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REDUCIBILITY AMONG COMBINATORIAL PROBLEMS t 

Richard M. Karp 

University of California at Berkeley 

Abstract: A large class of computational problems involve the 
determination of properties of graphs, digraphs, integers, arrays 
of integers, finite families of finite sets, boolean formulas and 
elements of other countable domains. Through simple encodings 
from such domains into the set of words over a finite alphabet 
these problems can be converted into language recognition problems, 
and we can inquire into their computational complexity. It is 
reasonable to consider such a problem satisfactorily solved when 
an algorithm for its solution is found which terminates within a . 
number of steps bounded by a polynomial in the length of the input. 
We show that a large number of classic unsolved problems of cover-
ing. matching, packing, routing, assignment and sequencing are 
equivalent, in the sense that either each of them possesses a 
polynomial-bounded algorithm or none of them does. 

1. INTRODUCTION 

All the general methods presently known for computing the 
chromatic number of a graph, deciding whether a graph has a 
Hamilton circuit. or solving a system of linear inequalities in 
which the variables are constrained to be 0 or 1, require a 
combinatorial search for which the worst case time requirement 
grows exponentially with the length of the input. In this paper 
we give theorems which strongly suggest, but do not imply, that 
these problems, as well as many others, will remain intractable 
perpetually. 

t This research was partially supported by National Science Founda-
tion Grant GJ-474. 
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2 problems

vertex cover

general matching






































































































































Vertex Cover

a vertex cover is a set of vertices

that includes at least one endpoint
of every edge

O O 0

Goal min cardinality vertex cover

doercifisona is there a vertex cover of size K
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Matching

a matching is a set of edges whose
endpoints are distinct

0 O 0

Goal max cardinality matching
8 985 is there a matching of size K
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16 vertices






































































































































Perfect matching
matching covering all vertices
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Max clique

complement

yes no

if vertex
is polytime then cover

solver
entire algorithm is

poly time

Thus vertex cover is NP complete






































































































































Is maximum matching NP Hard

Pro Hard the dual problem
vertex cover is hard
we've been discussing hardness
in class lately

Pro Easy the special case of

bipartite matching is easy

finding a maximal matching
is easy
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A B
maximum maximal

suppose for simplicity A and B

are disjoint

consider AUB






































































































































every vertex has degree E 2

A U B collection of disjoint
paths and cycles
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These paths and cycles alternate

between A and B

cycle

A edges B edges






































































































































Path

First of all

A edges 2 B edges

why






































































































































Conversely

B edges Z A edges

worst case






































































































































For cycles For paths

A B AZ BZ's A

In total

AZ BZ s A






































































































































Is finding a maximum matching

NP Hard

Bipartite matchings can be solved

by flow

In general maximal matchings
give a 2 APX

An alternative approach to

matchings






































































































































Recall A maximum

B maximal

every vertex has degree E2

A U B collection of disjoint
paths and cycles






































































































































These paths and cycles alternate

between A and B

cycle

A edges B edges






































































































































Path

A edges Z B edges

why
If A edges C B edges then

we could make A bigger by
exchanging A B edges along path
But A already maximum X






































































































































Augmenting Paths

Suppose we are stuck at maximal

matching in following graph

aCl is

free free

look for path

ferrefex I IIE
where edges alternate

unmatched matched unmatched matched
nor

then exchange






































































































































7free free

Now our matching is bigger

what if there are

no augmenting paths






































































































































These pathskycles alternate
between A and B

Cycle Path

A edges Z B edges
Aedges B edges

no augmenting paths
winkie on all cycles and paths
vs any competing matching

maximum matching






































































































































Augmenting path algorithm
ME 0

repeatedly until M is maximum

look for augmenting path
wht M

exchange edges along path

How to find an augmenting path

Bipartite case
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How to automate this search

Tricky part ensure path is alternating
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General graphs C

Direction trick doesn't work
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No odd cycles in bipartite graphs
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Augmenting path algorithm
Me

Jack Edmonds

repeatedly until M is maximum

walk around alternating paths wht M

if we find a blossom

shrink it

else 11 we find augmenting path
expand blossoms and

exchange
along path



Running time
DFS
0cm per blossom or path
h blossoms per path

paths until perfect matching

0mn27 time



PATHS, TREES, AND FLOWERS 

JACK EDMONDS 

1. Introduction. A graph G for purposes here is a finite set of elements 
called vertices and a finite set of elements called edges such that each edge 
meets exactly two vertices, called the end-points of the edge. An edge is said 
to join its end-points. 

A matching in G is a subset of its edges such that no two meet the same 
vertex. We describe an efficient algorithm for finding in a given graph a match-
ing of maximum cardinality. This problem was posed and partly solved by 
C. Berge; see Sections 3.7 and 3.8. 

Maximum matching is an aspect of a topic, treated in books on graph 
theory, which has developed during the last 75 years through the work of 
about a dozen authors. In particular, W. T. Tutte (8) characterized graphs 
which do not contain a perfect matching, or 1-factor as he calls it—that is a 
set of edges with exactly one member meeting each vertex. His theorem 
prompted attempts at finding an efficient construction for perfect matchings. 

This and our two subsequent papers will be closely related to other work on 
the topic. Most of the known theorems follow nicely from our treatment, 
though for the most part they are not treated explicitly. Our treatment is 
independent and so no background reading is necessary. 

Section 2 is a philosophical digression on the meaning of "efficient algorithm." 
Section 3 discusses ideas of Berge, Norman, and Rabin with a new proof of 
Berge's theorem. Section 4 presents the bulk of the matching algorithm. 
Section 7 discusses some refinements of it. 

There is an extensive combinatorial-linear theory related on the one hand 
to matchings in bipartite graphs and on the other hand to linear programming. 
It is surveyed, from different viewpoints, by Ford and Fulkerson in (5) and 
by A. J. Hoffman in (6). They mention the problem of extending this relation-
ship to non-bipartite graphs. Section 5 does this, or at least begins to do it. 
There, the Kônig theorem is generalized to a matching-duality theorem for 
arbitrary graphs. This theorem immediately suggests a polyhedron which in a 
subsequent paper (4) is shown to be the convex hull of the vectors associated 
with the matchings in a graph. 

Maximum matching in non-bipartite graphs is at present unusual among 
combinatorial extremum problems in that it is very tractable and yet not of 
the "unimodular" type described in (5 and 6). 

Received November 22, 1963. Supported by the O.N.R. Logistics Project at Princeton 
University and the A.R.O.D. Combinatorial Mathematics Project at N.B.S. 
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Section 6 presents a certain invariance property of the dual to maximum 
matching. 

In paper (4), the algorithm is extended from maximizing the cardinality 
of a matching to maximizing for matchings the sum of weights attached to the 
edges. At another time, the algorithm will be extended from a capacity of one 
edge at each vertex to a capacity of dt edges at vertex vt. 

This paper is based on investigations begun with G. B. Dantzig while at 
the RAND Combinatorial Symposium during the summer of 1961. I am 
indebted to many people, at the Symposium and at the National Bureau of 
Standards, who have taken an interest in the matching problem. There has 
been much animated discussion on possible versions of an algorithm. 

2. Digression. An explanation is due on the use of the words "efficient 
algorithm." First, what I present is a conceptual description of an algorithm 
and not a particular formalized algorithm or "code." 

For practical purposes computational details are vital. However, my 
purpose is only to show as attractively as I can that there is an efficient 
algorithm. According to the dictionary, "efficient" means "adequate in opera-
tion or performance." This is roughly the meaning I want—in the sense that 
it is conceivable for maximum matching to have no efficient algorithm. Perhaps 
a better word is "good." 

I am claiming, as a mathematical result, the existence of a good algorithm 
for finding a maximum cardinality matching in a graph. 

There is an obvious finite algorithm, but that algorithm increases in difficulty 
exponentially with the size of the graph. It is by no means obvious whether 
or not there exists an algorithm whose difficulty increases only algebraically 
with the size of the graph. 

The mathematical significance of this paper rests largely on the assumption 
that the two preceding sentences have mathematical meaning. I am not 
prepared to set up the machinery necessary to give them formal meaning, nor 
is the present context appropriate for doing this, but I should like to explain 
the idea a little further informally. I t may be that since one is customarily 
concerned with existence, convergence, finiteness, and so forth, one is not in-
clined to take seriously the question of the existence of a better-than-finite 
algorithm. 

The relative cost, in time or whatever, of the various applications of a 
particular algorithm is a fairly clear notion, at least as a natural phenomenon. 
Presumably, the notion can be formalized. Here "algorithm" is used in the 
strict sense co mean the idealization of some physical machinery which gives 
a definite output, consisting of cost plus the desired result, for each member of 
a specified domain of inputs, the individual problems. 

The problem-domain of applicability for an algorithm often suggests for 
itself possible measures of size for the individual problems—for maximum 
matching, for example, the number of edges or the number of vertices in the 

Algebraically
means

polynomially
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graph. Once a measure of problem-size is chosen, we can define FA(N) to be 
the least upper bound on the cost of applying algorithm A to problems of size N. 

When the measure of problem-size is reasonable and when the sizes assume 
values arbitrarily large, an asymptotic estimate of FA(N) (let us call it the 
order of difficulty of algorithm A) is theoretically important. It cannot be rigged 
by making the algorithm artificially difficult for smaller sizes. It is one criterion 
showing how good the algorithm is—not merely in comparison with other 
given algorithms for the same class of problems, but also on the whole how 
good in comparison with itself. There are, of course, other equally valuable 
criteria. And in practice this one is rough, one reason being that the size of a 
problem which would every be considered is bounded. 

It is plausible to assume that any algorithm is equivalent, both in the 
problems to which it applies and in the costs of its applications, to a * 'normal 
algorithm" which decomposes into elemental steps of certain prescribed types, 
so that the costs of the steps of all normal algorithms are comparable. That is, 
we may use something like Church's thesis in logic. Then, it is possible to ask: 
Does there or does there not exist an algorithm of given order of difficulty for 
a given class of problems? 

One can find many classes of problems, besides maximum matching and its 
generalizations, which have algorithms of exponential order but seemingly 
none better. An example known to organic chemists is that of deciding whether 
two given graphs are isomorphic. For practical purposes the difference between 
algebraic and exponential order is often more crucial than the difference 
between finite and non-finite. 

It would be unfortunate for any rigid criterion to inhibit the practical 
development of algorithms which are either not known or known not to con-
form nicely to the criterion. Many of the best algorithmic ideas known today 
would suffer by such theoretical pedantry. In fact, an outstanding open 
question is, essentially: "how good" is a particular algorithm for linear pro-
gramming, the simplex method? And, on the other hand, many important 
algorithmic ideas in electrical switching theory are obviously not "good" in 
our sense. 

However, if only to motivate the search for good, practical algorithms, it 
is important to realize that it is mathematically sensible even to question their 
existence. For one thing the task can then be described in terms of concrete 
conjectures. 

Fortunately, in the case of maximum matching the results are positive. 
But possibly this favourable position is very seldom the case. Perhaps the 
twoness of edges makes the algebraic order for matching rather special in 
comparison with the order of difficulty for more general combinatorial extre-
mum problems (cf. 3). 

An upper bound on the order of difficulty of the matching algorithm is n4, 
where n is the number of vertices in the graph. The algorithm consists of 
"growing" a number of trees in the graph—at most n—until they augment or 
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become Hungarian. A tree is grown by branching from a vertex in the tree to 
an edge-vertex pair not yet in the tree—at most n times. Such a branching 
may give rise to a back-tracing through at most n edge-vertex pairs in the 
tree in order to relabel some of them as forming a blossom or an augmenting 
path. At each of these three levels there may be other labelling work involved— 
but it is majorized by the work already cited. The work of identifying and 
labelling the vertex at the other end of some edge to a given vertex need not 
increase more than linearly with n. 

An upper bound on the order of magnitude of memory needed for the 
algorithm is n2—the same order of magnitude of memory used to store the 
graph itself. 

3. Alternating paths. 

3.0. A subgraph of graph G is a graph consisting of a subset of vertices in G 
and a subset of edges in G under the same incidences which hold for them in G. 
A non-empty graph G is called connected if there is no pair of non-empty 
subgraphs of G such that each vertex of G and each edge of G is contained in 
exactly one of the subgraphs. The vertices and edges of any graph partition 
uniquely into zero or more connected subgraphs, called its components. 

Maximum, minimum, and odd will refer to cardinality unless otherwise 
stated. 

3.1. The graph E, formed from a set E of edges in G, is the subgraph of G 
consisting of edges E and their end-points. Any graph H, unless it has a single-
vertex component, is formed by its edges. Thus in some contexts it causes no 
confusion to make no explicit distinction between a graph and its edge-set. 
In particular, a matching in G may be thought of as a subgraph of G whose 
components are distinct edges. The sum of two sets D and E is commonly 
defined as D + E = (D — E) \J (E — D). The sum D + E of two graphs 
D and E, formed by edge-sets D and E, is defined to be the graph formed by 
the edge-set D + E. 

3.2. There are two other kinds of subtraction for graphs besides the set-
theoretic difference used above. With these we must distinguish between a 
subgraph and the edges which form it. Where G is a graph and £ is a set of 
edges, G — E is the subgraph of G consisting of all the vertices of G and the 
edges of G not in E. For two graphs G and H, G — H is the subgraph of G 
consisting of the vertices of G not in H and the edges of G not meeting vertices 
of H. 

Graph G VJ H (graph G C\ H) consists of the union (intersection) of the 
vertex-sets and the edge-sets of graphs G and H, with incidences in G VJ H 
(graph G O H) the same as in G and H. We may also take the intersection or 
union of a graph with a set of edges to get, respectively, a set of edges or a 
graph. In the latter case the end-points of the edges being adjoined to the 

BESIDES


