsCxGaZigWvc8NzV+TpXhTOC03M80ppSN6RB7lkoao/bz+blTcm6VAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/Xy0x05+dcpplByRaLokwQk5DZ72TAFTIjJpZQpri9lbARVZQZm1DZhuAtv7xK2lc176bmPlxX6xdFHCU4hTO4BA9uoQ730IQWMBjDM7zCm5M6L86787FoXXOKmRP4A+fzB+8kjzc=</latexit>

Ce1

<latexit sha1_base64="TzJD8z9GKDA5CcQfWS9rDGCfEsA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKosdCLx4r2A9oQ9hsp+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1KNgktsGW4EdhOFNAoFdsJJY+53nlBpHstHM03Qj+hI8iFn1Fip0wgyDGqzoFxxq+4CZJ14OalAjmZQ/uoPYpZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh3Ri6sMiDDWNmShizU3xMZjbSeRqHtjKgZ61VvLv7n9VIzvPMzLpPUoGTLRcNUEBOT+e9kwBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndTdR+uK/XLPI4inME5XIEHt1CHe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AHwqY84</latexit>

Ce2

<latexit sha1_base64="fQ/sDblO1MAmjpwJXAsObT2VaoI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPiKez6QI+BXDxGMA9IlmV20kmGzM4uM7NCWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6QaBZfYNNwI7CQKaRQKbIfj+sxvP6HSPJaPZpKgH9Gh5APOqLFSux5kGFxNg3LFrbpzkFXi5aQCORpB+avXj1kaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzSp8MYmVLGjJXf09kNNJ6EoW2M6JmpJe9mfif103N4M7PuExSg5ItFg1SQUxMZr+TPlfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmldVr2bqvtwXamd53EU4QRO4QI8uIUa3EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/yLo85</latexit>

Ce3

<latexit sha1_base64="KN2CU9I0FOykZnEyY2iUHUyuJps=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mkosdCLx4r2A9oQ9hsp+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1KNgktsGW4EdhOFNAoFdsJJY+53nlBpHstHM03Qj+hI8iFn1Fip0wgyDGqzoFxxq+4CZJ14OalAjmZQ/uoPYpZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh3Ri6sMiDDWNmShizU3xMZjbSeRqHtjKgZ61VvLv7n9VIzvPMzLpPUoGTLRcNUEBOT+e9kwBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68TtrXVe+m6j7UKvXLPI4inME5XIEHt1CHe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AHzs486</latexit>

Ce4

<latexit sha1_base64="CGDcdZgbTgsMBqhSZMDmxyKnlgU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0nEosdCLx4r2A9oQ9hsp+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1KNgktsGW4EdhOFNAoFdsJJY+53nlBpHstHM03Qj+hI8iFn1Fip0wgyDGqzoFxxq+4CZJ14OalAjmZQ/uoPYpZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh3Ri6sMiDDWNmShizU3xMZjbSeRqHtjKgZ61VvLv7n9VIzvPMzLpPUoGTLRcNUEBOT+e9kwBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68TtrXVa9WdR9uKvXLPI4inME5XIEHt1CHe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AH1OI87</latexit>

Ce5

<latexit sha1_base64="RXeWr7pg3DkeShM3F5+ppuY2tdg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPiKeyKr2MgF48RzAOSZZmddJIhs7PLzKwQlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXmAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCalGwSU2DTcCO4lCGoUC2+G4PvPbT6g0j+WjmSToR3Qo+YAzaqzUrgcZBjfToFxxq+4cZJV4OalAjkZQ/ur1Y5ZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj93Ss6s0ieDWNmShszV3xMZjbSeRKHtjKgZ6WVvJv7ndVMzuPMzLpPUoGSLRYNUEBOT2e+kzxUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SlqXVe+66j5cVWrneRxFOIFTuAAPbqEG99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QP2vY88</latexit>

Ce6

Exercise 23.3. Let G′ be the graph CSP obtained from G via steps 1–3 above. Prove
that G′ has the following properties:

(a) The total number of edges of G′ is within a constant factor of the number of
edges of G.

(b) G′ has the same alphabet as G.
(c) G′ is a d-regular graph for a universal constant d.
(d) c unsat(G) ≤ unsat(G′) ≤ unsat(G) for some universal constant c.

We now assume that G = (V, E) is regular with constant degree d = O(1). We now
make G an expander while retaining the degree. This is done by simply overlaying

Let H = (V, EH) be a constant degree expander on the same vertex set V . For
all e ∈ EH , let Ce be the trivial constraint that allows for all pairs of labels. Let
G′ = (V, E + EH) be the graph-CSP combining the clauses from G and H. The G′ is
an expander while retaining the salient properties of G, which is left to the reader to
show.
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Exercise 23.4. Prove the following properties about the graph-CSP G′ = (V, E +EH)
described on the previous page.

(a) G′ has constant degree.
(b) G′ has constant spectral gap γ.
(c) The total size of G′ is at most a constant factor greater than G′.
(d) Ω(unsat(G)) ≤ unsat(G′) ≤ unsat(G).

Combining our two preprocessing steps gives lemma 23.5.

23.5 Error amplification

We now turn to the error amplification stage. The input is a graph-CSP G where
the underlying graph is a regular expander with constant degree d. The goal is to
produce a new constraint CSP G′ that (a) is satisfiable iff G is satisfiable, and (b) has
substantially larger unsat(G′) when G is not satisfiable. Thanks to the preceding
preprocessing step, we can assume that G is a d-regular expander. We also assume
that |A| is a fixed constant.

Dinur [Din07] offers the following helpful intuition. Fix an assignment π : V →
A. Suppose we sample t edges in G uniformly at random and test if any of the
corresponding constraints are not satisfied. The probability that at least one of
them is unsatified is 1 − (1 − unsat(G))t ≈ t unsat(G) (for unsat(G) small). To
embed this logic into a CSP, consider the (non-binary) CSP where for every t edges
e1, . . . , et of G, we make a constraint over the (at most) 2t underlying vertices, which
is satisfied iff all t constraints at e1, . . . , et are satisfied. This CSP will have unsat
value 1− (1− unsat(G))t ≈ t unsat(G), which is good. However, (a) the resulting
CSP is no longer binary, and (b) the number of constraints in the CSP increases
substantially from m to roughly mt.

In short, we can increase unsat by independent repetition, but encoding this
directly as a CSP is inefficient. We want to replicate the overall effect but in a more
efficient and graph-friendly manner. Recall that an expander graph mixes rapidly, and
a random walk on an expander graph behaves similarly to uniform sampling. Here
(the underlying graph of) G is a constant degree expander. Since G is an expander,
then the t-step walks should behave like independent samples of t edges. Thus we
create create a graph-CSP instance on top of the t-th graph power of G.
Powering a graph-CSP. We sketched the construction in section 23.3 and now we
describe it in full detail. Consider the graph Gt that has edges corresponding to lazy
t-step random walks. More precisely, let us generate for each vertex v, d self-loops at
G. Call this graph GL; a random t-step walk in GL corresponds to a lazy t-step walk
in G. We create an edge (v0, vt) in Gt for every t-step walk (v0, . . . , vt) in GL.
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For a vertex v, let N t(v) denote the set of vertices within t steps of v in G (including
v). We have

∣∣∣N t(v)
∣∣∣ ≤ D where D =

t∑
i=0

di = (1 + d)t.

We use the alphabet AD. We identify an AD-label π̄(v) ∈ AD as an A-labeling of all
N t(b). We let π̄(v, w) ∈ A denote the label assigned by π̄(v) to w ∈ N t(v).

For each t-step walk w = (v0, . . . , vt) in GL, which corresponds to a distinct
edge ew between v0 and vt in Gt, we create a constraint Cw that is satisfied by
π̄(v0), π̄(vt) ∈ AD iff the following holds.

(a) For each edge e = (vi, vi+1) ∈ w, the labels (π̄(v0, vi), π̄(vt, vi+1)) ∈ A2 satisfies
the constraint Ce in G.

(b) For all i, π̄(v0, vi) = π̄(vt, vi).

Property (a) is where we must satisfy all t underlying constraints. Property (b) forces
v0 and vt to agree on all the vertices along the walk.
Analysis. It is easy to see that a satisfying assignment for G gives a satisfying
assignment for Gt. In the converse direction, we want to show that if G has nonzero
unsat(G), then Gt has substantially larger unsat(G). In particular we will show
that unsat(Gt) ≥ poly(t) unsat(G).

We prove this via the contrapositive: given any labeling π̄ : V → AD, we derive
a labeling π : V → A and show that unsat(π |G) ≤ poly(1/t) unsat(π̄ |Gt). The
labeling π is derived from π̄ as follows.
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Fix v ∈ V . Let v0 = v, v1, . . . denote a lazy ran-
dom walk starting from v. Consider the random label
π̄
(
vt/2, v

)
. We define π(v) to be the most likely label to arise as π̄

(
vt/2, v

)
. We have

P
[
π̄
(
vt/2, v

)
= π(v)

]
≥ 1/|A|, (23.1)

which as far as we’re concerned, is at least a constant. Up to constants, (23.1) extends
to indices close to t/2. Let I =

{
i : |i− t/2| ≤

√
t/2

}
.

Lemma 23.8. For sufficiently large t, there exists a universal constant c > 0 such
that for all i ∈ I,

P[π̄(vi, v) = π(v)] ≥ c/|A|.
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We briefly sketch the intuition and postpone the formal proof
to the end of the section. Because all i ∈ I are very close to
t/2, the number of “non-lazy” steps j in an i-step random walk is
distributed almost the same for all i ∈ I. Conditional on j, π̄(vi, v)
is independent of i. Putting these two facts together means that
π̄(vi, v) is distributed very similarly for all i, and in particular, similar to π̄

(
vt/2, v

)
.

Before proceeding to the main part of the proof, we require one more technical
lemma that brings into play the assumption that G is an expander. Recall that the
edges along a random walk in an expander behave almost independently. This is
reflected in the following lemma.

Lemma 23.9. Let F ⊂ E be any subset of edges, and let µ = |F |/|E|. Consider a
random walk v0, v1, v2, . . . in G, where initially v0 is a uniformly random endpoint of
a uniformly random edge from F . Then

P[(vi, vi+1) ∈ F ] ≤ µ + (1− γ)i.

for all i, where γ is the spectral gap of G.

We postpone the proof of this lemma as well until the end of the section, and
instead turn to the main claim. In the following, note that we will take t to be a
constant, so if unsat(π |G) ≥ 1/t then we have already accomplished our main goal.

Lemma 23.10. unsat(π̄ |Gt) ≥ Ω
(√

t
)

min
{
unsat(π |G), 1

t

}
.

Proof. Let F ⊂ E be the set of edges failed by π, and let µ = |F |/|E| = unsat(π |G).
If µ ≥ 1/t, then drop edges from F until µ ≤ 1/t. We have 1/t ≥ µ ≥
Ω(1) min

{
unsat(π |G), 1

t

}
.

Let w = (v0, . . . , vt) be a lazy t-step walk in G sampled uniformly at random. For
each i ∈ I, we define a random indicator variable Xi ∈ {0, 1} where Xi = 1 if, letting
ei = (vi−1, vi) be the ith edge in w,

(a) The ith edge in w, ei = (vi−1, vi), has labels π̄(vi−1, v0) = π(vi−1) and π̄(vt, vi) =
π(vi).

(b) Either ei is a loop or π fails the constraint Cei
.

Let X = ∑
i∈I Xi. Observe that unsat(Gt) ≥ P[X > 0]. We make two claims

about X.

Claim 1. For all i ∈ I, E[Xi] ≥ Ω(1)µ.

Claim 2. E
[
X2
]
≤ O

(√
t
)
µ.
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We will prove the claims later. Let us first assume they hold and complete the proof.
Linearity of expectation and claim 1 gives E[X] ≥ Ω

(√
t
)
µ. We also have

E[X]2 = E[X |X > 0]2 P[X > 0]2
(a)
≤ E

[
X2

∣∣∣X > 0
]

P[X > 0]2 = E
[
X2
]

P[X > 0]

by (a) Jensen’s inequality (for the convex function f(x) = x2.) Rearranging and
applying the claims, we have

P[X > 0] ≥ E[X]2

E[X2] ≥ Ω
(√

t
)
µ,

as desired.
It remains to prove the claims, starting with claim 1. Suppose we sample Xi

alternatively as follows. Sample an edge (vi−1, vi) uniformly at random. Take lazy
random walks vi−1, . . . , v0 and vi, . . . , vt, and output the walk w = (v0, . . . , vt). This
produces a uniformly random lazy walk because G is regular. We have

P[Xi = 1] = µ ·P[π̄(v0, vi−1) = π(vi−1)] P[π̄(vt, vi) = π(vi)].

Recall from lemma 23.8 that, for i ∈ I, the marginal probabilities of π̄(vt, vi) are
within a constant factor of the marginal probabilities of π

(
vt, vt/2

)
, which in turn is

at least 1/|A|. Similarly for π̄(v0, vi). Thus

P[Xi = 1] ≥ Ω(1)µ/|A|2 = Ω(1)µ,

as desired.
The remaining claim, claim 2, is about the variance of X = ∑

i∈I Xi. To this end
we have an intermediate claim analyzing the cross-terms XiXj.

Claim 3. Let i, j ∈ I with i ̸= j. Then E[XiXj] ≤ µ
(
µ + (1− γ)j−i−1

)
.

Let us define random indicators variables Yi, Yj ∈ {0, 1} that indicate whether the
ith edge is in F . Then 0 ≤ Xi ≤ Yi hence E[XiXj] ≤ E[YiYj]. Write

E[YiYj] = E[Yi] E[Yj |Yi = 1] = µ E[Yj |Yi].

The remaining term, E[Yj |Yi = 1], is equivalent to the probability that a random
walk starting at a random endpoint of a uniformly random edge in F takes its (j− i)th
step in F . By lemma 23.9, this probability is at most µ + (1− γ)j−i−1.
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Now we prove claim 2. We have

E
[
X2
]

=
∑
i∈I

E[Xi] + 2
∑

i,j∈I
i<j

E[XiXj]

≤ µ|I|+ 2µ2|I|2 + 2µ
∑

i,j∈I
i<j

(1− γ)j−i−1

(b)= Ω(1)µ|I|+ 2µ2|I|2
(c)
≤ Ω

(√
t
)
µ.

Here (b) is by claim 3. (c) is because µ ≥ 1/t and |I| = O
(√

t
)
.

This completes the proof of lemma 23.10.

This establishes, modulo lemma 23.8 and lemma 23.9 which were introduced earlier
in the section. The remainder of this section is devoted to proving these lemmas.
An expander mixing lemma for edges. Let us first prove lemma 23.9 since it
is arguably more interesting. In particular, it reveals why it is important that G is
an expander graph. We briefly recall the motivation. We want to argue that the
failed edges F are not too correlated along random walks. This is because if they are
correlated, then the number of bad edges per walk, X in our high analysis, will have
high variance (and in particular, claim 2 will fail).

Lemma 23.9. Let F ⊂ E be any subset of edges, and let µ = |F |/|E|. Consider a
random walk v0, v1, v2, . . . in G, where initially v0 is a uniformly random endpoint of
a uniformly random edge from F . Then

P[(vi, vi+1) ∈ F ] ≤ µ + (1− γ)i.

for all i, where γ is the spectral gap of G.

Proof. Let G be a regular undirected graph and let R be the random walk map. Let
x ∈ ∆V be the initial distribution for v0. For each vertex v, we have

x(v) = (# edges in F incident to v)
2|F | .

Note that x(v) ≤ (d/2|F |) for all v. Define y : V → [0, 1] be setting, for each v ∈ V ,

y(v) = (# edges in F incident to v)
d

=
(

2|F |
d

)
x(v).
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This is equal to the probability that a random step from v is in F . The probability
that the tth step is in F is exactly

P[(vt−1, vt) ∈ F ] =
〈
y, Rt−1x

〉
= 2|F |

d

〈
x, Rt−1x

〉
.

Since G is a regular undirected graph with spectral gap γ, we can write

Rt−1 = 1
n

(1⊗ 1) + R′

where ∥R′∥ ≤ γt−1. The remainder of the proof is left to the reader in the following
exercise.

Exercise 23.5. Complete the proof above via the following steps.

1. Prove that ⟨x, Rt−1x⟩ ≤ 1
n

+ γt−1d
2|F | .

2. Prove that P[(vt−1, vt) ∈ F ] ≤ |F |
|E| + γt−1.

Similarity of lazy random walks. The final lemma to prove is about how lazy
i-step walks act similarly for different i ∈ I. We start by stating the following lemma
about binomial distributions.

Lemma 23.11. For every c > 0, there exists some constant z ∈ (0, 1) and n0 such
that, if n0 < n−

√
n ≤ m < n +

√
n, then for all k such that |k − n/2| ≤ c

√
m, we

have

z ≤ P[Bn = k]
P[Bm = k] ≤

1
z

The proof of lemma 23.11 is given as exercise 23.7. Let us continue to prove
lemma 23.8.

Lemma 23.8. For sufficiently large t, there exists a universal constant c > 0 such
that for all i ∈ I,

P[π̄(vi, v) = π(v)] ≥ c/|A|.

Proof. For i ∈ N, let Bi be the number of non-lazy steps out of the first k steps in the
lazy random walk. Choose c > 0 such that the probability that

∣∣∣Bt/2 − t/4
∣∣∣ ≥ c

√
t ≤

1/2|A|. For ease of notation, let Ei be the event that π(vi | v0) = π(v0). We want to
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<latexit sha1_base64="jfMp0VZoJQyBSTY3yGQlq0U45/4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbFU0lE0WPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUSPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqveddVtXFVq53kcRTiBU7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB2pOM4Q==</latexit>

u

<latexit sha1_base64="C/4PbCkb8Of9/Z8qAYAR7iZpIMg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeix48diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjnZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqaVxXvpuLWr8vVizyOApzCGVyCB7dQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB3BeM4g==</latexit>

v
<latexit sha1_base64="X1FYywt1XFa2dmlAfWGpPA39ooQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeix48diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0LyreVcWtX5arZ3kcBTiGEzgHD66hCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD3ZuM4w==</latexit>

w

<latexit sha1_base64="tDdber6Lb2lUsHtmkO21x3dWOic=">AAAB7nicbVBNS8NAEJ34WetX1aOXxaJ4Kokoeiz04rGC/YA2hM120i7dbMLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATjhuzPzOEyrNE/loJin6MR1KHnFGjZU6jSDHwJsGlapbc+cgq8QrSBUKNIPKV3+QsCxGaZigWvc8NzV+TpXhTOC03M80ppSN6RB7lkoao/bz+blTcm6VAYkSZUsaMld/T+Q01noSh7Yzpmakl72Z+J/Xy0x05+dcpplByRaLokwQk5DZ72TAFTIjJpZQpri9lbARVZQZm1DZhuAtv7xK2lc176bmPlxX6xdFHCU4hTO4BA9uoQ730IQWMBjDM7zCm5M6L86787FoXXOKmRP4A+fzB+8kjzc=</latexit>

Ce1

<latexit sha1_base64="TzJD8z9GKDA5CcQfWS9rDGCfEsA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKosdCLx4r2A9oQ9hsp+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1KNgktsGW4EdhOFNAoFdsJJY+53nlBpHstHM03Qj+hI8iFn1Fip0wgyDGqzoFxxq+4CZJ14OalAjmZQ/uoPYpZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh3Ri6sMiDDWNmShizU3xMZjbSeRqHtjKgZ61VvLv7n9VIzvPMzLpPUoGTLRcNUEBOT+e9kwBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68Ttq1qndTdR+uK/XLPI4inME5XIEHt1CHe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AHwqY84</latexit>

Ce2

<latexit sha1_base64="fQ/sDblO1MAmjpwJXAsObT2VaoI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPiKez6QI+BXDxGMA9IlmV20kmGzM4uM7NCWPIRXjwo4tXv8ebfOEn2oIkFDUVVN91dYSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6QaBZfYNNwI7CQKaRQKbIfj+sxvP6HSPJaPZpKgH9Gh5APOqLFSux5kGFxNg3LFrbpzkFXi5aQCORpB+avXj1kaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzcKTmzSp8MYmVLGjJXf09kNNJ6EoW2M6JmpJe9mfif103N4M7PuExSg5ItFg1SQUxMZr+TPlfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmldVr2bqvtwXamd53EU4QRO4QI8uIUa3EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/yLo85</latexit>

Ce3

<latexit sha1_base64="OUYJWGQaxUqgD9aAVb03uB/e0qE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3waJUKCURRZcFNy4r2Ae0IUymN+3QySTMQ6ih+CtuXCji1v9w5984bbPQ1gMXDufcO3PvCVNGpXLdb2tpeWV1bb2wUdzc2t7Ztff2mzLRgkCDJCwR7RBLYJRDQ1HFoJ0KwHHIoBUObyZ+6wGEpAm/V6MU/Bj3OY0owcpIgX1Y1oFX6fYSJSs6yLrA2PgssEtu1Z3CWSReTkooRz2wv8wLRMfAFWFYyo7npsrPsFCUMBgXu1pCiskQ96FjKMcxSD+bbj92TozSc6JEmOLKmaq/JzIcSzmKQ9MZYzWQ895E/M/raBVd+xnlqVbAyeyjSDNHJc4kCqdHBRDFRoZgIqjZ1SEDLDBRJrCiCcGbP3mRNM+r3mXVvbso1U7zOAroCB2jMvLQFaqhW1RHDUTQI3pGr+jNerJerHfrY9a6ZOUzB+gPrM8fe16UhA==</latexit>

(u1, . . . , u`)

<latexit sha1_base64="b96r3aj4HxdzCrrqI7SLWF7hqi8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxKhVJmRNFlwY3LCvYB7TBk0rQNzWSG5E6hDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hPEgmtwnG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB26jdHTGkeyQcYx8wLSV/yHqcEjOTbR6WR75Y73Qh0eeSnHSbE5Ny3i07FmQEvEzcjRZSh5ttf5gWahEwCFUTrtuvE4KVEAaeCTQqdRLOY0CHps7ahkoRMe+ls+wk+NUoX9yJlSgKeqb8nUhJqPQ4D0xkSGOhFbyr+57UT6N14KZdxAkzS+Ue9RGCI8DQK3OWKURBjQwhV3OyK6YAoQsEEVjAhuIsnL5PGRcW9qjj3l8XqWRZHHh2jE1RCLrpGVXSHaqiOKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sD6/AF+gJSG</latexit>

(v1, . . . , v`)
<latexit sha1_base64="8j4vYfGh9JhDn84hQLMgRy6dqfk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWpUMqMKLosuHFZwT6gHYZMmrahmcyQ3LHUofgrblwo4tb/cOffmLaz0NYDFw7n3Jvce4JYcA2O820tLa+srq3nNvKbW9s7u/befl1HiaKsRiMRqWZANBNcshpwEKwZK0bCQLBGMLiZ+I0HpjSP5D2MYuaFpCd5l1MCRvLtw+LQd0vtTgS6NPTTNhNifObbBafsTIEXiZuRAspQ9e0v8wJNQiaBCqJ1y3Vi8FKigFPBxvl2ollM6ID0WMtQSUKmvXS6/RifGKWDu5EyJQFP1d8TKQm1HoWB6QwJ9PW8NxH/81oJdK+9lMs4ASbp7KNuIjBEeBIF7nDFKIiRIYQqbnbFtE8UoWACy5sQ3PmTF0n9vOxelp27i0LlNIsjh47QMSoiF12hCrpFVVRDFD2iZ/SK3qwn68V6tz5mrUtWNnOA/sD6/AGBopSI</latexit>

(w1, . . . , w`)

<latexit sha1_base64="K4RmrKb2spGvYcWltUv6PxoG9SQ=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2KreCpJQfRY0IPHCvYDmlA222m7dLMJuxuhhuLFv+LFgyJe/RXe/Ddu2hy0+mDg8d4MM/OCmDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYmk0KQRj2QnIAo4E9DUTHPoxBJIGHBoB+PLzG/fgVQsErd6EoMfkqFgA0aJNlLPPvAUlSzWit0Drngh0SNKeHo1rfTsslN1ZsB/iZuTMsrR6NmfXj+iSQhCU06U6rpOrP2USM0oh2nJSxTEhI7JELqGChKC8tPZC1N8bJQ+HkTSlNB4pv6cSEmo1CQMTGd2o1r0MvE/r5vowYWfMhEnGgSdLxokHOsIZ3ngPpNANZ8YQkwS5lZMR0QSqk1qJROCu/jyX9KqVd2zqnNTK9dP8jiK6BAdoVPkonNUR9eogZqIogf0hF7Qq/VoPVtv1vu8tWDlM/voF6yPb/9YlxE=</latexit>D

<latexit sha1_base64="K4RmrKb2spGvYcWltUv6PxoG9SQ=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2KreCpJQfRY0IPHCvYDmlA222m7dLMJuxuhhuLFv+LFgyJe/RXe/Ddu2hy0+mDg8d4MM/OCmDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYmk0KQRj2QnIAo4E9DUTHPoxBJIGHBoB+PLzG/fgVQsErd6EoMfkqFgA0aJNlLPPvAUlSzWit0Drngh0SNKeHo1rfTsslN1ZsB/iZuTMsrR6NmfXj+iSQhCU06U6rpOrP2USM0oh2nJSxTEhI7JELqGChKC8tPZC1N8bJQ+HkTSlNB4pv6cSEmo1CQMTGd2o1r0MvE/r5vowYWfMhEnGgSdLxokHOsIZ3ngPpNANZ8YQkwS5lZMR0QSqk1qJROCu/jyX9KqVd2zqnNTK9dP8jiK6BAdoVPkonNUR9eogZqIogf0hF7Qq/VoPVtv1vu8tWDlM/voF6yPb/9YlxE=</latexit>D

<latexit sha1_base64="K4RmrKb2spGvYcWltUv6PxoG9SQ=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2KreCpJQfRY0IPHCvYDmlA222m7dLMJuxuhhuLFv+LFgyJe/RXe/Ddu2hy0+mDg8d4MM/OCmDOlHefLKiwtr6yuFddLG5tb2zv27l5LRYmk0KQRj2QnIAo4E9DUTHPoxBJIGHBoB+PLzG/fgVQsErd6EoMfkqFgA0aJNlLPPvAUlSzWit0Drngh0SNKeHo1rfTsslN1ZsB/iZuTMsrR6NmfXj+iSQhCU06U6rpOrP2USM0oh2nJSxTEhI7JELqGChKC8tPZC1N8bJQ+HkTSlNB4pv6cSEmo1CQMTGd2o1r0MvE/r5vowYWfMhEnGgSdLxokHOsIZ3ngPpNANZ8YQkwS5lZMR0QSqk1qJROCu/jyX9KqVd2zqnNTK9dP8jiK6BAdoVPkonNUR9eogZqIogf0hF7Qq/VoPVtv1vu8tWDlM/voF6yPb/9YlxE=</latexit>D

<latexit sha1_base64="91Bj1ILG147jNlivhc/NMbAHyYc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0lE0WPBi8cK9gPaEDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8N/M7T6g0T+SjmaTox3QoecQZNVbqREGOgTcNqjW37s5BVolXkBoUaAbVr/4gYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0yH2LJU0Ru3n83On5MwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5no1s+5TDODki0WRZkgJiGz38mAK2RGTCyhTHF7K2EjqigzNqGKDcFbfnmVtC/r3nXdfbiqNc6LOMpwAqdwAR7cQAPuoQktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzByURj1o=</latexit>

fe1

<latexit sha1_base64="9LcyRtkcrISXpE0pNMXrVK4k4+g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxaJ4KklR9Fjw4rGC/YA2hM120i7dbMLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLU8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1Q6pRcIktw43AbqqQxqHATji+m/mdJ1SaJ/LRTFL0YzqUPOKMGit1oiDHoD4NKlW35s5BVolXkCoUaAaVr/4gYVmM0jBBte55bmr8nCrDmcBpuZ9pTCkb0yH2LJU0Ru3n83On5NwqAxIlypY0ZK7+nshprPUkDm1nTM1IL3sz8T+vl5no1s+5TDODki0WRZkgJiGz38mAK2RGTCyhTHF7K2EjqigzNqGyDcFbfnmVtOs177rmPlxVGxdFHCU4hTO4BA9uoAH30IQWMBjDM7zCm5M6L86787FoXXOKmRP4A+fzByaWj1s=</latexit>

fe2

<latexit sha1_base64="8PLDmC3IdOS1A5bryW+24sE2fMQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0n8QI8FLx4rWFtoQ9hsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6QaBZfYMtwI7KQKaRwKbIej26nffkKleSIfzDhFP6YDySPOqLFSOwpyDC4mQbXm1t0ZyDLxClKDAs2g+tXrJyyLURomqNZdz02Nn1NlOBM4qfQyjSllIzrArqWSxqj9fHbuhJxYpU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTMT3fg5l2lmULL5oigTxCRk+jvpc4XMiLEllClubyVsSBVlxiZUsSF4iy8vk8fzundVd+8va43TIo4yHMExnIEH19CAO2hCCxiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AEoG49c</latexit>

fe3

<latexit sha1_base64="OUYJWGQaxUqgD9aAVb03uB/e0qE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3waJUKCURRZcFNy4r2Ae0IUymN+3QySTMQ6ih+CtuXCji1v9w5984bbPQ1gMXDufcO3PvCVNGpXLdb2tpeWV1bb2wUdzc2t7Ztff2mzLRgkCDJCwR7RBLYJRDQ1HFoJ0KwHHIoBUObyZ+6wGEpAm/V6MU/Bj3OY0owcpIgX1Y1oFX6fYSJSs6yLrA2PgssEtu1Z3CWSReTkooRz2wv8wLRMfAFWFYyo7npsrPsFCUMBgXu1pCiskQ96FjKMcxSD+bbj92TozSc6JEmOLKmaq/JzIcSzmKQ9MZYzWQ895E/M/raBVd+xnlqVbAyeyjSDNHJc4kCqdHBRDFRoZgIqjZ1SEDLDBRJrCiCcGbP3mRNM+r3mXVvbso1U7zOAroCB2jMvLQFaqhW1RHDUTQI3pGr+jNerJerHfrY9a6ZOUzB+gPrM8fe16UhA==</latexit>

(u1, . . . , u`)

<latexit sha1_base64="b96r3aj4HxdzCrrqI7SLWF7hqi8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxKhVJmRNFlwY3LCvYB7TBk0rQNzWSG5E6hDsVfceNCEbf+hzv/xrSdhbYeuHA4597k3hPEgmtwnG8rt7K6tr6R3yxsbe/s7tn7Bw0dJYqyOo1EpFoB0UxwyerAQbBWrBgJA8GawfB26jdHTGkeyQcYx8wLSV/yHqcEjOTbR6WR75Y73Qh0eeSnHSbE5Ny3i07FmQEvEzcjRZSh5ttf5gWahEwCFUTrtuvE4KVEAaeCTQqdRLOY0CHps7ahkoRMe+ls+wk+NUoX9yJlSgKeqb8nUhJqPQ4D0xkSGOhFbyr+57UT6N14KZdxAkzS+Ue9RGCI8DQK3OWKURBjQwhV3OyK6YAoQsEEVjAhuIsnL5PGRcW9qjj3l8XqWRZHHh2jE1RCLrpGVXSHaqiOKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sD6/AF+gJSG</latexit>

(v1, . . . , v`)
<latexit sha1_base64="8j4vYfGh9JhDn84hQLMgRy6dqfk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWpUMqMKLosuHFZwT6gHYZMmrahmcyQ3LHUofgrblwo4tb/cOffmLaz0NYDFw7n3Jvce4JYcA2O820tLa+srq3nNvKbW9s7u/befl1HiaKsRiMRqWZANBNcshpwEKwZK0bCQLBGMLiZ+I0HpjSP5D2MYuaFpCd5l1MCRvLtw+LQd0vtTgS6NPTTNhNifObbBafsTIEXiZuRAspQ9e0v8wJNQiaBCqJ1y3Vi8FKigFPBxvl2ollM6ID0WMtQSUKmvXS6/RifGKWDu5EyJQFP1d8TKQm1HoWB6QwJ9PW8NxH/81oJdK+9lMs4ASbp7KNuIjBEeBIF7nDFKIiRIYQqbnbFtE8UoWACy5sQ3PmTF0n9vOxelp27i0LlNIsjh47QMSoiF12hCrpFVVRDFD2iZ/SK3qwn68V6tz5mrUtWNnOA/sD6/AGBopSI</latexit>

(w1, . . . , w`)

<latexit sha1_base64="D4RiVxoBINowZLnMubtzgQU1Nf4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNiFe5E0TJgYxnBxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4M/UfnlAbnqh7O0oxlLSveMwZtU5qdbh0W9B0yxW/6s9AlkmQkwrkqHfLX51ewjKJyjJBjWkHfmrDMdWWM4GTUiczmFI2pH1sO6qoRBOOZ/dOyIlTeiROtCtlyUz9PTGm0piRjFynpHZgFr2p+J/Xzmx8HY65SjOLis0XxZkgNiHT50mPa2RWjByhTHN3K2EDqimzLqKSCyFYfHmZNM+rwWXVv7uo1E7zOIpwBMdwBgFcQQ1uoQ4NYCDgGV7hzXv0Xrx372PeWvDymUP4A+/zBzsRkAE=</latexit>

=)
<latexit sha1_base64="D4RiVxoBINowZLnMubtzgQU1Nf4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNiFe5E0TJgYxnBxEByhL3NXLJkd+/c3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTDBssEYluRdSg4AoblluBrVQjlZHAh2h4M/UfnlAbnqh7O0oxlLSveMwZtU5qdbh0W9B0yxW/6s9AlkmQkwrkqHfLX51ewjKJyjJBjWkHfmrDMdWWM4GTUiczmFI2pH1sO6qoRBOOZ/dOyIlTeiROtCtlyUz9PTGm0piRjFynpHZgFr2p+J/Xzmx8HY65SjOLis0XxZkgNiHT50mPa2RWjByhTHN3K2EDqimzLqKSCyFYfHmZNM+rwWXVv7uo1E7zOIpwBMdwBgFcQQ1uoQ4NYCDgGV7hzXv0Xrx372PeWvDymUP4A+/zBzsRkAE=</latexit>

=)
<latexit sha1_base64="hylN1kfbPHFCgLgKN1FXnrsx2P8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0lE0WPBgx4rWFtoQ9hsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBVcG9f9dkorq2vrG+XNytb2zu5edf/gUSeZYthiiUhUJ6QaBZfYMtwI7KQKaRwKbIejm6nffkKleSIfzDhFP6YDySPOqLFS+zbIMfAmQbXm1t0ZyDLxClKDAs2g+tXrJyyLURomqNZdz02Nn1NlOBM4qfQyjSllIzrArqWSxqj9fHbuhJxYpU+iRNmShszU3xM5jbUex6HtjKkZ6kVvKv7ndTMTXfs5l2lmULL5oigTxCRk+jvpc4XMiLEllClubyVsSBVlxiZUsSF4iy8vk8fzundZd+8vao3TIo4yHMExnIEHV9CAO2hCCxiM4Ble4c1JnRfn3fmYt5acYuYQ/sD5/AH1TI87</latexit>

Ge1

<latexit sha1_base64="2uChJxBCr/yuEiPuZ4/C1bQtoMw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKoseCBz1WsB/QhrDZTtulm03Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6QaBZfYNNwI7CQKaRQKbIfj25nffkKleSwfzSRBP6JDyQecUWOl9l2QYVCbBuWKW3XnIKvEy0kFcjSC8levH7M0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlT4ZxMqWNGSu/p7IaKT1JAptZ0TNSC97M/E/r5uawY2fcZmkBiVbLBqkgpiYzH4nfa6QGTGxhDLF7a2EjaiizNiESjYEb/nlVdKqVb2rqvtwWamf53EU4QRO4QI8uIY63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w/20Y88</latexit>

Ge2

<latexit sha1_base64="hSkMmSVvOrxz/7A0BXBV3za1aNU=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPiKez6QI8BD3qMYB6QLMvspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7wkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkg1Ci6xYbgR2E4U0igU2ApHt1O/9YRK81g+mnGCfkQHkvc5o8ZKrbsgw+BiEpQrbtWdgSwTLycVyFEPyl/dXszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2bnTsiJVXqkHytb0pCZ+nsio5HW4yi0nRE1Q73oTcX/vE5q+jd+xmWSGpRsvqifCmJiMv2d9LhCZsTYEsoUt7cSNqSKMmMTKtkQvMWXl0nzvOpdVd2Hy0rtNI+jCEdwDGfgwTXU4B7q0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8A+FaPPQ==</latexit>

Ge3

Figure 23.2: A high-level schematic for the alphabet reducing transformation in section 23.6,
on a triangle graph.

show that for i ∈ I, we have P[Ei] ≥ Ω(1) P
[
Et/2

]
. Let J =

{
j : |j − t/4| ≤ c

√
t/2

}
We have

P[Ei] ≥
∑
j∈J

P[Ei |Bi = j] P[Bi = j]

(a)
≥ z

∑
j∈J

P[Ei |Bi = j] P
[
Bt/2 = j

]
(b)= z

∑
j∈J

P
[
Et/2

∣∣∣Bt/2 = j
]

P
[
Bt/2 = j

]
(c)
≥ z

(
P
[
Et/2

]
− 1

2|A|

)
(d)
≥ z

2 P
[
Et/2

]
,

as desired. Here (a) is by lemma 23.11, for t sufficiently large and z the constant
asserted in lemma 23.11. The reason for (b) is left as an exercise below. (c) is by
choice of c. (d) is because P

[
Et/2

]
≥ 1/|A|.

Exercise 23.6. Justify equality (b) in the proof of lemma 23.8.

23.6 Alphabet reduction

This section is about the third graph-CSP transformation reduction, where the goal
is to reduce the size of the alphabet. We take as input a graph CSP G with alphabet
A. Our goal is to reduce the alphabet to an alphabet A0 where |A0| is a universal
constant. (In fact, the full details reveal that |A0| = 8.)
Step 1: Reduce the alphabet size to 2 with an error correcting code. Let
C : A→ {0, 1}ℓ be an error correcting code with ℓ ≤ O(log(|A|)) and relative distance
ρ ∈ [0, 1]; that is, for any distinct a1, a2 ∈ A, the encodings C(a1), C(a2) ∈ {0, 1}ℓ
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differ in at least ρℓ bits. We will create a uniform (2ℓ)-ary CSP with binary alphabet
{0, 1}. Such a CSP can be interpreted as a (2ℓ)-uniform hypergraph with hyperedges
labeled by boolean formulas over the endpoints defining a constraint.

For each vertex u, let Vu = {u1, . . . , uℓ} be a new set of ℓ vertices. For each edge
e = (u, v) ∈ E with constraint Ce, we create a hyperedge with endpoints Vu ∪ Vv with
the constraint fe : {0, 1}Vu × {0, 1}Vv → {0, 1} defined by

fe(xu, xv) =

1 if xu = C(a1) and xv = C(a2) for some (a1, a2) ∈ Ce,

0 otherwise;

where we identify a boolean assignment xu : Vu → {0, 1} as a length ℓ bit string
(xu(u1), . . . , xu(uℓ)). We let Fe = {(xu, xv) : fe(xu, xv) = 1} ⊂ {0, 1}Vu×Vv denote the
set of satisfying assignments for fe.
Step 2: Replace each hyperedge constraint with a graph CSP. The next
step converts the hypergraph generated above into a graph. We will apply a certain
operation hyperedge-wise that reduces each hyperedge independently to a graph CSP.
Analyzing this operation requires new (Fourier-analytic) techniques that are better to
discuss separately (chapter 24). For now we will just use it as a black box.

Let ϵ0 > 0 be a parameter A0 be a finite alphabet of cardinality to be determined.
For each formula fe, we construct a graph-CSP Ge = (Ve, Ee, A0, {Ce,f : f ∈ Ee}),
where Vu, Vv ⊆ Ve, and which has the following properties.

1. Completeness: If fe(xu, xv) = 1, then we can extend (xu, xv) : Vu ∪ Vv → {0, 1}
to an assignment σ : Ve → A0 that satisfies all of Ge.

2. Soundness: If fe(xu, xv) = 0, then any extension σ : Ve → A0 of (xu, xv) has
error proportional to the relative Hamming distance between (xu, xv) and Fe.

unsat(σ |Ge) ≥ ϵ0 dist((xu, xv), Fe)

for all extensions σ of (xu, xv), where dist(a, b) denotes the relative Hamming
distance between a and b.

Moreover, the parameter ϵ0 and the size of A0 depending only on |ℓ|. The size of |Ee|
is the same for all e.

In lieu of a proper analysis, we provide some high-level comments. For each edge e,
we transform a boolean function on 2ℓ variables to a graph CSP with finite alphabet
size and possibly a few more variables. There was no particular concern for the size
of the graph CSP as long as it is consistent across E. Why? Because it is a local
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operation applied edgewise. The input fe ultimately can be described in Õ
(
2ℓ
)

bits,
and ℓ is independent of n. So however much things may blow up locally, we are still
blowing up a constant to a constant.

The above construction, that is applied to each boolean function, can be understood
as an inefficient and distance-preserving PCP.
Analysis. Thus we have a two-step process that takes one graphical CSP and
produces another with a constant alphabet size. Between the two steps we have a
hypergraph CSP over the alphabet {0, 1}. We assume that step 2 is implementable,
and defer those details to chapter 24.

For each e, let V ′
e = V \ (Vu ∪ Vv) be the set of variables introduced by Ge. Let

V ′ = ⋃
e V ′

e be the set of all newly introduced variables.

Lemma 23.12. unsat(Ḡ) ≤ unsat(G).

Proof. Let π : V → A be an assignment that attains unsat(G). Recall that the
vertices of G′ can be divided into vertices Vu (where u ∈ V ) corresponding to the
input vertices, and vertices V ′

e (where e ∈ E) introduced by the edge-wise CSP’s
Ge : e ∈ E.

1. For each u ∈ V , we label Vu with the encoding C(π(u)).

2. For each V ′
e where e = (u, v) ∈ E, given the labels already on Vu and Vv, label

V ′
e as to maximize the number of satisfied constraints in Ge.

Now, for every edge e satisfied by π, all the constraints from Ge are satisfied by
the labels in V̄ . Since each Ge generates the same number of constraints, this implies
that unsat(Ḡ) ≤ unsat(G).

Lemma 23.13. For β3 = ϵ0ρ/4, we have

β3 unsat(G) ≤ unsat(Ḡ).

Proof. Let π̄ : V̄ → A0 be an assignment for π̄ that attains unsat(Ḡ). Let π : V → A
be the assignment defined by decoding; for each vertex v, we have

π(v) = D(π̄(v1), . . . , π̄(vℓ)).

We claim that for each edge e that is not satisfied by π, a β3-fraction of Ge

is unsatisfied for some value β that depends on |A0| and ρ. It then follows that
unsat(Ḡ) ≥ β3 unsat(G).
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Let e = (u, v) be an edge that is not satisfied by π. For ease of notation, let us
denote

ū
def= (ū1, . . . , ūℓ) and π̄(ū) def= (π̄(u1), . . . , π̄(uℓ)).

Since (π(u) = D(ū), π(v) = D(v̄)) did not satisfy the constraint Ce, and the code
C : A→ {0, 1}ℓ has relative distance ρ between any two code works, it follows that
(π̄(ū), π̄(v̄)) relative distance at least ρ/4 from the set of satisfying encodings, Fe. By
the soundness property, then, π̄ must fail to satisfy at least an (ϵ0ρ/4)-fraction of
Ge.

23.7 Additional notes and materials

See [AB09, Chapter 11] for further background on the PCP theorem.
Lecture materials, part 1. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

Lecture materials, part 2. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

23.8 Exercises

Exercise 23.1. Prove that PCP(O(log n), O(1)) ⊆ NP.

Exercise 23.2. Prove theorem 23.1 and theorem 23.3 are equivalent. Below we give
part of the proofs, in both directions, to get you started.

1. Theorem 23.1 =⇒ theorem 23.3. Suppose the PCP theorem, theorem 23.1, is
true. That is, every NP language L has a verifier on input x and proof y that
reads r = c log n random bits and querys q = O(1) bits from y, and correctly.
We want to show that (1/2)-approximate for CSP - that is, deciding between
whether a CSP is (perfectly) satisfiable or if at most 1/2 of the clauses can be
satisfied - is NP-Hard.
Fix a language L in NP. Given input x of size n, we want to form a CSP problem
P such that deciding between unsat(P ) = 0 and unsat(P ) ≥ 1/2. By the
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PCP theorem, there exists a verifier that flips at most r = c log(n) coins and
reads q = O(1) bits from the proof and decides whether to accept or reject. Let
A = {0, 1} be the alphabet, and make a boolean variable vi for every location
i of the proof that might be accessed by the randomized verifier. Note that
this creates at most q2r = poly(n) boolean variables. Now, for each z ∈ {0, 1}r,
representing an outcome of the coin tosses, we defined a clause Cz with variables
... and accepting the set of assignments...

2. Theorem 23.3 =⇒ theorem 23.1. Conversely, suppose that it is NP-Hard to
decide between unsat(P ) = 0 and unsat(P ) ≥ 1/2 for a given CSP problem
P . This means to for every language L, there is a transformation that, given
an input x of size n, produces a q-ary CSP Px with poly(n) constraints such
that x ∈ L iff unsat(Px) = 0 and x /∈ L iff unsat(Px) ≥ 1/2. We create a
probabilisticaly checkable proof system where...

Exercise 23.3. Let G′ be the graph CSP obtained from G via steps 1–3 on page 318.
Prove that G′ has the following properties:

(a) The total number of edges of G′ is within a constant factor of the number of
edges of G.

(b) G′ has the same alphabet as G.
(c) G′ is a d-regular graph for a universal constant d.
(d) c unsat(G) ≤ unsat(G′) ≤ unsat(G) for some universal constant c.

Exercise 23.4. Prove the following properties about the graph-CSP G′ = (V, E +EH)
described on page 318.

(a) G′ has constant degree.
(b) G′ has constant spectral gap γ.
(c) The total size of G′ is at most a constant factor greater than G′.
(d) Ω(unsat(G)) ≤ unsat(G′) ≤ unsat(G).

Exercise 23.5. Complete the proof above via the following steps.

1. Prove that ⟨x, Rt−1x⟩ ≤ 1
n

+ γt−1d
2|F | .

2. Prove that P[(vt−1, vt) ∈ F ] ≤ |F |
|E| + γt−1.

Exercise 23.6. Justify equality (b) in the proof of lemma 23.8.

Exercise 23.7. For n ∈ N, let Bn be a binomially distributed random variable with
probability p = 1/2. Prove the following.
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For every c > 0, there exists some constant z ∈ (0, 1) and n0 such that, if
n0 < n−

√
n ≤ m < n +

√
n, then for all k such that |k − n/2| ≤ c

√
m, we have

z ≤ P[Bn = k]
P[Bm = k] ≤

1
z
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Chapter 24

Randomly Testing Boolean Functions

24.1 Testing boolean formulae with 3 queries, and 8 letter graph CSP’s

A boolean function is a function f : {0, 1}n → R that takes as input a sequence of bits
and outputs a single value - often another bit.1 Clearly any (deterministic) program
making a binary decision is a boolean function, which makes boolean functions a
natural object of study. Here we explore a testing approach that takes a boolean
function f as a black box, queries f at a limited number of inputs, and analyzes the
outputs to make useful statements about f .

The universality of boolean functions makes them attractive to study. But the
same universality makes it seem rather daunting to be able to obtain concrete and
useful observations about them. Nonetheless today we will see a few interesting things
that one can do, at least approximately, by combination of randomization and an
appropriate change of basis.

Today we will discuss a few introductory topics in property testing, which takes
as input f and tries to decide if f has a certain property. We would only be able
to do so approximately, and differentiate functions that have the property (exactly)
from functions that fail to have the property for a constant fraction of the inputs. For
example, we will show how to approximately test boolean functions for the following
properties.

• Linearity: whether f : {0, 1}n → {0, 1} satisfies f(x + y) = f(x) + f(y) for all
x and y.

• Dictatorship: whether f : {0, 1}n → {−1, 1} is of the form f(x) = (−1)xi for
some i ∈ [n].

1Of course one can consider functions that output more than one value - but real-valued boolean
functions suffice for the current discussion. In fact this note only really requires boolean functions of
the form f : {0, 1}n → {−1, 1}.
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The main goal of today’s discussion is to describe the following universal tester
for proof systems.

Theorem 24.1. Let L ⊆ {0, 1}n. Let p = 22n. Then there is a randomized algorithm
AL : {0, 1}n×{0, 1}p → {0, 1} that, given oracle access to x ∈ {0, 1}n and y ∈ {0, 1}p,
has the following properties.

(a) AL makes 3 queries to bits of x or y.

(b) If x ∈ L, then there exists y ∈ {0, 1}p such that AL(x, y) = 1 always.

(c) If x /∈ L, then for all y ∈ {0, 1}p, we have

P[AL(x, y) = 0] ≥ .001 min
y∈L

∥x− y∥0
n

.

The connection between theorem 24.1 to boolean functions is not self-evident. Let
us briefly describe the algorithm underlying theorem 24.1 at a high level, which will
make the connection more clear. Let N = 2n, and identify {0, 1}n ≡ N . For each
i ∈ [N ], let χi : {0, 1}N → {−1, 1} be the function defined by

χi(x) =

1 if xi = 0
−1 if xi = 1

χi is called a dictator function and is the topic of section 24.4. Identifying L ⊆ {0, 1}n

as a subset of [N ], let DL = {χi : i ∈ L}. Note that in general, Boolean functions
f : {0, 1}N → {−1, 1} can be expressed as

(
2N = 22n

)
-dimensional {−1, 1}-vectors.

We will create a test that, given x ∈ {0, 1}n and y ∈ {0, 1}p, simultaneously tests

(a) If y ∈ DL.

(b) Conditional on y ∈ DL, if y = χx (where we identify x with an index in N).

Thus the theorem reduces to understanding two tests about Boolean functions.
We will build these tools over the course of this note and will finish with the proof of
theorem 24.1.

To motivate theorem 24.1, recall that an important ingredient of the PCP theorem
(chapter 23) was a subroutine that took as input a constant-size boolean function and
output a graph CSP that modeled them in an error-preserving fashion. Let us now
show how to obtain this result using the universal tester above.
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Theorem 24.2. Given a language L ⊂ {0, 1}n, one can construct a graph-CSP
with graph GL = (VL, EL), alphabet A, and constraints {Ce ⊂ A2 : e ∈ EL} with the
following properties.

1. A = {0, 1, . . . , 7}.

2. There are n vertices X1, . . . , Xn ∈ VL that only take labels in {0, 1} ⊂ A, and
satisfy the following.

• If x1, . . . , xn ∈ {0, 1} is such that (x1, . . . , xn) ∈ L, then there exists
an assignment σ : VL → {0, 1} such that σ(Xi) = xi for all i and
unsat(σ |GL) = 0.

• If x1, . . . , xn ∈ {0, 1} is such that (x1, . . . , xn) /∈ L, then for all assignments
σ : VL → {0, 1} such that σ(Xi) = xi for all i, we have

unsat(σ |GL) ≥ .001 min
y∈L

∥x− y∥0
n

.

Proof. Fix a universal tester T for the language L that takes as input x ∈ {0, 1}n and
y ∈ {0, 1}p, for p = 22n . We create a vertex for each of the following.

1. For each i ∈ [n], a vertex Xi (modeling the input bit xi).

2. For each i ∈ [p], a vertex Yi (modeling the proof bit yi).

3. The universal tester T flips a finite number of coins. For every possible outcome
of coin tosses ω, we create a vertex Zω.

We have an alphabet A = {0, . . . , 7} which we identify with {0, 1}3. For every outcome
of coin tosses ω, we create 4 constraints/edges involving Zω based on the mechanism
of the tester T when the coin tosses are ω.

1. We create a self-loop at Zω where, given a label

σ(Zω) = (σ1(Zω), σ2(Zω), σ3(Zω)) ∈ {0, 1}3,

we satisfy the constraint iff the following conditions hold. When the coin tosses
of T are ω, and the three queries return σ1(Zω), σ2(Zω), and σ3(Zω), the tester
accepts (x, y).

2. For i = 1, 2, 3, suppose the ith query of T is to the kith bit of x. Then we create
a constraint between Zω and Xki

that accepts iff σi(Zω) = σ(Xki
). Similarly, if

instead the ith query is to kith bit of y, we make the same constraint between
Zω and Yk.
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One can now verify that this graph CSP satisfies the conditions of the statement. In
particular, because the universal tester has a rejection probability that is proportional
to the distance from x to L, the fraction of unsatisfied constraints in any labeling
extending x will be proportional to the distance from x to L.

Exercise 24.1. Complete the proof of theorem 24.2 by verifying that the graph-CSP
described above satisfies the claimed properties.

24.2 Fourier analysis of boolean functions

A boolean function is a real-valued function defined over bit-strings of a fixed length;
i.e.,

f : {0, 1}n → R.

Note that sums of boolean functions and rescaled boolean functions are again boolean
functions. In particular, we can identify the set of all boolean functions with the
2n-dimensional Euclidean vector space R{0,1}n . Here the ith coordinate of the “vector”
f is the value f(i). Rather than the standard Euclidean inner product ⟨x, y⟩ = ∑

i xiyi,
it is more convenient to rescale ⟨·, ·⟩ to the following inner product that we denote
⟨·, ·⟩b:

⟨f, g⟩b
def= 1

2n
⟨f, g⟩ = E

x∼{0,1}n
[f(x)g(x)],

where in the RHS x is sampled uniformly from {0, 1}n. Let

∥f∥b =
√
⟨f, f⟩b =

√
E
x

[f 2(x)]

denote the corresponding norm. This norm rescales the standard Euclidean norm by
2−n/2. Here are a couple helpful identities to get us started.

Lemma 24.3. For two boolean functions f, g : {0, 1}n → {0, 1}, we have

∥f − g∥2
b = P

x
[f(x) ̸= g(x)].

Lemma 24.4. For two boolean functions f, g : {0, 1}n → {−1, 1}, we have

P[f(x) ̸= g(x)] = 1
4∥f − g∥2

b.

334



24. Randomly Testing Boolean Functions
24.2. Fourier analysis of boolean functions

Kent Quanrud
Fall 2022

Lemma 24.5. For any boolean function f : {0, 1}n → {−1, 1}, we have ∥f∥2
b = 1.

We leave the proofs of the above as exercises.
So far we have expressed boolean functions in terms of their “truth tables” as

vectors in R{0,1}n , but of course there are many possible bases over R{0,1}n that one
could work with. Fourier analysis is based on the following choice of basis. For each
set S ⊆ [n], define a boolean function χS : {0, 1}n → {−1, 1} by

χS(x) = (−1)
∑

i∈S
xi =

1 if ∑i∈S xi is even,
−1 if ∑i∈S xi is odd.

We call χS the Sth Fourier basis function; sometimes χS is called the parity function
over S. The Fourier basis functions have many convenient properties of which we list
a few. For S = ∅, we have χ∅ = 1, the all-one’s vector. For all S, T ⊆ [n], we have

χSχT = χ(S△T ), (24.1)

where S△T = (S ∪ T ) \ (S ∩ T ) denotes the symmetric difference. We also have, for
all nonempty sets S ̸= ∅,

E
x∈{0,1}n

[χS(x)] = 0.

The above is easy to see for singleton sets S = {i}. For general sets S, letting i ∈ S
and S ′ = S − i, we have

E[χS] (a)= E[χS′(x)χi(x)] (b)= E[χS′(x)] E[χi(x)] (c)= 0.

Here (a) is by (24.1). (b) is by independence. (c) is applies the singleton case. Finally,
by combining the above observations, we have

⟨χS, χT ⟩b =

1 if S = T

0 otherwise
(24.2)

for any two sets S, T ⊂ [n].

Exercise 24.2. Verify eqs. (24.1) and (24.2) above.

Equation (24.2) means that the functions {χS : S ⊆ [n]} form an orthonormal set.
There are also 2n many of them, and we are working in a 2n-dimensional space, so in
fact they form an orthornomal basis (w/r/t ⟨·, ·⟩b). Linear algebra then dictates that
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any boolean function f : {0, 1}n → R can be written uniquely as a linear combination
of the Fourier basis functions {χS : S ⊆ [n]}, and this representation is given by

f =
∑

S⊆[n]
⟨f, χS⟩bχS =

∑
S⊆[n]

E
x

[f(x)χS(x)]χS.

Let f̂ : 2n → R denote the coordinates in this basis; i.e., f̂S = ⟨f, χS⟩b for each set
S ⊆ [n]. The map f 7→ f̂ is unitary with respect to the norms ⟨·, ·⟩b and ⟨·, ·⟩; that is,
a rotation that preserves distances. For any boolean functions f, g : {0, 1}n → {0, 1}
we have

P
x

[f(x) ̸= g(x)] = ⟨f − g, f − g⟩b = ⟨f̂ − ĝ, f̂ − ĝ⟩ = ∥f̂ − ĝ∥2,

where ⟨·, ·⟩ and ∥·∥ are the standard Euclidean norm. One should not underestimate
the significance of this transformation. The Fourier transform gives a unitary trans-
formation that maps boolean functions f : {0, 1}n → {0, 1} into a Euclidean vector
space such that the probability of two functions agreeing is captured exactly by the
norm.

24.3 Linearity

Testing linearity. A boolean function f : {0, 1}n → {0, 1} is said to be linear (mod
2) if

f(x + y) = f(x) + f(y)

for all x, y ∈ {0, 1}n, where all additions are made modulo 2. For technical reasons
it is instead convenient to consider functions of the form f : {0, 1}n → {−1, 1}, and
define such a function to be linear if

f(x + y) = f(x)f(y)

for all x, y ∈ {0, 1}n. Of course, by mapping 0 to 1 and 1 to −1, there is an easy 1-to-1
correspondence between our two classes of linear functions. Note that the Fourier
basis functions χS : {0, 1}n → {−1, 1} are linear functions in the sense immediately
above.

Our goal is to devise an algorithm that, given a boolean function f : {0, 1}n →
{−1, 1}, decides if f is a linear function. Of course we can query f everywhere but
this can be inefficient. We prefer to test f with only a few queries. We point out that
a deterministic and exact algorithm is impossible with only a few queries, but still we
will be able to show some interesting approximate and randomized guarantees.

The following simple procedure is maybe the most obvious one to try.
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1. Draw x, y ∈ {0, 1}n independently and uniformly at random.

2. Evaluate f(x), f(y), and f(x + y).

3. Accept f if f(x + y) = f(x)f(y).

This algorithm was analyzed by [BLR93b] as follows.

Theorem 24.6. Let f : {0, 1}n → {−1, 1}. Then

min
S

P
x

[f(x) ̸= χS(x)] ≤ P
x,y

[f(x)f(y) ̸= f(x + y)],

where x, y ∈ {0, 1}n are distributed uniformly and independently over {0, 1}n.

Proof. For ease of notation, let P = Px,y[f(x)f(y) = f(x + y)]. Let Z ∈ {0, 1} be the
indicator variable for the event that f(x + y) = f(x)f(y). We have P = E[Z]. We
also have

Z = 1− 1
4(f(x)f(y)− f(x + y))2

(a)= 1− 1
4(2− 2f(x)f(y)f(x + y))

= 1
2(1 + f(x)f(y)f(x + y)),

where (a) observes that f 2(x) = f 2(y) = f 2(x + y) = 1. Thus

P = E[Z] = 1
2 + 1

2 E
x

[
f(x) E

y
[f(y)f(x + y)]

]
= 1

2 + 1
2⟨f, h⟩b

(b)= 1
2 + 1

2⟨f̂ , ĥ⟩,

where we define h(x) = Ey[f(y)f(x + y)]. (b) applies the Fourier transform. We
claim that ĥS = f̂ 2

S for all S. Indeed, we have

E
x

[h(x)χS(x)] = E
x,y

[f(y)f(x + y)χS(x)] (c)= E
x,y

[f(y)f(x + y)χS(y)χS(x + y)]

= E
y
[f(y)χS(y)] E

x,y
[f(x + y)χS(x + y)] = ⟨f, χS⟩2b.

(c) is by linearity of χS. (d) observes that y and x+y are independently and uniformly
distributed in {0, 1}n. Plugging back in, we now have

P = 1
2 + 1

2
∑
S

f̂ 3
S

(d)
≤ 1

2 + 1
2 max

S
f̂S
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(e) applies the fact that ∥f̂∥2 = 1 for f : {0, 1} → {−1, 1}. Rearranging, we have

f̂S ≥ 2P − 1

for some set S ⊆ [n]. But then

4 P
x

[f(x) ̸= χS] = ∥f − χS∥2
b = ∥f∥b + ∥χS∥b − 2⟨f, χS⟩ = 2− 2f̂S ≤ 4(1− P ),

as desired.

If f is linear, then the linearity test succeeds one hundred percent of the time. But
then the above theorem asserts there exists a basis function χS that agrees with f
one hundred percent of the time. That is:

Corollary 24.7. All linear functions f : {0, 1}n → {−1, 1} are of the form χS for
some set S.

Locally correcting for linearity.

Theorem 24.8. Let f : {0, 1} → {−1, 1} be ϵ-close to a basis function χS : {0, 1} →
{−1, 1}. Given x ∈ {0, 1}n, consider the random value f(x)f(x + y) ∈ {−1, 1} where
y ∈ {0, 1}n is sampled uniformly at random. Then

P
y

[f(y)f(x + y) = χS(x)] ≥ 1− 2ϵ.

Proof. x + y and y are both distributed uniformly over {0, 1}n, and we have f(y) =
χS(y) and f(x + y) = χS(x + y) each with probability of error ≤ ϵ. By the union
bound, both occur with probability of error ≤ 2ϵ. But then we recover χS(x) =
χS(x + y)χS(y).

A remark on convolutions. A key component of the proof of theorem 24.6 is the
identity ĥS = f̂ 2

S for the function h(x) = Ey[f(y)f(x + y)]. More generally, for two
boolean formulas f, g : {0, 1} → R, the convolution of f and g, denoted f ∗ g, is the
function defined by

(f ∗ g)(x) = E
y
[f(x)g(x + y)].

The following identity is called Plancheral’s identity and generalizes the calculations
used in theorem 24.6.

Lemma 24.9. Let f, g : {0, 1} → R. Then (̂f ∗ g)S = f̂S ĝS for all S ⊆ [n].

Exercise 24.3. Prove lemma 24.9.
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24.4 Dictators

A function f : {0, 1}n → {−1, 1} is a dictator if it is one of the singleton basis
functions2,

f = χi for some i ∈ [n].

We want to test if a function f : {0, 1}n → {−1, 1} is a dictator. We do so by
combining two tests. First, clearly, any dictator function is linear, which gives our
first test.

1. Linearity test: Sample x, y ∈ {0, 1}n independently and reject if f(x+y) ̸=
f(x)f(y).

The second test is new. Let Ω = {0, 1}3 \ {(0, 0, 0), (1, 1, 1)} be the set of triplets
where not all coordinates are equal. Abusing notation, we write Ωn to denote the
triplets of vectors x, y, z ∈ {0, 1}n such that for all i, (xi, yi, zi) ∈ Ω. To sample
a uniformly random (x, y, z) ∈ Ω, one can independently sample, for each i ∈ [n],
three coordinates (xi, yi, zi) ∈ Ω uniformly at random. We write (x, y, z) ∼ Ωn when
(x, y, z) ∈ Ωn is sampled uniformly at random.

For any dictator function f = χi, and (x, y, z) ∈ Ωn, we have (f(x), f(y), f(z)) ∈ Ω.
This motivates our second test:

2. Not-all-equal (NAE) test: Sample x, y, z ∼ Ωn. Reject f unless
(f(x), f(y), f(z)) ∈ Ω.

Theorem 24.10. Let f : {0, 1}n → {−1, 1} be a boolean function. Suppose f passes
both the linearity and not-all-equals test with probability 1− ϵ for ϵ ≤ .1. Then there
exists a coordinate i ∈ [n] such that

P
x

[f(x) ̸= χi(x)] ≤ ϵ,

where x ∈ {0, 1}n is sampled uniformly at random.

To prove theorem 24.10, we first require the following lemma analyzing the not-
all-equal test.

Lemma 24.11. Let f : {0, 1}n → {−1, 1}. Let (x, y, z) ∼ Ωn. Then

P[(f(x), f(y), f(z)) ∈ Ω] ≤ 7
9 + 2

9

n∑
i=1

f̂ 2
i .

2For ease of notation, we write χi instead of χ{i}.
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We will prove this lemma below in section 24.4. First, let us use it to prove
theorem 24.10.

Proof of theorem 24.10. By the NAE test, we have ∑i f̂ 2
i ≥ 1− 4.5ϵ. By the linearity

test, we have that f̂S ≥ 1 − 2ϵ for some S. But this set S must be a singleton {i}
because otherwise we have

1 = ∥f̂∥2 ≥ 1− 4.5ϵ + (1− 2ϵ)2 > 1,

a contradiction. Thus f̂i ≥ 1− 2ϵ for some i. Then

4 P
x

[f(x) ̸= χi(x)] (a)= ∥f − χi∥2
b = ∥f̂ − χ̂i∥2 (b)= (f̂i − 1)2 + 1− f̂ 2

i = 2− 2f̂i ≤ 4ϵ,

as desired. (a) is by lemma 24.4. (b) takes the Fourier transform. (c) uses the identity
∥f̂∥2 = 1 for all f : {0, 1}n → {−1, 1}.

The dictatorship test we have just developed requires 6 queries to f : three for
the linearity test, and three for the not-all-equals test. We can reduce this to three
queries at the cost of increase the error rate with a simple trick, as follows.

Theorem 24.12. Let n ∈ N. There is a 3-query test for the family of dictators D =
{χi | i ∈ [n]} with the following guarantee. Given a function f : {0, 1}n → {−1, 1}:

1. If f ∈ D, then the test always accepts f .

2. If f is ϵ-far from any dictator function and ϵ ≤ .2, then the test f with probability
≥ ϵ/4.

Proof. We choose either the linearity test or not-all-equals test, randomly selecting
one of the two with equal probability. Clearly, if f is a dictator, then the test always
passes. Otherwise, suppose f fails the test with probability ≤ p. Consider the test
where we run both tests on f ; f fails this test with probability ≤ 2p. It follows that
for p ≤ .05, f is at most 4p-far from some dictator.

Families of dictators. We can extend the dictator test above to subfamilies of
dictator functions as follows. For any set S ⊂ [n], let

DS = {χi : {0, 1}n → {−1, 1} | i ∈ S}

be the set of dictator functions for coordinates i ∈ S. Suppose that given f : {0, 1}n →
R and S ⊂ [n], we want to test if f is close to any dictator function in S. Consider
the following.
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1. With probability 1/2, run the dictatorship test from theorem 24.10.

2. With probability 1/2, run the locally correcting protocol for linear functions for
f with input string 1S, accepting f if this protocol returns 1.

This test has the following bounds.
Theorem 24.13. Given S ⊆ [n], there is a 3-query test for the subfamily of dictators
DS with the following guarantee. Given a function f : {0, 1}n → {−1, 1}:

1. If f ∈ DS, then the test always accepts f .

2. If f is ϵ-far from any function in DS, then the test rejects f with probablity ≥ cϵ
for some universal constant c > 0.

Proof. The first property is immediate. Suppose f /∈ DS and fails the test with
probability p. Then f fails either test with probability ≤ 2p. The first test implies
that f is (cp)-far from a dictator for some universal constant c > 0. Because f is
(cp)-far from a dictator χi and in particular from a linear function, the correction
protocol returns χi(1S) with probability of error ≤ dcp for a universal constant d > 0.
Since f passes that test with probability 2p, we conclude that f is O(p) close to χi

for some i ∈ χi.

Noisy perturbation of boolean functions. It remains to analyze the not-all-
equal test. Doing so requires analyzing boolean functions under random perturbations
of their input, as follows.

For x ∈ {0, 1}n and p ∈ [0, 1], let Np(x) be the distribution of random strings
where each bit xi is flipped independently with probability p. The random function
Np arose previously in the analysis of error correcting codes. For a boolean function
f : {0, 1}n → R, we define the boolean function Tp f : {0, 1}n → R by

(Tp f)(x) = E
y∼Np(x)

[f(y)].

Lemma 24.14. Let f : {0, 1} → R be a boolean function. For S ⊂ [n], (̂Tp f)S =
(1− 2p)|S|f̂S.

Proof. Since Tp and taking the Fourier transform are both linear functions, it suffices
to prove the claim for f = χS. We have

(Tp χS)(x) = E
y∼Np(x)

[χS(y)] =
∏
i∈S

E
y∼Np(x)

[(−1)yi ] =
∏
i∈S

((1− p)(−1)xi − p(−1)xi)

=
∏
i∈S

(1− 2p)(−1)xi = (1− 2p)|S|χS(x),

as desired.
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Analysis of the not-all-equals test. Finally, let us analyze the not-all-equals test
and prove lemma 24.11.

Lemma 24.11. Let f : {0, 1}n → {−1, 1}. Let (x, y, z) ∼ Ωn. Then

P[(f(x), f(y), f(z)) ∈ Ω] ≤ 7
9 + 2

9

n∑
i=1

f̂ 2
i .

Proof. Let P = P[(f(x), f(y), f(z)) ∈ Ω]. Define a boolean function NAE :
{−1, 1}3 → {0, 1} by setting

NAE(a, b, c) =

0 if a = b = c,

1 otherwise.

We have

NAE(a, b, c) = 1
8
(
(a− b)2 + (a− c)2 + (b− c)2

)
= 1

8
(
2a2 + 2b2 + 2c2 − 2ab− 2ac− 2bc

)
= 3

4 −
1
4(ab + ac + bc).

Thus

P = E[NAE(f(x), f(y), f(z))] = 3
4 −

1
4 E[f(x)f(y) + f(y)f(z) + f(x)f(z)]

(a)= 3
4 −

3
4 E[f(x)f(y)]

where (a) is by symmetry of Ω. Consider E[f(x)f(y)]. We have

E[f(x)f(y)] (b)= E
x,y∼N2/3(x)

[f(x)f(y)] =
〈
f, T2/3 f

〉
b

(c)= ⟨f̂ ,
̂(T2/3 f

)
⟩

=
∑
S

(−1/3)|S|f̂ 2
S ≥ −

1
3
∑

i

f̂ 2
i −

1
27

∑
|S|≥3

|S| odd

f̂ 2
S

(d)
≥ −1

3
∑

i

f̂ 2
i −

1
27

(
1−

∑
i

f̂ 2
i

)
= − 1

27 −
8
27
∑

i

f̂ 2
i .

Here (b) observes that x is sampled uniformly from {0, 1}n, and conditional on x,
y is distributed as N2/3(x). (c) applies the unitary Fourier transform. (d) is by
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lemma 24.14. (e) is because ∑S f̂ 2
S = ∥f̂∥2 = 1. Plugging back in, we have

P ≤ 3
4 −

3
4

(
− 1

27 −
8
27
∑

i

f̂ 2
i

)
= 7

9 + 2
9
∑

i

f̂ 2
i ,

as desired.

24.5 Universal Tester

We have arrived at the final section of this note, where we use our newly developed
toolkit for analyzing Boolean function to analyze the universal tester introduced in
section 24.1.We restate the claim for the reader’s convenience.

Theorem 24.1. Let L ⊆ {0, 1}n. Let p = 22n. Then there is a randomized algorithm
AL : {0, 1}n×{0, 1}p → {0, 1} that, given oracle access to x ∈ {0, 1}n and y ∈ {0, 1}p,
has the following properties.

(a) AL makes 3 queries to bits of x or y.

(b) If x ∈ L, then there exists y ∈ {0, 1}p such that AL(x, y) = 1 always.

(c) If x /∈ L, then for all y ∈ {0, 1}p, we have

P[AL(x, y) = 0] ≥ .001 min
y∈L

∥x− y∥0
n

.

Proof. We sketched the algorithm in section 24.1 and now we describe it more precisely.
Let N = 2n. Identifying {0, 1}n ≡ [N ], we identify L as a subset of [N ]. Consider the
subclass of dictator functions on N bits,

DL =
{
χw : {0, 1}N → {0, 1}

∣∣∣w ∈ L
}
.

Alternatively, given the subclass of dictators DL, we have a language L ⊂ {0, 1}n

where x ∈ L iff χx ∈ DL. The advantage of interpreting x as the index of a dictator χx,
and interpreting L as the subclass of dictators DL, is that we have by now developed
powerful tests for Boolean functions such as χx, and for families of dictators such as
DL.

Given x ∈ {0, 1}n, a proof for x ∈ L will be the (encoding of the) xth dictator
function χx : {0, 1}N → {−1, 1}, as a length N bit string. Given input x ∈ {0, 1}n

and candidate proof Y ∈ {0, 1}N , we will test for two things.
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1. We test that Y ∈ DL, using the test from theorem 24.13.

2. Given that Y = χw ∈ DL for some coordinate w ∈ L, (somehow) test that
w = x.

We need to specify how to do the second step. Given that Y = χw for some w, we
would like to check that wj = xj for a random coordinate j ∈ [n]. We can query xj

but we cannot directly query wj. The dictator test in step 1 tells us that some w
(probably) exists, but does not specify which w.

Fix a coordinate j. Recall the linear correction protocol from section 24.3. Insofar
as Y is close to χw, we can probabilistically query χw(Z) for our choice of input
Z ∈ {0, 1}N . To retrieve wj (without knowing w), we need to define an input
Z ∈ {0, 1}N such that χw(Z) = wj for all w. To that end, we define a string
Zj ∈ {0, 1}N by

Zj(w) = wj.

For input Z ∈ {0, 1}n, let H(Y, Z) = Y (Z + A)Y (A) (where A ∼ {0, 1}N ) denote the
(random) output of running the local correction procedure on Y with input Z. We
reject Y unless xj = H(Y, Zj). If we inline the correction protocol of section 24.3,
then step 2 can be written out explicitly as follows.

2. Sample j ∈ [n] uniformly at random and sample A ∈ {0, 1}N uniformly at
random. Define Zj by Zj(w) = wj for w ∈ {0, 1}n. Reject x unless xj =
Y (Zj + A)Y (A).

Having now established the testing algorithm in full, fix an input x ∈ {0, 1}n and
Y ∈ {0, 1}N , and suppose the tester accepts with probability of error ϵ for ϵ > 0.
This means in particular that (x, Y ) would pass either of the two tests alone with
probability of error ≤ 2ϵ. We claim that x is O(ϵ)-close to some point in L.

Because Y passes the first test with probability of error ≤ 2ϵ, we have that Y is
(C1ϵ)-close to some dictator function χw ∈ DL, for some universal constant C1. Since
Y is (C1ϵ)-close to χw for some w, for any input Z,

P[H(Y, Z) ̸= χw(Z)] ≤ C2ϵ (24.3)
for another universal constant C2 > 0. Consider now the inputs Zj that are constructed
as a function of the randomly selected coordinate j. We have

P
j
[xj ̸= wj]

(a)
≤ P

j,H
[H(Y, Zj) ̸= wj] + P

j,H
[H(Y, Zj) ̸= xj]

(b)
≤ C2ϵ + 2ϵ.

(a) is by the union bound. The first term in (b) is by (24.3) and the second term
is because (x, Y ) passes the second test with probability of error ≤ 2ϵ. Thus for a
universal constant C3 = C2 + ϵ, x is (C3ϵ)-close to some w ∈ L.
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24.6 Additional notes and materials

This chapter is motivated by the PCP theorem and limited in scope to the techniques
that lead to the universal tester. There are many other applications of property testing
and Boolean analysis. See [ODo14] for a booklength treatment on these topics. These
notes are based on chapters 1, 2, and 7 of [ODo14]. Property testing also extends
beyond boolean functions. We recommend Prof. Grigorescu’s Spring 2021 class on
sublinear time algorithms for more topics in this area.
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

24.7 Exercises

Exercise 24.1. Complete the proof of theorem 24.2 by verifying that the graph-CSP
described above satisfies the claimed properties.

Exercise 24.2. Verify eqs. (24.1) and (24.2) on page 335.

Exercise 24.3. Prove lemma 24.9.
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Randomized caching
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RAM CPU
hard drive

At a very abstract level, a computer consists of memory holding data and a CPU
that computes the data. In one generic step, it loads a few bytes of data from memory
into the CPU registers, does some calculations on the registers, and writes the result
back into memory.

The memory is supported by a series of devices with different tradeoffs between
memory size and latency. The biggest device is the hard disk, which can hold terabytes
of nonvolatile memory by is slow to read and write. Next we have RAM, which holds
gigabytes of volatile memory, and is much faster than the the hard drive. Finally the
CPU also has its own local (L1 and L2) cache, which holds at most a few megabytes
of memory, but is extremely fast to access due to its proximity to the CPU.

At the end of the data, the memory is backed by the hard disk, and the RAM and
local cache act as faster intermediate layers. When the CPU needs a piece of memory
x, it first checks the local cache. If the local cache does not have x, then it checks the
RAM. If x is not in RAM, then finally the computer retrieves x from disk. The RAM
and and the cache are both populated with x along the way to the CPU. In the likely
event that we read or write x again, it will already by cached in faster memory.

Thus the effective speed of a computer is to large extent dominated by the frequency
with which we have to hit the hard disk. This bottleneck can be addressed by with
good cache strategies that try to maximize the odds of the data sitting in memory.
For example, when x was placed into memory above, we need to evict another item y
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to make room for x. Different strategies from choosing y can make a big difference in
performance.

I 2 3 45 6 7 ht n

D DD DD DD n DD d T

If I 1 hard drive
D D D n D D
1 2 3 Ky K of Eg Eg Eg

n items k cache slots 13AM

items get loaded into RAM when served

items cache slots

bump items out of cache

The model. We will analyze cache strategies in a sim-
plified model. We assume there are n pieces of data of
identical size, and k cache slots that can each hold one
piece of data. In general, n is much larger than k. The
input is an online sequence of data requests, in the form
of indices out of [n]. Each request i is served from cache, so if i is not already in one
of the k slots, then we have to choose which of the k slots to place it in. The general
goal is to minimize the number of cache misses.

A salient point is that the requests are made online: we have to choose which item
to evict without any knowledge of future requests.

The only design decision is in the eviction policy: when the requested data x is
not in cache, which item y should be evicted to make space for x? Here are a few
approaches:

• Least frequently used (LFU): Evict the item y that has been accessed the fewest
number of times (since being put in cache).

• Least recently used (LRU): Evict the item y with the oldest time of last access.

• Not recently used (NRU), a.k.a. 1-bit LRU: Whenever an item is accessed, mark
it. Evict unmarked items. If all cache items are marked, then remove all marks
and try again.

LRU can be seen as a special case of NRU.
Competitive analysis. We typically analyze algorithms from a worst-case point of
view. For caching, the worst-case perspective would try to bound the total number
of cache misses. In the online model, however, the worst-case is unbounded: the
adversary can always request an item out of cache and force a cache miss.

So maybe there is no good cache strategy because the data requests are simply
impossible to cache. But if there is a good cache strategy, then we can find a comparably
good one? Suppose that for a fixed sequence of data requests i1, i2, · · · ∈ N, it was
possible to have m cache misses in hindsight. Is it possible for us, operating online, to
also get m misses? 100m misses? mk misses? etc. In competitive analysis, we want
to minimize the competitive ratio,

competitive ratio def= our misses
OPT misses

where OPT is the minimum number of misses in hindsight.
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Least frequently used (LFU). Least frequently used has an unbounded competi-
tive ratio. We leave the proof to the reader as an exercise.

Exercise 25.1. Prove that LFU has unbounded competitive ratio. (That is, for all
L > 0, give a sequence of requests for which LFU obtains a competitive ratio ≥ L.)

Not-recently-used (NRU) and least-recently-used (LRU). Next we analyze
the not-recently-used and least-recently-used eviction strategies.

Theorem 25.1. NRU and LRU have competitive ratio at most k.

Proof. LRU is a special case of NRU, so we only need to prove the bound for NRU.
Consider a sequence of requests

i1, i2, · · · ∈ [n].

We split the sequence whenever NRU resets of all of its marks. We call the contiguous
subsequence of requests between resets a run.

Each run has k distinct items. The first item after a run is distinct from the k
distinct items in the run. Thus: any eviction strategy must have a miss on one of the
last k − 1 distinct requests of the run, or miss on the first item after the run. That is,
OPT makes at least 1 mistake per run.

On the other hand, NRU makes k mistakes per run. All put together, we have

# NRU misses
# OPT misses ≤

k(# runs)
# runs = k,

as desired.

Randomized NRU. Lastly we consider a randomized variation of the NRU al-
gorithm. It starts from the NRU framework: marking items as they are accessed,
evicting unmarked items, and unmarking all items when all items are marked. The
key distinction is that when evicting an unmarked item, it chooses one uniformly at
random.

Theorem 25.2. Randomized NRU has competitive ratio at most 2 ln(k) in expectation.

Proof. As before, consider a sequence of requests

i1, i2, · · · ∈ [n],

and split the sequence into runs whenever all the marks are reset. There are k distinct
items per run. Of these k items we distinguish two types:
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1. “New” items that were not in the previous run.

2. “Repeat” items that were also in the previous run.

We define a potential function Φ equal to the number of items that are in OPT’s
cache, but not in the NRU cache.

Fix a single run. Let Φin and Φout be the value of Φ at the beginning and the end
of the run, respectively. Let ℓ be the number of new items in the run; that leaves
there are k − ℓ repeat items in the run.

Consider OPT. At the beginning of the run, out of ℓ new pages not in the NRU
cache, at most Φin of them are in OPT’s cache. So OPT misses at least ℓ− Φin new
pages.

Now consider Φout. Φout is the number of items in OPT’s cache but not in the
NRU cache at the end of the run. But the NRU cache is filled with the k items in the
run. So OPT must have kicked out these Φout items, and incurred Φout cache missed,
during the run.

So OPT has at least ℓ−Φin misses, and at least Φout misses. Average these bounds
together, OPT has at least

ℓ + Φout − Φin

2

misses in the run.
Now consider NRU. The NRU cache has ℓ cache misses for the ℓ new items.

Consider the repeat items.
1. For the first repeat item, there is at most an ℓ/k change we evicted the first

repeat item before it was requested.
2. For the second repeat item, there is at most an (ℓ + 1)/k chance we evicted the

second repeat item before it was requested.
3. In general, for the hth repeat item, there is at most an (ℓ + h− 1)/k chance we

evicted the hth repeat item before it was requested.
By linearity of expectation,

E[# misses on repeats] =
k−ℓ∑
h=1

P[missing on the ith repeat item]

≤
k−ℓ∑
h=1

ℓ + h− 1
k

(a)
≤

k−ℓ∑
h=1

ℓ

k + 1− h
≤ ℓ ln(k).

For (a) we observe that (ℓ + h− 1)(k + 1− h) ≤ ℓk by AM-GM.
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To review, in a single run, OPT makes at least .5(ℓ + Φout − Φin) mistakes, and
randomized NRU makes at most ℓ ln(k) mistakes in expectation.

Let L denote the total number of new items over the entire sequence. Over all the
requests, the number of OPT misses is at least L/2 plus half of the total change in Φ.
Initially Φ = 0 and at the end it is nonnegative so the total change is nonnegative.
Thus OPT makes at least L/2 mistakes.

Meanwhile the randomized NRU has L ln(k) cache misses in expectation. Thus
the expected competitive ratio is bounded by

E[competitive ratio] ≤ L ln(k)
L/2 = 2 ln(k),

as desired.

25.2 Buy-or-rent

Sometimes we have a nontrivial choice between buying and renting. For example
those without a car can use Lyft or Uber to get around. But after a lot of taxi fares,
buying a car becomes more appealing. Should you buy, or continue to rent? You
don’t entirely know what the future holds.

Another example is with skis. The ski resort rents skis, but its not very cheap.
You can alternatively buy skies, which is initially more expensive then renting, but
could you save money in the long run if you ski a lot. Should you rent or buy skis?
(IMO its much harder to project future ski use then car use.)

Decisions like this pop up all over a computer. For example, should you keep a
hard drive spinning when not in use? It takes a while to spin up a hard drive from
rest. On the other hand it takes energy to keep it spinning and ready. The right
decision depends on future data access patterns that you don’t know.

For fun we will frame the problem in terms of skis. Suppose it costs k dollars to
buy skis, and 1 dollar a day to rent skis. Let ℓ be the total number of days ski, in
hindsight. The tricky part is that we don’t know ℓ. Every day we decide to buy or
rent skis, not knowing if we will ever ski again.

If we knew ℓ, the decision would be trivial:
1. If ℓ ≤ k, then rent every day.
2. If ℓ ≥ k, then buy on the first day.

Thus OPT = min{k, ℓ} in hindsight. Our goal is to develop an online strategy
competitive with OPT.

As a warmup, we challenge the reader to think of a 2-competitive algorithm.
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Exercise 25.2. Design and analyze an online, (2− o(1))-competitive algorithm for
the ski-rental problem on the preceding page.

In fact 2 is optimal for deterministic algorithms:

Exercise 25.3. Prove that 2− o(1) is the optimal competitive ratio for any deter-
ministic algorithm for the ski-rental problem on the previous page.

Half-skis. As a thought experiment, supposed we relaxed the rules so that
you could but one ski at a time for k/2 dollars, and rent 1 ski at a time
for 1/2 dollars. (You still need 2 skis each day). Note that the offline op-
timal strategy does not change: you should buy or rent (both) depending on
if ℓ ≥ k or not. Thus OPT = min{k, ℓ}. But here one can get a com-
petitive ratio better than 2. Let us assume k is divisible by 8 for simplicity.

1. On day 5k/8, buy one ski.
2. On day k, buy a second ski. DRAKEday These

then competitive rat o would improve more

Continued to the limit arbitrary fractions

For ℓ < 5k/8, we are optimal since we are only renting. For ℓ = 5k/8, we pay

5k

8 + k

2 = 9k

8 = 9
5 OPT .

For ℓ = k, we pay

5k

8 + 1
2

3k

8 + k = 29
16k ≤ 29

16 OPT .

For ℓ in between 5k/8 and k, the competitive ratio is only better than at 5k/8 or at k.
The takeaway is that operating “fractionally” – here we allow for “half” purchases

– leads to a better ratio. X fractional skis bought on day 1

Xz fractional skis bought 1 x
on day 2 3 7 Xz6 AaaaMaggyy T

X fractional skis bought on day i Hi

Yi fractional skis rented on day i

min Ktx tmtxelty.tn ye
s.T X tnt X ty 21 for each day i

X fractional skisbought on day i
y fractional skis rented on day i

I Xmin kfx.tmtxelty.tn Ye 7 Xz

AaaaBhagyasi X t t X ty 21 for each day I I

0PTCinhindsight min k l
Hi

if LEK set x m Xe O and y ye 0

if l Zk set I and Xz m Xe y m

ye O

Liquid skis. Suppose we pushed the thought experiment
further and allowed you to buy or rent arbitrary fractions
of a pair of skis. For each day i, let xi denote the fractional
skis bought on day i. Let yi be the fractional skis bought
on day i. We require 1 total ski on each day i:

x1 + · · ·+ xi + yi ≥ 1 for all i ∈ [ℓ].

Our goal is to minimize the total cost,

k(x1 + · · ·+ xℓ) + y1 + · · ·+ yℓ.
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Observe that the optimum policy in hindsight is the same, hence OPT = min{k, ℓ}.
Here we will analyze the following heuristic. Let δ > 0 be a parameter TBD.

Suppose we commit to spending 1 + δ units per day until we’ve completely bought
the skis. Note that yi = 1− x1 − · · · − xi so xi determines yi. For day 1,

1 + δ = kx1 + (1− x1) =⇒ x1 = δ

k − 1

For day 2,

1 + δ = kx2 + (1− x1 − x2) =⇒ x2 = 1
k − 1(δ + x1).

In general, on the ith day,

1 + δ = kxi + (1− x1 − · · · − xi) =⇒ xi = 1
k − 1(δ + x1 + · · ·+ xi−1).

For the first k days, OPT pays 1 dollar per day, while we pay δ. So for ℓ ≤ k, we
have a competitive ratio of 1 + δ. We now choose δ to ensure we own a full set of skis
after k days, which guarantees that the competitive ratio is 1 + δ for all ℓ. We have

1 = x1 + · · ·+ xk = δ

k − 1

1 +
(

k

k − 1

)
+
(

k

k − 1

)2

+ · · ·+
(

k

k − 1

)k−1


= δ

( k

k − 1

)k

−
(

k

k − 1

).

Rearranging, we have

δ = 1(
k

k−1

)k
−
(

k
k−1

) ,

and

lim
k→∞

δ = 1
e− 1 ≈ .582.

Thus the competitive ratio 1 + δ converges to e
e−1 ≈ 1.582.
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Random skis. Our improved competitive ratio is artificial since of course we
cannot buy skis in arbitrary fractions. We convert the continuous strategy above to
a fractional one by randomized rounding. The high-level idea is that we commit to
buying in one of the first k days, and for i ∈ [k], interpret xi as the probability of
buying skis on day i. This can be implemented by as follows.

1. Pick α ∈ [0, 1] uniformly at random.
2. Simulate the fractional algorithm, giving values x1, x2, · · · ∈ [0, 1].
3. On day i, if x1 + · · ·+ xi ≥ α, buy skis.

The expected cost from buying skis is

E[cost buying] = k
ℓ∑

i=1
P[buy on day i] = k(x1 + · · ·+ xℓ).

The probability we rent on day i is

P[rent on day i] = P[α > x1 + · · ·+ xi] = 1− x1 − · · · − xi = yi.

Thus the expected cost from renting is

E[cost renting] =
ℓ∑

i=1
P[rent on day i] = y1 + · · ·+ yℓ.

Thus the total expected cost is

E[cost] = E[cost buying] + E[cost renting]
= k(x1 + · · ·+ xℓ) + y1 + · · ·+ yℓ,

the same cost as our (impractical) fractional solution! Thus we have the same
competitive ratio in expectation:

E[competitive ratio] = 1 + δ
k→∞−−−→ e

e− 1 .

In conclusion:

Theorem 25.3. There is randomized algorithm for the ski-rental problem with com-
petitive ratio converging to e

e−1 for large k.
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25.3 Additional notes and materials

The analysis of deterministic NRU/LRU is from [ST85a]. The randomized NRU
algorithm is from [FKLMSY91]. Additional notes on caching can be found in [Blu00]
and [MR95, Chapter 13]. The buy-or-rent algorithm is from [KMMO94].
Fall 2022 lecture materials. Click on the links below for the following files:

• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

25.4 Exercises

Exercise 25.1. Prove that LFU has unbounded competitive ratio. (That is, for all
L > 0, give a sequence of requests for which LFU obtains a competitive ratio ≥ L.)

Exercise 25.2. Design and analyze an online, (2− o(1))-competitive algorithm for
the ski-rental problem on page 350.

Exercise 25.3. Prove that 2− o(1) is the optimal competitive ratio for any deter-
ministic algorithm for the ski-rental problem on page 350.

Exercise 25.4. Let ℓ < k. Prove that an LRU cache of size k is k/(k + 1 − ℓ)-
competitive with any cache of size ℓ.

That means, for example, that an LRU cache of size k is 2-competive with any
cache of size k/2. Some people find this bound more compelling.

You should be able to prove this by a short modification of the argument of the
k-competitive bound. It suffices to point out which part of the argument should
change, and how.

Exercise 25.5. Suppose you are going to the graduate student social thingy on the
3rd floor of Lawson. You can get to the third floor by either an elevator the stairs.
The elevator takes 15 seconds (once you get in), while the stairs take 2 minutes. Your
goal is to get up to the third floor as fast as possible before the donuts are all taken.

You press the button to go up for the elevator. You don’t know how long it will
take to come down. Do you wait or take the stairs?

1. Suppose you knew how long the elevator would take to arrive. What is the
optimal choice, based on this wait?
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2. Now suppose you don’t know how long the elevator would take. Design a
deterministic algorithm that is competitive with the optimal solution (where
you know how long the elevator would take).1

3. Suppose you have a quarter in your pocket, which lands heads or tails with equal
probability. You can toss the coin once every 15 seconds. Design a randomized
algorithm with a (slightly) better competitive ratio than the deterministic one
from the previous question.2

1I believe a 15/8 competitive ratio is possible.
2I actually don’t know what the best competitive ratio would be, and I’m interested to see what

everyone comes up with.
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Chapter 26

Sparsification

Generally speaking, sparsfication refers to the idea of taking one complex object and
replacing it with a smaller and simpler one that preserves certain salient properties.
For example, geometric ϵ-samples replace arbitrarily large point sets with small,
reweighted point sets while approximately preserving the measure of every range.

This chapter introduces two more examples of sparsification. The first is graph
sparsification, where we reduce the number of edges in an undirected graph while ap-
proximately preserving all cuts. The second is matrix sparsification, where we sparsify
sums of positive semi-definite matrices while preserving all of its spectral properties.
The latter generalizes the former via the Laplacian. Due to time constraints we will
not prove the sparsification results, but instead focus on some of their applications.

26.1 Graph sparsification

Let G = (V, E) be an undirected graph with m

Theorem 26.1 ([BK15]). Let G = (V, E) be an undirected graph, m edges, n vertices,
and positive edge weights w : E → R≥0. Then there exists a subgraph G̃ = (V, E ′)
(where E ′ ⊆ E) and weights w̃ : E ′ → R≥0 such that:

(a) G̃ has
∣∣∣Ẽ∣∣∣ ≤ O

(
n log(n)/ϵ2

)
edges.

(b)

preserves the weight of all cuts of G up to a (1 + ϵ)-factor. That is, for all S ⊂ V ,

(1− ϵ)w̃(δ(S)) ≤ w(δ(S)) ≤ (1 + ϵ)w̃(δ(S))

Moreover, (G̃, w̃)
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Due to time constraints we will note prove theorem 26.1. Instead we will show
something weaker that still sheds some insight into theorem 26.1: we will compute a
sparse reweighted subgraph where the minimum cut is preserved up to a (1± ϵ)-factor.

Let λ denote the weight of the minimum cut in G. Let τ = ϵ2λ
c log n

for a sufficiently
large constant c > 0. Consider the randomized weights w̃ where for each edge e ∈ E,
independently, we have

w̃(e) = τ ·


⌈

w(e)
τ

⌉
with probability pe

def= w(e)
τ
−
⌊

w(e)
τ

⌋⌊
w(e)

τ

⌋
with probability 1− pe.

Equivalently, w̃(e) is defined by

w̃(e) ∈
{⌊

w(e)
τ

⌋
τ,

⌈
w(e)

τ

⌉
τ

}
and E[w̃(e)] = w(e).

Consider a cut δ(S), where S ⊊ V . The randomized weight of δ(S),
w̃(δ(S)) =

∑
e∈δ(S)

w̃(e),

is a sum in independent random variables where the random part of each random
variable varies by at most τ . The expected value is

E[w̃(δ(S))] = w(δ(S)).
Since τ ≤ (ϵ2/c log n)w(δ(S)) for a large constant c, by the multiplicative Chernoff
bound, we have

|w̃(δ(S))− w(δ(S))| ≤ ϵw(δ(S))
with high probability.

In particular, if δ(S) is the minimum cut, then w̃(δ(S)) ≤ (1 + ϵ)λ with high
probability. Thus the minimum cut with respect to w̃ is at most (1 + ϵ)λ w/h/p.

Next we want to show that the minimum weight is at least (1− ϵ)λ with high
probability. Call a cut δ(S) bad if

w̃(δ(S)) ≤ (1− ϵ)λ,

and good otherwise. While any individual cut is good w/h/p, we cannot simply take
a union bound over all cuts because they are exponentially many cuts.

Recall that there are at most
(

n
2

)
minimum cuts in the graph (chapter 4). An

extension of the same argument shows that there are at most n2t cuts of weight at
most tλ, for all t ∈ N (exercise 4.4).

Now, for t ∈ N, let Qt be the family of edge cuts with weight in the range
[tλ, (t + 1)λ)...
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26.2 Spectral sparsification

Recall that a matrix A is positive semi-definite (PSD) if it is symmetric (⟨x, Ay⟩ =
⟨y, Axy⟩ for all x, y) and ⟨x, Ax⟩ ≥ 0 for all x. For example, the Laplacian Le of an
edge e = {u, v}, Defined by ⟨x, Lex⟩ = (xu − xv)2 for x ∈ RV , is positive semi-definite.
So is the Laplacian L = ∑

e∈E w(e)Le of an undirected graph G = (V, E) with edge
weights w ∈ RE

>0.
Let A, B be two PSD matrices. We write

A ⪯ B if ⟨x, Ax⟩ ≤ ⟨x, Bx⟩ for all x ∈ RV .

⪯ defines a partial order on the family of PSD matrices (over a fixed vector space).
We say that B is a (1± ϵ)-approximation of A if

(1− ϵ)B ⪯ A ⪯ (1 + ϵ)B.

If B is an (1± ϵ)-approximation of A then many properties of B are within a (1± ϵ)-
factor of A. For examples, the eigenvalues of B match those of A up to a (1± ϵ)-factor:

Exercise 26.1. Suppose B is an (1± ϵ)-approximation of A. Prove that for all i, if
µA,i is the ith largest eigenvalue of A, and µB,i is the ith largest eigenvalue of B, then

(1− ϵ)µB,i ≤ µA,i ≤ (1 + ϵ)µB,i.

Let A = ∑m
i=1 Bi be a sum of m PSD matrices. We are interested in computing a

sparse sum Ã = ∑m
i=1 wiBi, where wi ≥ 0 for all i, such that

(a) (1− ϵ)Ã ⪯ A ⪯ (1 + ϵ)Ã.

(b) wi > 0 for as few indices i as possible.

Such an Ã would be useful as it could replace A in many applications with small loss,
while being easier to compute with because it is smaller.
The matrix Chernoff bound

Theorem 26.2 (Matrix Chernoff bounds). Let ϵ ∈ (0, 1) and let c > 0 be suffi-
ciently large. Let α = ϵ2/c log(n) for c > 0 sufficiently large. Let X1, . . . , Xn be
independent and randomized positive semidefinite matrices with Xi ⪯ αI for all i, and
E[X1 + · · ·+ Xn] = I. Then

P[(1− ϵ)I ⪯ X1 + · · ·+ Xn ⪯ (1 + ϵ)I] ≥ 1− n−Ω(c).
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The proofs of the matrix Chernoff bounds require technical tools beyond the scope
of our course. Still let us try to offer some intuition.

Let u ∈ Rn be any unit vector. Consider the terms ⟨u, Xiu⟩, which (in a sense)
project Xi onto the direction u. The assumptions of the matrix Chernoff bound state
that

0 ≤ ⟨u, Xiu⟩ ≤
ϵ2

c log n

for all i, and that

E
[〈

u,

(
n∑

i=1
Xi

)
u

〉]
= E

[
m∑

i=1
⟨u, Xiu⟩

]
= 1.

If we apply the standard Chernoff bound to the independent random variables
Yi = ⟨u, Xiu⟩, we get

1− ϵ ≤
n∑

i=1
⟨u, Xiu⟩ ≤ 1 + ϵ

with probability at least 1− n−Ω(c).
Thus in any single direction, the random sum ∑

i Xi is well concentrated. The
strength of the matrix Chernoff bound is the assertion that the random sum ∑

i Xi is
simultaneously well-concentrated in all directions. This is much stronger than can be
obtained by a union bounded argument over all directions...
Sparsifying sums.

Fall 2022 lecture materials. Click on the links below for the following files:
• Handwritten notes prepared before the lecture.
• Handwritten notes annotated during the presentation.
• Recorded video lecture.

26.3 Exercises

Exercise 26.1. Suppose B is an (1± ϵ)-approximation of A. Prove that for all i, if
µA,i is the ith largest eigenvalue of A, and µB,i is the ith largest eigenvalue of B, then

(1− ϵ)µB,i ≤ µA,i ≤ (1 + ϵ)µB,i.
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Homework 0

• Due 11:59PM on Wednesday, August 31.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

We recommend exercises 1.1–1.10 as warmup exercises, especially if probability
theory is new for you.

1. Exercise 1.11.

2. Exercise 1.12.

3. Exercise 1.13.
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Homework 1

• Due 11:59PM on Friday, September 16.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 2.2

2. Exercise 2.3

3. Exercise 2.4 (This one is the trickiest, IMO.)

4. Exercise 3.2

5. Exercise 3.3
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Homework 2

• Due 11:59PM on Wednesday, September 28.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 4.2

2. Exercise 5.1

3. Exercise 6.3

4. Exercise 6.4 (This one is the trickiest, IMO.)

5. Exercise 7.5
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Homework 3

• Due 11:59PM on Friday, October 21.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 8.3

2. Exercise 8.4

3. Exercise 9.1

4. Exercise 10.4

5. Exercise 11.4
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Homework 4

• Due 11:59PM on Friday, November 4.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 12.2

2. Exercise 13.1

3. Exercise 14.1

4. Exercise 15.1
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Homework 5

• Due 11:59PM on Friday, November 18.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 16.2

2. Exercise 17.2

3. Exercise 18.2

4. Exercise 19.6

5. Exercise 19.7
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Homework 6

• Due 11:59PM on Friday, December 9.
• Please be aware of appendix C.5 (in the syllabus) regarding homework policies.
• Before submitting, we encourage you to ask yourself, Is this really the simplest

way to solve the problem? Is this really the clearest way to explain the solution?

1. Exercise 20.3

2. Exercise 21.6

3. Problem 4.8 in [Vad12]. (This one is the trickiest, IMO.)

4. Exercise 23.2.

5. Exercises 23.5 and 23.6 (combined as one problem with three parts.)
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Appendix B

Aggregate statistics

B.1 Homework

Below is a histogram of homework scores. For the word problems we drop the ⌈n/5⌉
lowest scores, where n is the number of word problems submitted (and not excused).
The median is 91.1, the average is 90.4, and the standard deviation is 9.1 (rounding
to the nearest .1). Below is a histogram of all the homework scores.
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B.2 Midterm

25 students took the first midterm. Below is a histogram of all the scores (properly
weighted, and scaled out of 100). The median is 60.9, the average is 61.7, and the
standard deviation is 13.4.
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B.3 Final

25 students took the final exam. Below is a histogram of all the scores (properly
weighted, and scaled out of 100). The median is 64.3, the average is 63.7, and the
standard deviation is 13.0.
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B.4 Total

Recall from the syllabus that the total score is computed at the end of the semester as

.3(homework) + .3(midterm) + .4(final).

Below is a histogram of the total scores for the 25 students who completed the course.
The median is 69.4, the average is 71.1, and the standard deviation is 9.3.
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Appendix C

CS588: Syllabus, Policies, and Procedures

Welcome to CS588, which is about randomized algorithms. Please see the schedule
(page 1) for a tentative list of topics. The class will also be similar to the Fall 2020
course (cf. https://fundamentalalgorithms.com/randomized/f20).1

Lectures are delivered in-person on

Tuesdays and Thursdays, from 4:30 to 5:45 PM, in Lawson Room 1106.

I will have office hours after class on both Tuesday and Thursday in my office,
Lawson 1211. Please take advantage of class time and office hours to ask questions or
express any concerns. Please reserve email only for true emergencies, which I do not
expect to arise.

The lectures are accompanied by lecture notes (usually one chapter per lecture)
and you are expected to be informed of their contents. I am (tentatively) planning
to record the lectures and put them online (say, by the end of the week), as well as
upload handwritten slides from the lecture. Links to these resources are provided
at the end of each lecture. I caution that the recordings are meant to supplement
in-class lectures and should not be regarded as a substitute.

If you are unable to register for the class because it is full, just wait. I’m certain
that slots will open up. You can add yourself to gradescope and submit homework in
the meantime.

C.1 Textbooks

No textbook is strictly required as lecture notes2 are provided. That said, the most
closely aligned textbook with our course is:

1Compared to Fall 2020, I may replace some topics that were covered in my Fall 2021 advanced
graph algorithms course with new ones.

2The notes were first written in Fall 2020 to compensate for remote learning.
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• Rajeev Motwani and Prabhakar Raghavan. Randomized Algorithms. Cambridge
University Press, 1995

Other books and monographs overlapping with the course include:
• Noga Alon and Joel H. Spencer. The Probabilistic Method. 4th. Wiley Publish-

ing, 2016
• Michael Mitzenmacher and Eli Upfal. Probability and Computing: Randomized

Algorithms and Probabilistic Analysis. Cambridge University Press, 2005. url:
https://doi.org/10.1017/CBO9780511813603

• Salil P. Vadhan. “Pseudorandomness”. In: Foundations and Trends in Theo-
retical Computer Science 7.1-3 (2012), pp. 1–336. url: https://people.seas.
harvard . edu / ~salil / pseudorandomness / pseudorandomness - published -
Dec12.pdf

• Jelani Nelson. “Sketching Algorithms”. Lecture notes. Dec. 2020. url: https:
//www.sketchingbigdata.org/fall20/lec/notes.pdf

• David P. Woodruff. “Sketching as a Tool for Numerical Linear Algebra”. In:
Found. Trends Theor. Comput. Sci. 10.1-2 (2014), pp. 1–157. url: https:
//doi.org/10.1561/0400000060

• Daniel A. Spielman. “Spectral and Algebraic Graph Theory”. Draft. 2019. url:
https://www.cs.yale.edu/homes/spielman/sagt/sagt.pdf

• Luca Trevisan. Lecture Notes on Graph Partitioning, Expanders, and Spectral
Methods. Spring 2016. url: https://lucatrevisan.github.io/books/
expanders-2016.pdf

• Sariel Har-Peled. Geometric Approximation Algorithms. USA: American Math-
ematical Society, 2011

The following courses from other institutions also have lecture notes that you may
find helpful.

• Randomized algorithms, taught by David Karger at MIT. http://courses.
csail.mit.edu/6.856/current/

• Randomized algorithms, taught by Sariel Har-Peled at UIUC. https://sarielhp.
org/teach/17/b/

• Randomized algorithms, taught by Anupam Gupta and Avrim Blum at CMU.
http://www.cs.cmu.edu/~avrim/Randalgs11/index.html

• Randomized algorithms and probabilistic analysis, taught by Greg Valiant at Stan-
ford. http://theory.stanford.edu/~valiant/teaching/CS265/index.html

• Algorithms for Big Data, taught by Chandra Chekuri at UIUC. https:
//courses.engr.illinois.edu/cs498abd/fa2020/.
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C.2 Correspondence

The course website is

www.fundamentalalgorithms.com/randomized,

where this document is posted.
Email. Please reserve emails to the instructor for true emergencies. Please use class
time or office hours to ask questions or express concerns.
Piazza. There is a Piazza for the course at the following address.

piazza.com/purdue/fall2022/cs588/home

The point of Piazza is to foster discussion among the students. The TA will monitor
Piazza on weekdays.

C.3 Grading

• 30% Homework

• 30% Midterm

• 40% Final

We compute numerical scores based on the weighting above (as a fractional value
between 0 and 1), and then we curve the grades.

C.4 Exams

The midterms and final are each one part multiple choice and one part word problems.
We have reserved classrooms through the school to give students an extended period
of time for the tests.

C.4.1 What’s on the midterm?

A few students have asked about midterm 1 and here’s what I recently wrote to one
of them.

I have not made the test yet and in fact I’ve never made an exam for
randomized algorithms before, so I cannot speak with much certainty.
That said, two broad goals are:
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1. Help identify points of weakness in each student’s understanding of
the material, so we can address them.

2. (Gently) incentivize the class to learn all the material, stay engaged,
etc.

So I plan to try to cover everything we’ve covered, including the material
this upcoming week (though perhaps slightly less emphasized). I expect to
have a mix of multiple-choice or short-answer problems and a few longer
word problems.
I will also prepare some kind of cheat sheet with all the inequalities we
use, such as Markov’s inequality, Chernoff’s inequality, etc. I will send
everyone this cheat sheet before the exam.
Here are some ways to practice and study:

• Reviewing the lectures (obviously).
• Making sure you understand the solutions to the homework, even if

you didn’t get them right the first time.
• There are many more problems in the notes that I did not assign.

While I do not have solutions written up for them, I can quickly tell
you in person if you are on the right track for any of them. I also
encourage students to discuss solutions with one another; perhaps
over Piazza.

• I may have problems like “Prove Chebyshev’s inequality” or “Prove
the multiplicative Chernoff bound (for any constant in the exponent).”
So I would learn the proofs of some of these basic tools.

• For some of the recent lectures, it may be helpful to at least attempt
the problems in homework 3, even if they are not due until after
the midterm. The problems are meant to help you understand the
material.

• More problems can be found in the Motwani-Raghavan book. While
we have mostly covered different algorithms from that book, you
can still find exercises about more general themes; e.g., conditional
probability, linearity of expectation, concentration bounds, etc.

• I found a practice final from Sariel’s website here. https://sarielhp.
org/teach/17/b/sp14/sp14_final.pdf
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C.5 Homework

This course has regular homework, generally due every two weeks (with the exception
of homework 0.) Homeworks will be due at 11:59PM on Wednesday nights.
Typesetting. Homework submissions that are not typeset in LATEX or equivalent
will not be graded. Some tips on typesetting are listed below. A simple Overleaf
template is set up at https://www.overleaf.com/read/fczzqbftywcp.
On writing. The onus is on the student to make the arguments in their solution
clear, and points will be docked if the grader cannot easily verify that the solution
is correct. The class is as much about communicating complicated ideas as solving
problems and applying techniques. Particularly clear exposition may be selected as
homework solutions which is rewarded with extra credit (see below).

Here are some articles about writing:

• Terry Tao: https://terrytao.wordpress.com/advice-on-writing-papers/.

• Cormac McCarthy: https://www.nature.com/articles/d41586-019-02918-5.
(Accessible via school library.)

Gradescope. The word problems will be collected online at gradescope.com. The
multiple choice questions will be posted on gradescope.com. as well. If you are
registered for the course on BrightSpace, then you should have been automatically
added to gradescope. Otherwise you can add yourself with the code V5BRK2.
Collaboration. Collaboration is allowed and interaction among students is encour-
aged. Currently we are allowing up to three students per submission. Please also
indicate any other students (outside your group) that you may have worked on the
problems with.
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Dropping scores. In the overall homework grade, the bottom one-fifth of word
problem scores will be dropped. More precisely, if there are n total world problems
assigned in homework, then the ⌈n/5⌉ lowest scores will be dropped. This is largely
to help cover the arbitrary exceptions that arise throughout a semester.
Late policy. For word problems, we have a simple late policy where you can submit
up to a week late, at a cost of 35% of the total points.

There are no exceptions to the late policy. We expect the ⌈n/5⌉-dropped scores to
absorb most scenarios that arise; besides, 35% off is not the end of the world.

In rare circumstances accompanied by documentation by the Dean of Students we
may instead give a 0/0 for all problems on that assignment.
Solutions. The staff will select exemplary submissions and publish them as so-
lutions. If you have a strong preference to be excluded from consideration for a
particular homework problem, please indicate it clearly and explicitly at the top of
your submission (for each problem). For this reason, please leave your student ID off
of your submission. If you have a strong preference to be anonymous if your homework
is selected, please indicate that on your document.

Selected solutions will get 10% extra credit.
We plan to put up the solutions quickly after the homework is collected.

Resubmitting homework. You might have noticed that there is both a late policy
and a plan to post solutions very soon after the submission deadline. You can take
advantage of this by comparing the answer key to your own submission, and possibly
resubmit your homework late even with the benefit of the answer key. If you do use
the posted answer key in a resubmission, we expect you to cite it accordingly, and
still express the solution in your own words.
IDK. One may simply write “I don’t know” or “IDK” and automatically get 25%
of the possible points (for any problem or subproblem).
Regrades. Regrade request must be initiated within one week of the grades being
returned.
Typesetting tips.

• The standard for typesetting mathematical and scientific articles is LaTeX. Even
if you do not know LaTeX now, you probably have to learn it sooner or later
(and certainly if you pursue graduate studies).

• The instructor uses emacs to write LaTeX, but any editor will do. There is also
a website called overleaf.com for typesetting LaTeX.
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• Alternatively, the software typora allows one to write LaTeX within a markdown
document, which is particularly easy to use.

• LyX is another popular latex editor that is WYSIWYG.

• There are several apps for scanning documents (e.g., when inserting pictures)
that are much better than taking a photo. The instructor uses scanbot, and
other popular apps include microsoft office lens, camscanner, and evernote
scannable.

C.6 On the COVID-19 pandemic

This course may be impacted by the ongoing COVID-19 pandemic. Purdue has been
very active about making the campus safe and more information can be found at the
following url.

https://protect.purdue.edu

In particular, we are all expected to uphold the Protect Purdue Pledge.

C.6.1 Quarantining

If you must quarantine or isolate at any point in time during the semester, please
reach out to any of the staff (preferrable via a private Piazza note) so that we can
communicate about how you can continue to learn remotely. Work with the Protect
Purdue Health Center (PPHC) to get documentation and support, including access
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to an Academic Case Manager who can provide you with general guidelines/resources
around communicating with your instructors, be available for academic support, and
offer suggestions for how to be successful when learning remotely. Your Academic
Case Manager can be reached at acmq@purdue.edu. Importantly, if you find yourself
too sick to progress in the course, notify your academic case manager and notify a
staff member. We will make arrangements based on your particular situation.

C.7 Academic integrity

Behavior consistent with cheating, copying, and academic dishonesty is not tolerated.
Depending on the severity, this may result in a zero score on the assignment or
exam, and could result in a failing grade for the class or even expulsion. Purdue
prohibits “dishonesty in connection with any University activity. Cheating, plagiarism,
or knowingly furnishing false information to the University are examples of dishonesty.”
(Part 5, Section III-B-2-a, University Regulations) Furthermore, the University Senate
has stipulated that “the commitment of acts of cheating, lying, and deceit in any of
their diverse forms (such as the use of substitutes for taking examinations, the use of
illegal cribs, plagiarism, and copying during examinations) is dishonest and must not
be tolerated. Moreover, knowingly to aid and abet, directly or indirectly, other parties
in committing dishonest acts is in itself dishonest.” (University Senate Document
7218, December 15, 1972). You are expected to read both Purdue’s guide to academic
integrity (http://www.purdue.edu/purdue/about/integrity_statement.html) and
Prof. Gene’s Spafford’s guide (http://spaf.cerias.purdue.edu/integrity.html)
as well. You are responsible for understanding their contents and how it applies to
this class.

C.8 Posting Class Material

Posting material associated with this class (e.g., solutions to homework sets or exams)
without the written permission of the instructor is forbidden and may be a violation
of copyright.

C.9 Purdue’s Honor Pledge

As a boilermaker pursuing academic excellence, I pledge to be honest and true in
all that I do. Accountable together - we are Purdue. https://www.purdue.edu/
provost/teachinglearning/honor-pledge.html.
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C.10 Grief Absence Policy

Purdue University recognizes that a time of bereavement is very difficult for a student.
The University therefore provides the following rights to students facing the loss of a
family member through the Grief Absence Policy for Students (GAPS). According to
GAPS Policy, students will be excused for funeral leave and given the opportunity to
earn equivalent credit and to demonstrate evidence of meeting the learning outcomes
for missed assignments or assessments in the event of the death of a member of the
student’s family.

C.11 Conduct and Courtesy

Students are expected to maintain a professional and respectful classroom environment.
This includes: silencing cellular phones, arriving on time for class, speaking respectfully
to others and participating in class discussion. You may use non-disruptive personal
electronics for the purpose class participation (e.g., taking notes).

C.12 Students with Disabilities

Purdue University is required to respond to the needs of the students with disabilities
as outlined in both the Rehabilitation Act of 1973 and the Americans with Disabil-
ities Act of 1990 through the provision of auxiliary aids and services that allow a
student with a disability to fully access and participate in the programs, services, and
activities at Purdue University. If you have a disability that requires special academic
accommodation, please make an appointment to speak with the instructor within the
first three (3) weeks of the semester in order to discuss any adjustments.

It is the student’s responsibility to notify the Disability Resource Center (http://
www.purdue.edu/drc) of an impairment/condition that may require accommodations
and/or classroom modifications. We cannot arrange special accommodations without
confirmation from the Disability Resource Center.

C.13 Emergencies

In the event of a major campus emergency, course requirements, deadlines and grading
percentages are subject to changes that may be necessitated by a revised semester
calendar or other circumstances beyond the instructor’s control. Relevant changes to
this course will be posted onto the course website and/or announced via email. You are
expected to read your purdue.edu email on a frequent basis. Emergency Preparedness:
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Emergency notification procedures are based on a simple concept: If you hear an
alarm inside, proceed outside. If you hear a siren outside, proceed inside. Indoor Fire
Alarms are mean to stop class or research and immediately evacuate the building.
Proceed to your Emergency Assembly Area away from building doors. Remain outside
until police, fire, or other emergency response personnel provide additional guidance
or tell you it is safe to leave. All Hazards Outdoor Emergency Warning sirens mean
to immediately seek shelter (Shelter in Place) in a safe location within the closest
building. “Shelter in place” means seeking immediate shelter inside a building or
University residence. This course of action may need to be taken during a tornado, a
civil disturbance including a shooting or release of hazardous materials in the outside
air. Once safely inside, find out more details about the emergency. Remain in place
until police, fire, or other emergency response personnel provide additional guidance
or tell you it is safe to leave. In both cases, you should seek additional clarifying
information by all means possible: Purdue Home page, email alert, TV, radio, etc.
Review the Purdue Emergency Warning Notification System multi-communication
layers at http://www.purdue.edu/ehps/emergencypreparedness/warning-system.
html. Please review the Emergency Response Procedures at https://www.purdue.
edu/emergencypreparedness/flipchart/index.html. Please review the evacuation
routes, exit points, emergency assembly area and shelter in place procedures and
locations for the building. Video resources include a 20-minute active shooter awareness
video that illustrates what to look for and how to prepare and react to this type of
incident. See http://www.purdue.edu/securepurdue/police/video/

C.14 Violent Behavior Policy

Purdue University is committed to providing a safe and secure campus environment
for members of the university community. Purdue strives to create an educational
environment for students and a work environment for employees that promote edu-
cational and career goals. Violent Behavior impedes such goals. Therefore, Violent
Behavior is prohibited in or on any University Facility or while participating in any
university activity.

C.15 Mental Health and Wellness

If you find yourself beginning to feel some stress, anxiety and/or feeling
slightly overwhelmed, try WellTrack (https://purdue.welltrack.com). Sign in
and find information and tools at your fingertips, available to you at any time.
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If you need support and information about options and resources, please
contact or see the Office of the Dean of Students (www.purdue.edu/odos). Call
765-494-1747. Hours of operation are M-F, 8 am- 5 pm.
If you find yourself struggling to find a healthy balance between academics,
social life, stress, etc. sign up for free one-on-one virtual or in-person sessions with
a Purdue Wellness Coach at RecWell (https://www.purdue.edu/recwell/fitness-
wellness/wellness/one-on-one-coaching/wellness-coaching.php). Student
coaches can help you navigate through barriers and challenges toward your goals
throughout the semester. Sign up is completely free and can be done on BoilerConnect.
If you have any questions, please contact Purdue Wellness at evans240@purdue.edu.
If you’re struggling and need mental health services: Purdue University is
committed to advancing the mental health and well-being of its students. If you
or someone you know is feeling overwhelmed, depressed, and/or in need of mental
health support, services are available. For help, such individuals should contact
Counseling and Psychological Services (CAPS) (https://www.purdue.edu/caps/) at
765-494-6995 during and after hours, on weekends and holidays, or by going to the
CAPS office on the second floor of the Purdue University Student Health Center
(PUSH) during business hours.

Purdue University is committed to advancing the mental health and well-being of
its students. If you or someone you know is feeling overwhelmed, depressed, and/or
in need of support, services are available. For help, such individuals should contact
Counseling and Psychological Services (CAPS) at (765) 494-6995 and http://www.
purdue.edu/caps/ during and after hours, on weekends and holidays, or through its
counselors physically located in the Purdue University Student Health Center (PUSH)
during business hours.

C.16 Health in general

In general, if medical conditions prohibit you from participating in the class, please
be proactive in seeking professional medical care. The link to the Purdue University
Student Health Center (PUSH) is listed below:

https://www.purdue.edu/push/.

In cases falling under excused absence regulations, the student or the student’s
representative should contact or go to the Office of the Dean of Students (ODOS,
https://www.purdue.edu/advocacy/students/absence-policies.html) website to
complete appropriate forms for instructor notification. Under academic regulations,
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excused absences may be granted by ODOS for cases of grief/bereavement, military
service, jury duty, parenting leave, or emergent or urgent care medical care.

No one on the teaching staff is qualified to make any kind of diagnosis, and we
rely the dean of students (who are suppose to be able to handle medical situations)
to document serious medical cases and provide us with instructions when applicable.
We have recourse policies in place for documented illness.

C.17 Basic needs and security

Any student who faces challenges securing their food or housing and believes this
may affect their performance in the course is urged to contact the Dean of Students
for support. There is no appointment needed and Student Support Services is
available to serve students 8 a.m.-5 p.m. Monday through Friday. Considering the
significant disruptions caused by the current global crisis as it relates to COVID-19,
students may submit requests for emergency assistance from the Critical Need Fund
(https://www.purdue.edu/odos/resources/critical-need-fund.html).

C.18 Nondiscrimination

Purdue University is committed to maintaining a community which recognizes and
values the inherent worth and dignity of every person; fosters tolerance, sensitivity,
understanding, and mutual respect among its members; and encourages each individual
to strive to reach his or her own potential. In pursuit of its goal of academic excellence,
the University seeks to develop and nurture diversity. The University believes that
diversity among its many members strengthens the institution, stimulates creativity,
promotes the exchange of ideas, and enriches campus life. Purdue University prohibits
discrimination against any member of the University community on the basis of race,
religion, color, sex, age, national origin or ancestry, marital status, parental status,
sexual orientation, disability, or status as a veteran. The University will conduct its
programs, services and activities consistent with applicable federal, state and local
laws, regulations and orders and in conformance with the procedures and limitations
as set forth in Executive Memorandum No. D-1, which provides specific contractual
rights and remedies.

C.19 Privacy

The Federal Educational Records Privacy Act (FERPA) protects information about
students, such as grades. If you apply for a job and wish to use the instructor as a
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reference, you should tell the instructor beforehand. Otherwise, the instructor cannot
say anything about you to a prospective employer who might call. The instructor is
happy to provide references and to write letters of recommendation for his students
as needed.

C.20 Changes to the syllabus

This syllabus is subject to change and changes will be announced appropriately.
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