
LINEAR PROBING

KENT QUANRUD

1. 4-wise independence

Recall that a collection of n variables X1, . . . , Xn is k-wise independent if for
any k variables Xi1 , . . . , Xik , and values y1, y2, . . . , yk, we have

P[Xi1 = y1, Xi2 = y2, · · · , Xik = yk] = P[Xi1 = y1]P[Xi2 = y2] · · ·P[Xik = yk].

Lemma 1.1. Let X1, . . . , Xk be k-wise independent random variables. Then
E[X1X2 · · ·Xk] = E[X1] E[X2] · · ·E[Xk].

Before proving Lemma 1.1, let us give a simple example. LetX1, · · · , Xk ∈ {0, 1}
where each Xi denotes the outcome of a fair coin toss - 0 for tails, 1 for heads. Then
X1 · · ·Xk = 1 if all of the coin tosses come up heads, and 0 otherwise. Consider
the following parallel universes.

(1) Suppose each Xi was based on a different, independent coin toss. That is,
X1, . . . , Xk are mutually independent. The probability that k independent
coin tosses all comes up heads is 1/2k, so E[X1 · · ·Xk] = 1/2k.

(2) Suppose each Xi was based on the same coin toss. That is, X1 = · · · =
Xk; they are certainly not independent. Then the probability that all
X1, . . . , Xk = 1 is the probability of a single coin coming up heads, 1/2,
and so E[X1 · · ·Xk] = 1/2.

Here there is an exponential gap between independent and non-independent coin
tosses.
Proof of Lemma 1.1. We have

E[X1X2 · · ·Xk]

(a)
=

∑
y1,y2,...,yk

y1y2 · · · ykP[X1 = y1, X2 = y2, . . . , Xk = yk]

(b)
=

∑
y1,y2,...,yk

y1y2 · · · ykP[X1 = y1]P[X2 = y2] · · ·P[Xk = yk]

=

(∑
y1

y1P[X1 = y1]

)(∑
y2

y2P[X2 = y2]

)
· · ·

(∑
yk

ykP[Xk = yk]

)
(c)
= E[X1] E[X2] · · ·E[Xk].

Here (a) is by definition of expectation - we are summing over all possible outcomes
(y1, . . . , yk) of (X1, . . . , Xk), multiplying the value, y1 · · · yk, with the probability
of the outcome, P[X1 = y1, . . . , Xk = yk]. (b) is by k-wise independence. (c) is by
definition of expectation, for each Xi. �
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Lemma 1.2. Let X1, X2, . . . , Xn ∈ {0, 1} be 4-wise independent variables where
for each i, E[Xi] = p. Let µ = pn = E[

∑n
i=1Xi]. Then for any β > µ,

P

[
n∑

i=1

Xi ≥ β

]
≤ µ+ 3µ2

(β − µ)4
.

Proof. We have

P

[
n∑

i=1

Xi ≥ β

]
= P

[
n∑

i=1

Xi − µ ≥ β − µ

]
(a)
= P

( n∑
i=1

Xi − µ

)4

≥ (β − µ)4


(b)
≤

E
[
(
∑n

i=1Xi − µ)
4
]

(β − µ)4
.

The key step is (a), where we raise both sides to the fourth power. (b) is by
Markov’s inequality. We claim that

E

( n∑
i=1

Xi − µ

)4
 ≤ µ+ 3µ2,

which would complete the proof. We first have

E

( n∑
i=1

Xi − µ

)4
 = E

( n∑
i=1

(Xi − p)

)4


because µ = pn. Now, (
∑n

i=1(Xi − p))
4 expands out to the sum

n∑
i=1

(Xi − p)4 +
(
4

2

)∑
i<j

(Xi − p)2(Xj − p)2 +
(
monomials w/ some
(Xi− p) w/ degree 1

)
.(1)

Some examples of the third category would be (X1 − p)3(X2 − p), (X1 − p)2(X2 −
p)(X3− p), and (X1− p)(X2− p)(X3− p)(X4− p). Consider the expected value of
each of these categories of monomials.

(1) For each i, we have

E
[
(Xi − p)4

]
= p(1− p)4 + (1− p)p4 ≤ p(1− p).

(2) For each i 6= j, we have

E
[
(Xi − p)2(Xj − p)2

]
(c)
= E

[
(Xi − p)2

]
E
[
(Xj − p)2

] (d)
≤ p2(1− p)2.

Here (c) is because of pairwise independence. (d) is because

E
[
(Xi − p)2

]
= p(1− p)2 + (1− p)p2 ≤ p(1− p).

(3) Each monomial in the third category has expected value 0. This is because
we can pull out the degree 1 term by independence, which has expected
value 0. For example,

E
[
(X1 − p1)3(X2 − p2)

] (e)
= E

[
(X1 − p1)3

]
E[X2 − p2] = 0,

where (e) is by pairwise independence, and (f) is because E[X2 − p2] = 0.
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Plugging back in to above, we have

E

( n∑
i=1

Xi − µ

)4
 = np(1− p) +

(
n

2

)(
4

2

)(
p2(1− p)2

)
≤ np+ 3(np)

2
,

as desired. �

Remark 1.3. The claim would hold even for Xi not identically distributed (as
long as they are 4-wise independent and are each in [0, 1]). This restricted setting
suffices for our applications and simplifies the exposition.

1.1. Hashing with linked lists with 4-wise independent functions. If we
use a 4-wise independent hash function rather than a universal hash function, then
we get better bounds. In general, the bounds improve with more independence.

Theorem 1.4. Suppose we throw n balls into n bins, where each ball is goes in a bin
uniformly at random, and the distribution of balls into bins is 4-wise independent.
For any fixed δ ∈ (0, 1), the max-load is at most O

(
n1/4/δ1/4

)
with probability at

least 1− δ.

We leave the proof as a homework exercise.
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2. Linear probing

All of the hashing schemes studied so far have handled collisions in basically the
same way. If multiple items land in the same slot, then we made a linked list out of
all the items hashed to that slot. In the homework, we considered a variant where
rather then a list, we made another hash table for each slot. In either case, we
made a secondary data structure for each slot with multiple items. Here we will try
something new and arguably more natural: if a key finds its hashed slot already
occupied, find another empty slot in the array and put it there instead.

The hash table, like before, consists of an array A[1, . . . ,m] and a hash function
h : {1, . . . , U} → {1, . . . ,m}. To insert an item x, we first try to place x at A[h(x)].
If A[h(x)] is already occupied, then we instead find the next unoccupied index in
the array and place x there instead. (If we reach the end of the array A, then we
wrap around to A[1].)

x
<latexit sha1_base64="6wjan1T45mpXiU9JH+gKmbxfiH0="></latexit>

A
<latexit sha1_base64="DC/qdQlZgHusAbleDmSKJF3LdWA="></latexit>

Since items x do not necessarily get stored at their hashed cell A[h(x)], we
carefully use the following terminology. We say that an item hashes to a cell A[i]
if h(x) = i. We say that item x occupies a cell A[i] if A[i] = x. We stress that
an item x hashing into a cell A[i] does not imply that x occupies A[i], and that an
item x occupying a cell A[i] does not imply that x hashes to A[i].

Given two indices a, b ∈ [m], we define the interval from a to b, denoted [a, b],
to be the set of indices {a, a+ 1, . . . , b mod m}. The “mod m” means that if b < a,
then we wrap around: [a, b] = {a, a+ 1, . . . ,m, 1, . . . , b}. One might imagine the
array A arranged in a circle rather than a line.

Lemma 2.1. If an item x occupies cell ` ∈ [m], then all of the cells in the interval
[h(x), `] are occupied.

Proof. The invariant holds initially with an empty array. We maintain the invariant
in the lemma with each insertion, as we insert x in the next unoccupied cell starting
from h(x). �

Lemma 2.1 justifies the following lookup procedure. To look up an item x, we
first check entry A[h(x)]. If item x is not there and the slot is empty, then we
conclude the item is not in the array. If the slot A[h(x)] is occupied, but occupied
by some item other than x, then we start scanning the array cells to the right of
A[h(x)] for either item x or any empty cell. If we find an empty slot before finding
x, then by Lemma 2.1, it must be that x is not in the hash table.

To delete an item x, we first find it by the same process as when looking up:
starting from A[h(x)], we start scanning the cells until we find x. When we find x
at some cell i, we delete x from the cell, but then to restore the invariant in Lemma
2.1, we look for another item to try to fill it. In particular, we start scanning the
cells for the first item x1 with h(x1) ≤ i, or else an empty cell. If we find such an
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item x1 in a cell i1, then we put it in the cell i where x was deleted from. We then
continue scanning for an item to replace i1, and so forth.

This hashing scheme is called linear probing, and has a special place in the
history of computer science. It was analyzed by Donald Knuth in 1964 [1]. Knuth
is sometimes called the “father of the analysis of algorithms”, and he is credited
with formalizing the subject and popularizing O-notation.1 As Knuth tells it2,
this was the first algorithm he ever formally analyzed, and therefore, arguably, the
first algorithm that anyone has ever (so) formally analyzed. He showed that for
ideal hash functions, the expected time of any operation is O

(
(n/(m− n))2

)
; in

particular, a constant, whenever m is bigger than n by a constant factor. This data
structure also works very well in practice, even if hash functions in practice are
not truly independent. Part of that is owed to the simplicity of the data structure.
Scanning an array is extremely fast on hardware, and much faster than chasing
pointers along a linked list.

Post-Knuth, there remained a question of how much independence was required
to get constant running time in expectation. Around 1990, Schmidt and Siegel [2,
3] showed that O(log n)-wise independence sufficed3. Then, in 2007, Pagh, Pagh,
and Ruzic [4] showed that (just!) 5-wise independence sufficed. This was dramatic
progress for arguably the oldest problem in algorithm design. Soon after, [7] showed
that 4-wise independence was not enough. So the answer is 5!

Here we give a simplified analysis of the result of [4]. We don’t put too much
emphasis on the constants, preferring to keep the main ideas as clear as possible.
Much better constants can be found in [4] and also the reader is encouraged to
refine the analysis themselves. Other proofs of the constant time bound can be
found in [5, 6].

Theorem 2.2. Let h be 5-wise independent. For m ≥ 8n, linear probing takes
expected constant time per operation.

Proof. Each operation on an item x takes time proportional to the number of
consecutive occupied cells starting from A[h(x)]. To help analyze this length, we
introduce the notion of “runs”.Run

Z Z Z Z Z Z Z Z Z

run

run of length k
K items hashed into k slots

A run is defined as a maximal interval of occupied slots. Every occupied cell is
contained in a unique run. If an item x is in the hash table, then A[h(x)] is occupied,
and x occupies a cell in the run containing A[h(x)]. Each operation with an item
x takes time at most proportional to the length of the run containing x.

1He also invented TeX, closed many problems in compiler design, invented many other important
algorithms, wrote The Art of Computer Programming, and much more... see for example his
wikipedia page.
2See for example this interview: https://www.youtube.com/watch?v=Wp7GAKLSGnI.
3Alan Siegel taught me algorithms.

https://en.wikipedia.org/wiki/Donald_Knuth
https://www.youtube.com/watch?v=Wp7GAKLSGnI


6 KENT QUANRUD

Let i = h(x), and let R be the run at index i. Note that R and its length |R|
are random. We have

E

[
running time

(up to constants)

]
≤ E[|R|] =

n∑
`=1

`P[|R| = `]

≤
dlog ne∑
k=1

2kP
[
2k−1 < |R| ≤ 2k

]
.(2)

For each k ∈ N, let

Ik = [i− (2k − 1), i+ 2k − 1]

be the interval of length 2k+1 − 1 centered at i.

A
<latexit sha1_base64="DC/qdQlZgHusAbleDmSKJF3LdWA="></latexit>

21 = 2
<latexit sha1_base64="ly8gNiDLD0VK0ipf0tpGLVZleZU="></latexit>

22 = 4
<latexit sha1_base64="2F4cQy3C0Cc6XihBk9CMLL8zPrA="></latexit>

23 = 8
<latexit sha1_base64="lphAQQY3Am+Yi6rlEdV2BGcuCb8="></latexit>

24 = 16
<latexit sha1_base64="Ivgn8D7yImmCYW4IbV3zGoWSprA="></latexit>

i
<latexit sha1_base64="pZ11xZQzr/2OULWRn0hd+lzz+MY="></latexit>

I1
<latexit sha1_base64="ryFZKhf8CgspLO6U1zYyD2SIJb8="></latexit>

I2
<latexit sha1_base64="tekcmZsZ84C2iPz0H6ztrBJWQkU="></latexit>

I3
<latexit sha1_base64="wArUR9zXMXhg76lzZKGETM0dzOA="></latexit>

I4
<latexit sha1_base64="Tu8yPoCrCrEGqTneITrH1PwL/+4="></latexit>

If R has length |R| < 2k, and contains i, then R must be contained in Ik+1.
Moreover, if R has length > 2k−1, then at least 2k−1 items other than x hash to R.
Thus for each k, we have

P
[
2k−1 < |R| ≤ 2k

]
≤ P

[
at least 2k−1 other
items hash into Ik

]
.

Since h is 5-wise independent, conditional on h(x) = i, the remaining hash values
are 4-wise independent, and each lands in Ik with probability p = |Ik|/m. Let

µ = E

[
# other items
hashing into Ik

]
=
|Ik|n
m

(a)
≤ 2k−2,

where (a) is because m ≥ 8n. We have

P

[(
# other items
hashing into Ik

)
> 2k−1

]
(b)
≤

4max
{
µ, µ2

}
(2k−1 − µ)4

≤
4
(
2k−2

)2
(2k−2)

4 ≤
1

22k−6
.

Here (b) is by Lemma 1.2. Plugging back into RHS(2) above, we have

E

[
running time

(up to constants)

]
≤ RHS(2) ≤

dlog ne∑
k=1

2k · 1

22k−6
= 26

dlog ne∑
k=1

1

2k
≤ 26.

A constant! �
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